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SUMMARY 

Following a brief history of gravity determination, the general principle and the basic 
requirement for airborne implementation is presented. The difficulty of extracting 
gravity information from the time-synchronized series of inertial navigation system (INS) 
and global positioning system (GPS) measurements is due to the small signal-to-noise 
ratio. A spectral analysis is performed according to the error spectrum of the system 
using information from the specification of the Litton LN-93 strapdown system and the 
power spectral density (PSD) parameter model for GPS-derived acceleration error 
obtained from flight test data. It is shown that, at the constant aircraft speed of 360 km/hr, 
vector gravimetry can be performed successfully in the frequency range of 2.99 x 10-4 Hz 
to 2.23 x 10-3 Hz, i.e., the wavelength from 45 km to 334 km for a baseline gravity 
model. Similarly the spectral analyses for both smooth and rough gravity signature are 
also performed .. The dominating error sources for airborne gravimetry at different 
frequency ranges are discussed. 

The most common two approaches, Kalman filtering and wave estimation, are 
considered and compared here. In Kalman filtering, a stochastic model is used to describe 
the gravity disturbance, while in wave estimation, a deterministic model, usually a simple 
function, is anticipated to approximate the gravity disturbance for a short time interval. 
For the practical application of vector gravimetry, a full state, 27th-order system model is 
taken in the Kalman filter by modeling the gravity disturbance with a 3rd-order Gauss-
Markov process. As to the wave estimation, a separate algorithm for the horizontal 
channels is designed considering the weak observability in short time and the feature of 
deterministic description for the gravity disturbance. The most appropriate estimation 
cycle for the wave estimation is found to be about 80 seconds. Based on the linear 
principle, it is proposed here to treat the calibration residual at the initial alignment to be 
of one single error while regarding the others as zero. In this way, one can avoid the 
difficulty of estimating and distinguishing each individual initial error. 

Considering only the essential errors of LN93 inertial system and differential GPS 
phase measurements, and assuming the aircraft flies at a constant speed, the combined 
system is simulated thoroughly. The gravity disturbance is also simulated using a sum of 
two 3rd-order Gauss-Markov models. Finally with the simulated data, two methods, 
Kalman filtering and wave estimation, are applied to recover the gravity information. The 
performance with different trajectories and under different circumstances is discussed. 
The results show that an accuracy of 1--3 mgal (RMS) is achievable within one hour with 
a medium accuracy strapdown airborne gravity system. It is concluded that the Kalman 
filter is slightly superior to wave estimation when dealing with the rough gravity 
signature. This is partially because wave estimation cannot properly account for the 
contradiction of good deterministic description, which requires a short estimation cycle, 
and state convergence, which holds for a long period. 
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1 INTRODUCTION 

1.1 Background 

The recovery of the Earth's Gravity information has been an important pursuit for a 
variety of geodetic and geophysical applications. Conventional methods with static 
gravimeters and astronomical determination of the deflection of the vertical have 
achieved a high accuracy for the determination of the gravity vector at discrete points, but 
are extremely time consuming and expensive. Some remote and mountainous areas can 
not be well covered and there still remain gaps to be filled. Due to the prohibitive costs of 
satellite gravity mapping missions, it is encouraged to consider moving-base vector 
gravimetry which directly determines the gravity vector. 

As early as in the late sixties, when the inertial navigation system (INS) was first 
introduced for the survey purpose, its potential for recovering not only position, but also 
the anomalous gravity information was recognized (Nash, 1968; Huddle, 1977). It is 
interesting to note that the improvement of position accuracy is limited by the unknown 
anomalous gravity and system errors while, conversely, the gravity field could be 
determined from the INS if the accurate kinematic position were known and system 
errors could be kept small. So the key to recover the gravity vector is to separate 
gravitational acceleration from kinematic acceleration and sensor errors. This can be 
achieved by introducing external information. One economic way is to bring the vehicle, 
with the INS mounted on it, to a complete stop periodically and thus to obtain zero 
velocity update (ZUPT). This method, known as the semi-kinematic method, has been 
claimed to be successful with land vehicles (Salychev, etc., 1994; Wang, J & Z. Gao, 
1996). According to Huddle (1988), with a very high precision INS, an accuracy of about 
0.5 arcsec can be achieved for the deflections of the vertical. However for the large area 
survey, especially for geophysical exploration, this approach is still inefficient and 
expensive. The early instrumental consideration combined with INS for the gravity 
determination was the radio navigation syste:,1, Loran-C (LaCoste, et al. 1982). The 
obtained gravity accuracy was poor because of the low rate and low accuracy of 
kinematic position and velocity measurements. The idea of combining purely inertial 
sensors, an INS and a gravity gradiometer to separate gravitational and kinematic 
accelerations was proposed by Moritz (1967). The main problem with this proposed 
combination are the high cost and the extremely high sensitivity of gradiometers, which 
can even sense changes in the local gravity field due to a nearby moving operator. For the 
past five years, research in the airborne gravimetry has been active due to the fact that the 
vehicle acceleration can now be determined with sufficient accuracy from GPS carrier 
phase and phase rate measurements. The airborne implementation is attractive because it 
is less expensive and requires minimum time with large area coverage. Tests and 
discussions (Colombo, 1991; Gleason, 1992; Jekeli, 1994, 1993; Knickrneyer, 1990; 
Schwarz, 1994,1991,1987; Salychev, 1995,1994) has indicated that such a combination 
of systems is capable to recover the gravity information if properly integrated. 



1.2 Statement of the Problem 

Airborne gravity system determines the gravity disturbance by differencing a time 
series of gyro-stabilized accelerometer specific force and a time series of GPS derived 
aircraft acceleration. The difference yields the sum of the gravity disturbance and system 
nmse. 

GPS is a satellite-based navigation system that provides accurate position and velocity 
information. If anomalous gravity field determination is the sole purpose of the survey 
and its error is to remain less than 1 mgal, the requirements on the horizontal and vertical 
position have to be known to 6m and 3m respectively (Knickmeyer, 1990). This does not 
pose a problem for GPS with a combination of code and carrier measurements even in 
the presence of cycle slips. For all three velocity components, an accuracy of about 10 
cm/s is necessary. GPS allows the determination of velocity with an accuracy of several 
cm/s (Schwarz et al., 1989). As to accelerations, the observations have to be averaged, 
usually within 1--5 min. Then the requirement for accelerations is that the low frequency 

acceleration errors are not beyond 10-5 m I s2 (Kleusberg, et al., 1989), which could be 
met by phase observations of GPS. It should be noted that the above requirements on 
external information is based on the individual effect on the direct measurement of the 
gravity disturbance. For the occasion where only one type of information, e.g. position, is 
used for estimation, the required accuracy should be more stringent. To achieve this, 
differential measurements as well as some processing techniques have to be incorporated. 
In the proposed LN-93 strapdown gravity system, differential GPS measurements with 
Ashtech XII or Trimble 4000 receivers are supposed to be used. 

For the stabilization of a direction under motion, in which the gravity is observed, the 
following systems could be used:(Hein, 1995) (i) Damped two-axes platform systems; (ii) 
Schuler-tuned three axes space system; (iii) Strapdown inertial navigation system. 
Differential OPS-derived attitude measurements which in principle, could be used too, do 
not show the required accuracy, at least at present. Results of airborne gravity survey, 
using modified sea/air gravimeters with a damped two-axes platform, in Greenland, 
Antarctica and Switzerland show that airborne gravimetry with an accuracy of 3 to 5 
mgal and a resolution of 10 km wavelength or better is operational today (Brozena, 1992; 
Brozena and Peters, 1994; Forsberg and Kenyon, 1994). It has been pointed out that 
insufficient platform stabilization may be the major problem for the improvement of the 
airborne gravimeters. The newly developed airborne gravity systems use an INS either as 
a stabilizing mount for a separate gravimetric sensor, which corresponds to the above 
Schuler-tuned platform system (ii), or as the gravimetric sensor itself, which corresponds 
to the strapdown system (iii). An airborne gravity system based on the high-accuracy 
Russian-made ITC-2 platform system and Trimble 4000 SSE GPS receivers was tested 
in Canada in 1994. It has been shown that an accuracy of 1 mgal with a wavelength of 2-
3 km can be expected over a profile length of 50 km, see Salychev et al. (1994) and 
Salychev ( 1995). The result is achieved in the area with relatively smooth variation of the 
gravity field. New developments in recent years make it possible for accurate optical 
gyros, like the ring laser gyro (RLG), to be applied in the inertial navigation systems. 
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These systems can be used in the strapdown mode for vector gravity exploration. The 
strapdown inertial system differs from the platform navigation system in that the 
strapdown system, unlike platform systems, does not have a physical platform, and the 
inertial sensors are fixed with respect to the vehicle body and as such measure vehicle 
angular rate and acceleration vector components. Therefore, in a strapdown 
mechanization, the sensor data in body frame are transformed into local level frame 
computationally and then fed to the navigation equation. The main advantage of using 
strapdown systems for airborne gravimetry is its smaller size, lower cost, less power 
consumption and operational flexibility compared to that of platform systems. Papers by 
Schwarz et al. (1991), Gleason (1992), Jekeli (1992) and Wei and Schwarz (1994), have 
investigated some of the principles and concepts of strapdown gravity systems. The LN-
93 standard ring laser gyro inertial navigation unit is the fifth generation product of Litton 
Guidance and Control System Co. LN-93 is applicable to a broad spectrum of military 
application. In this report the LN-93 inertial system combined with GPS measurements as 
an airborne gravity system is explored. The objective is to answer whether the LN-93 
strapdown airborne gravity system is suitable for airborne gravimetry and to determine 
the accuracy that this combined system could yield in an operational setting. 

There are two types of survey in airborne gravimetry: one is called scalar gravimetry 
which only determines the magnitude of the gravity anomaly in the normal direction; the 
other is vector gravimetry where the complete anomalous gravity vector is determined, 
i.e. the deflection of the vertical as well as the gravity anomaly. The major concern here is 
the determination of the vertical deflection. The difficulty of extracting the gravity 
information from the time-synchronized series of INS and GPS measurements is due to 
the extremely small signal to noise ratio. Typically the gravity disturbance amplitude 
would be 30 mgal and not exceed 100 mgal over distance of about 100 km (Hammada, 
1995). A spectral method is used to characterize the anomalous gravity vector and 
compare it to the total error spectrum of airborne gravimetry systems. That part of 
spectral band in which the gravity signal is larger than the system noise will be called the 
spectral window of airborne gravimetry (Sl~1w::irz, 1995). Different filtering approaches 
now commonly used, known as Kalman filtering and wave estimation, are discussed in 
this report, and compared based on the system simulations. 

2 SYSTEM DYNAMIC MODEL 

2.1 General Principle of Airborne Gravimetry 

The fundamental equation for gravity vector determination is based on Newton's 
second law of motion expressed in a non-rotating, freely falling coordinate frame, called 
the i-frame: 

.. 
(2.1) 
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where x is the second time derivative of the position vector; f is the specific force 
sensed by accelerometers and g is the gravitational acceleration. The inertial system 
comprises three mutually orthogonal accelerometers whose directions with respect to 
inertial space are defined by three gyros. The accelerometers do not sense gravitation g , 

as seen from equation (2.1 ), but accelerations derived from GPS include the gravitational 
effects. The problem is one of extracting the gravitation from a mix of two measurement 
systems (INS and GPS). 

Transformed to the north-east-down (NED) local-level frame, called n-frame, (1.1) 
yields the following equation 

n = f n - (Qn + 2nn) n + g" - r,11 r,n 11 v en ,e v l:,,l./el:,,l.,ex (2.2) 

where v" is the vehicle velocity vector with respect to the earth coordinatized in the n-

frame; n;11 and n: are the skew-symmetric matrices containing the angular velocity w;n 
and w;e. w;,, is the angular velocity of then-frame rotation with respect to an earth-fixed 

Cartesian frame; w~ is the angular velocity of Earth rotation with respect to the inertial 
frame, i-frame. The last two terms are respectively the gravitational vector and the 
centrifugal acceleration due to Earth's rotation, coordinatized in then-frame. They can be 

together defined as the gravity vector g", which can also be considered as the sum of the 

normal gravity vector y" and anomalous gravity vector 5gn . Therefore, omitting the 

superscript n, the three components of 8g" can be expressed as 

(2.3) 

(2.4) 

(2.5) 

where we is the earth rotation rate; RP andRq are the radii of curvature in ellipsoidal 

meridian and prime vertical respectively; rp is the geodetic latitude; The subscripts 
N, E, D correspond to the three components in the NED local level frame. 

From equations (2.3)--(2.5), it has been shown that the anomalous gravity vector can 
be determined by combining measurements from two hybrid systems, i.e. INS and GPS, 
as long as they are reasonably accurate enough, see Knickmeyer (1990) and Jekeli (1994). 
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2.2 Errors Affecting Airborne Gravimetry 

In the INS/GPS based airborne gravimetry, the INS is designated to provide the 
specific force information in equations (2.3)--(2.5), and GPS is used to measure the 
position, velocity and acceleration of the aircraft using differential GPS processing 
techniques. In order to achieve the required kinematic accuracy, GPS measurements have 
to be recalculated to the center of the inertial unit (Salychev, 1995). This can be done by 
using INS attitude outputs. 

By taking into account the individual error of all parameters included in equation (2.2), 
the significant errors affecting airborne gravimetry can be expressed as follows 

. 
/).bg =ha+ Saf +ca+ wa + '-l'f +Svc;+ DI (2.6) 

where b is the bias of accelerometers; a 

(s., 
Sa= 0 

0 

0 

saE 
0 

~ J, Sav,aE,aD indicate three accelerometer scale factors inn-
Sa 

D 

frame. 

. 
Ca is the correlated noise of accelerometers. Ca= -f3Ca + We 

p is the correlated coefficient; w;, , and ~ represent white noise 

If/ E J 
-~ N , If/ N,E,D are INS platform errors with respect ton-frame 

axes. 

. 
Svc; is the- GPS derived acceleration error. 

D
1 is the time synchronization error. 

The first five items on the left side of equation (2.6) are the INS-related acceleration 
errors, which can be called specific force errors; the rest are GPS-related errors. 
Eventually the constant accelerometer bias has no effect on the estimation of gravity 
change and can be ruled out for the consideration here. Scale factor errors (including 
some nonorthogonal installation errors, which are not shown in the above equation) are 
usually compensated using laboratory tests or calibrated by some separate test runs and 
procedures (Schwarz, 1984 ). The INS platform (attitude) errors change slowly and are 
estimable with sufficient accuracy over a period of time. The random noise and GPS-
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derived acceleration errors can be smoothed to a low value in the frequency range of 
interest. As to the time synchronization errors, in the frequent band of interest, say 

OJ~ 2n I 60 (1/sec), the acceptable time synchronization error would be 0.05 sec 
according to Salychev (1995). This is not a stringent requirement for dual-frequency GPS 
phase measurements. Some other long wavelength errors, like ionospheric delays and 
GPS orbit errors, are assumed to cancel in the process of estimating the acceleration and 
therefore are not considered here. 

No matter what necessary procedures have to be taken, the major approach is to apply 
filtering technique in the estimation process. In this situation, the system dynamic model, 
as well as the observation model, is of much concern. 

2.3 INS System Error Model 

As LN-93 is a typical strapdown inertial system, its accelerometer output is the inertial 
acceleration of the vehicle and it is coordinatized in the body frame, called b-frame. The 
sensed specific force has to be transformed into local level n-frame in order to perform 
the navigation algorithm. The transformation matrix from the body frame to the n-frame 
is given by 

(2.7) 

where B, X, a are the roll, pitch and yaw angles respectively; R/a) represents the 

rotation matrix about j -th axis by the angle a . The roll, pitch and yaw angles can be 

obtained by the following differential equation. 

sinOtanz cosBtanxJ 
cosB -sinB m!h 

sinOsec x cosBsec x 
(2.8) 

where OJ !h indicates the angular rate of body frame with respect to n-frame coordinatized 

in the b-frame and it can be obtained from the gyro-sensed rates, OJfh, and the computed 

rates, m7n , as follows 

(2.9) 

It is clear that after the transformation the same navigation equation (2.2) can be 
implemented in the strapdown mechanization. The only difference between the 
strapdown and the local-level stabilized system lies in the way of the transformation. 
With the strapdown mechanization, the transformation is done computationally using 
equation (2. 7). In the local-level stabilized mode, the transformation is fulfilled 
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mechanically through gyros, servos and related electronics. In both cases the Schuler 
feedback loop is the same and therefore the effect of errors associated with the gyros and 
accelerometers are essentially similar (however special orientation has to be taken into 
account for the sensors in a particular acceleration environment to minimize the 
systematic errors). Thus all the analysis of system dynamics in the local-level INS can 
also be applied to that of strapdown INS. 

The underlying airborne gravity system is an INS system with a precise position 
update of GPS system assuming both INS system noise and GPS measurement noise are 
Gauss-Markov process or white noise. Considering only dominant terms as in equation 
2.6, the accelerometer errors are modeled as a sum of constant bias, scale factor error and 
white noise. The gyro drift model only contains bias and white noise as the scale factor 
error is relatively small and negligible. The anomalous gravity model can be reasonably 
regarded as a 3rd order Markov process. Then by perturbating the navigation equation 
(2.2) (note: the perturbation of specific force includes orientation errors), the system 
model can be finally expressed by a set of linear first-order differential equations: 

. 
X=FX+GW (2.10) 

where X is the state error vector; F is the dynamics matrix; G is the noise weight matrix 
and W represents white noise vector, E[W(t)W(rf] = qo(t- r); q, the PSD of white 
noise, is a constant; o(t - r) is a delta function. 

For the convenience of investigation, the state vector X can be partitioned into three 
vectors of lower dimensions: 

(2.11) 

The error state X 1 describes the behavior of tbe orientation, velocity and position errors 
of the inertial system with respect to local NED frame; X 2 is used to model the sensor 
errors, i.e. accelerometers errors, and gyros drift; while X 3 is the states associated with 
the 3rd-order Gauss-Markov models for the three gravity disturbance components. To be 
specific, we have 

XI =(lf'N If' E lf'D b\JN b\JE b\JD orp 0,1 olzD{ (2.12) 

X 2 = (bi:, b bE b ba ba s Sa saDr (2.13) EE D a.,· E D a.v E 

X3 = (ogN l>gE l>gD l>gN l>gE l>gD l>gN " l>gE " og/) .. r (2.14) 

where <5vN,E,D are velocity errors expressed inn-frame; orp, OA, ohD represent latitude, 
longitude and down-pointed height errors respectively; bi:,,i:E,"D are gyro drifts with 
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respect to n-frame; 8g N , 8g E, 8g v denote three components of the anomalous gravity in 

the local level n-frame. Therefore according to the system dynamics in local level frame, 
the total system state equations can be rewritten as 

(2.15) 

where 

0 -l~(f) (f) 0 1/R 0 -lsm(/J 0 0 

l~ 0 lCCE,(/J -1/R 0 0 0 0 0 

-(f) -ICC£,(/) 0 0 -tg(f)I R 0 -lcn.;<p 0 0 . [ ;+-l ll sin2fp] 0 -JD IE 0 -21~(/J 2(/J -l/ROJ,2fp 0 
2 

!f1 = .. . 
fv 0 -IN 21~(/J 0 21 CC£,(fJ (21 q>+-Atg(f)) I RCCE,(/J O (J-21 qxg(f))CC£,(f) . .2 

-h IN 0 -2(f) -21CC£,(f) 0 -Rll~ 0 (f) + '2£4 +ll (X'£,({i 
0 0 0 1/R 0 0 0 0 0 

0 0 0 0 1/ RCC£,(f) 0 0 0 0 

0 0 0 0 0 1 0 0 0 

1 0 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 0 

0 0 0 1 0 0 IN 0 0 

F'i2 = 0 0 0 0 1 0 0 IE 0 

0 0 0 0 0 1 0 0 fv 
0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 
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0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 
1 0 0 0 0 0 0 0 0 

F13 = 0 1 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 
0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 1 0 0 

F'33 = 0 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 1 

-Pi 0 0 -3P; 0 0 -3P1 0 0 
0 -/J; 0 0 -3P; 0 0 -3P2 0 
0 0 -P! 0 0 -3p; 0 0 -3P3 

• . . 
l = A+ OJ e , OJ e is the earth rotation rate; ll=A(A+2we); R is the earth radius, W s IS 
the Schuler angular rate; JN,E,D indicate specific forces sensed by accelerometers in 
NED frame; /J1 2 3 are parameters for gravity model related to the correlation length. 

2.4 GPS Observation Model 

The general observation model can be written as 

Z= HX +V (2.16) 

where Z is the observation vector; H is the observation matrix; V is the observation 
n01se. E[V(t)V(rf] = r5(t- r), r is the PSD of the observation noise. 

The GPS serves the positioning and navigation communities very well. It has been 
demonstrated that the receiver position relative to known point of a base station can be 
determined to a precision of 1 cm (Wei et al, 1992). The feasibility of precise GPS 
positioning for airborne gravimetry has also been analyzed by Kleusberg et al. (1990) and 
Colombo (1992). In this simplified view of direct observations of the position errors, the 
observation matrix should be 
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H=[o 1 o] 
3x6 3x3 3x]8 

(2.17) 

where I indicates unit matrix. 

In many cases, the GPS-derived acceleration or velocity need to be known with high 
accuracy for gravimetry. Usually the GPS acceleration can be determined by 
differentiating the time series of the GPS positions twice in time(Brozena et al., 1989). 
Jekeli (l 994b ), and Jekeli and Garcia. (1996) proposed an alternative of deriving 
acceleration from the GPS signal by directly differentiating the carrier phase. The 
advantage of using phase directly is that the second time derivative of the phase, being a 
truer form of an acceleration determined by GPS, is generally transparent to cycle slips, 
phase offsets, full-cycle ambiguity and to some extent also satellite and receiver clock 
errors. 

3 THE SPECTRAL WINDOW OF AIRBORNE GRA VIMETRY 

The concept of the spectral window of airborne gravimetry comes from Schwarz etc. 
(1994), where it was defined as a spectral range in which the gravity signal is larger than 
the system noise. 

The feasibility of vector gravimetry using INS and GPS measurements has been 
widely studied in both time and frequency domains. By a covariance analysis 
Knickmeyer (1990) investigated the requirements on INS and GPS observations and 
compared the performance of different INS mechanization for gravity vector 
determination. She further concluded that a so-called medium accuracy INS could not be 
used for accurate gravimetry. However, if the power of the gravity signal is stronger than 
that of the estimation error at a certain frequency band, the gravity can be recovered for 
that range of frequencies. The concept of signal to error ratio was used, by Jekeli (1994), 
to analyze the gravity estimation performance of a combination of INS and GPS of 
different accuracy level. It is concluded that the horizontal components of gravity with 
wavelengths shorter than 250 km should be estimable to an accuracy of 4-6 mgal with 
medium accuracy INS/GPS (high accuracy accelerometer) systems and 1-2 mgal with 
high accuracy systems. Similarly, Schwarz etc. (1994) come to the conclusion by 
spectral analysis that, by state-of-the-art hardware, the spectral window should be 
between 15 km and 100 km in flat areas, and between 10 km and 200 km in mountainous 
areas. The objective of this section is to facilitate this discussion and to investigate the 
possibility of gravity recovery for an airborne LN-93 inertial system with the aid of GPS 
measurements, making use of available sources and techniques. 

Generally, by combining measurements from both ThfS and GPS (see equations (2.3)--
(2.5)), the gravity vector can be estimated as long as the measurements are accurate 
enough. The major function of the GPS subsystem in this situation is to provide a precise 
kinematic description of the vehicle trajectory. By current state of the art, GPS provides 
the position and velocity with sufficient accuracy according to Knickmeyer (1990). The 

10 



critical factor in improving the performance of airborne gravimetry is the accuracy of 
GPS-derived kinematic acceleration. The total error turns out to be a combination of 
errors in specific force sensed by INS accelerometers and errors in kinematic acceleration 
derived from GPS. 

3.1 Spectral Properties of the Gravity Field 

The power spectral density (PSD) of the gravity field model can be obtained from 
known, densely distributed, point gravity data by some spectral estimation approaches 
like the fast Fourier transform (FFT), the maximum-likelihood method (MLM), the 
maximum-entropy method (MEM) and the auto-regressive method (AR). Reference goes 
to Kay (1988), and McLellan (1982). Or it can be approximated mathematically by 
certain processes or functions. As there is no dense point gravity data at hand, the latter 
approach is of major concern for the moment. 

Two types of gravity covariance model are commonly used. One is so called the 
reciprocal distance model (Moritz, 1976; Jordan 1981 ). The other corresponds to the 
third-order Gauss-Markov process (Gelb, 1974). The gravity field is assumed to be 
isotropic and a stationary stochastic process. For the representation of the disturbance 
field using a reciprocal distance model, in its spherical coordinate form, the covariance 
function is (for disturbing potential, T) 

(3.1) 

where a 2 ,p are parameters with units of m4 I s 4 and 1 Im respectively; dis the 
distance between two points in the horizontal plane; h is the sum of the height of the two 
points above the earth surface. According LO Gradshteyn & Ryzhik. (1980), the 
corresponding power spectral density, the Fourier transform of the covariance function, is 
given by: 

e-m(II /J+h) 

Srr(w,h) = 21ra2 
---pw (3.2) 

where w represents the frequency. The covariance function of the third-order Gauss-
Markov process is: 

(3.3) 

Where the parameters a 2 ,p have the same units as in equations (3.1) (3.2). Note that 
d is the distance between two points and the process described here is two-dimensional. 
The corresponding PSD can be obtained from two-dimensional Fourier Transformations: 
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(3.4) 

For the simplification of the discussion here, a one dimensional, along-track horizontal 
gravity signal was selected. The models chosen for the covariance function of the 
disturbing potential are linear combinations of two third-order Gauss-Markov processes 
of baseline gravitational signatures. The covariance function for the disturbing potential is 
then 

(3.5) 

and the PSD of the horizontal gravity disturbance (derivative of T along one direction) is 

S ( ) =16 2 ~ cr//J/ 
,s,gOJ O)L..i 2 23 

3 i=l (m +/J;) 
(3.6) 

where the parameters of two third-order Gauss-Markov processes for the baseline model 
are (Jekeli, 1995) 

cr2 = 350 m4 I s4 
1 

cr 2 = 80000 m4 I s4 
2 

p1 = 1.4 x 10-s 1 Im 

It is assumed that the aircraft flies at constant speed of 360 km/hr. Thus the distance 
quantities, divided by velocity, can be converted to timt:. The power spectral density for 
the model is shown as in Figure 3 .1. 

0.01 
0.001 

1·10 4 

1·10-5 ~-----~::-;-----~-----~------
1•10-5 1•10-4 0.001 

(Hz) 

0.01 

Fig. 3.1 The PSD of the gravity disturbance modeled 
by the third-order Gauss-Markov processes 
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3.2 Spectral Properties of the GPS-derived Acceleration Error 

As stated in section 2.4, GPS acceleration can be either determined from GPS derived 
position by double differentiation (Schwarz et at., 1991 ), or achieved by directly 
differentiating the phase measurements. Since there is no specific process model available 
for the GPS to describe the characteristics of its derived acceleration error, the obtained 
differences between the heights sensed by laser altimeter and that by GPS could be taken 
as true GPS errors in order to examine the PSD of the GPS-derived acceleration error. 
The height data was collected during a flight test over Lake Ontario (Schwarz et al., 
1994), where four Trimble 4000 SSE GPS receivers were used in CIA-code mode. A 
fifth-order polynomial function was chosen to fit the averaged PSD of the GPS derived 
acceleration errors. 

(3.7) 

where SGPs is the PSD of the GPS-derived acceleration error; P; (i = 0 .. .5) are the 
parameters. By making use of the obtained parameters, given in the following, the PSD 
log-log plot for GPS derived acceleration error is shown here, in Fig. 3.2, for the 
underlying analysis. 

Ps=2.4701e8, p 4 =3.1875e7, A =l.4767e6, Pi =-2.9591e4, Pi =3.5022e0, p 0 =9.3150e-1 

1°108 

1•107 

1•106 

,:-:1•105 

~1·104 
< 
g1•103 
5 

100 

10 

0.1 -5 
1•10 0.001 

(Hz) 
0.01 

Fig. 3.2 The PSD of the GPS derived acceleration errors 

0.1 

From the figure one can see the GPS derived acceleration error is concentrated in the 
higher frequency range. 

3.3 Spectral Properties of the LN-93 Accelerometer Error 

According to the system specification, the essential error budget of LN-93 inertial 
system is listed in Table 3 .1 (Litton, 1985). 

It is well known that the spectrum of the specific force error is concentrated at the low 
end of the spectrum in airborne gravimetry while GPS noise dominates the high 
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frequency part of the spectrum. From equation (2.6) we know that the acceleration error 
sensed by INS accelerometers, i.e. specific force error, generally consists of five parts. 
They are accelerometer biases, scale factor errors, platform misalignment errors, colored 
noise and white noise. Scale factor errors or non-orthogonality errors usually do not 

Accelerometer Gyro 
Bias repeatability 15 ug 0.003 deg/hr 
Scale factor error 120 ppm 5 ppm 
Correlated noise 2 ug, 5min correlation 0.002 deg/hr, 10 min cor. 

time time 
white noise lOug/ .JiTz 0.001 deg/hr/ .JiTz 

Table 3.1 Essential error budget for LN-93 system 

change from time to time and can be kept small by special calibrations. Their effects are 
omitted for the present consideration. The constant accelerometer bias, with its spectrum 
being delta function c5( OJ) , will cause the platform to oscillate at Schuler frequency OJ s. 

and have no effects on the overall error spectrum except at OJ s, where the spectral power 
tends to be infinite. So the PSD of the INS specific force includes three parts: white 
noise, colored noise, of accelerometers, and the acceleration error induced by attitude 
errors. For white noise, and colored noise being considered as a 1st-order Gauss-Markov 
process, their PSD can be simply written out respectively as 

2 Sw =Q a a 
(3.8) 

(3.9) 

where Q0 

2 is the PSD of white noise; a! is the variance of accelerometer colored noise; 
f3 0 

is the inverse of the correlation time of the accelerometer correlated noise. 

As to the acceleration error induced by attitude errors, the spectral analysis is rather 
complicated. To derive its PSD, we first have to know some facts about the linear system 
with random inputs. Any linear differential equations can be figured as a transfer function 
with the inputs and the output as well as the initial conditions, see Figure 3.3. The output 

u(t) --11 G(s) 

I 
X(O) 

X(t) 
u(t)=Input 
X( t )=Output 
X(O)=Initial condition 
G(s)=X(s)/u(s), 

=Transfer function 

Fig. 3.3 Block diagram of linear systems 
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solution consists of two parts, i.e. homogeneous solution and particular solution. The 
homogeneous solution is related to the initial condition and mainly reveals a harmonic 
oscillator with Schuler frequency for inertial system. This solution is of no interest to our 
discussion here. Assuming that the transfer function G(s) in Fig. 3.3 represents a stable , 
fixed-parameter system and that the input is stationary with a known spectral function, 
according to Brown (1983), the equation relating the input and output spectral functions 
IS 

(3.10) 

Here the major input error source includes accelerometer errors a, gyro drifts & and 
gravity disturbances 5g while the output is attitude error If/ . Based on the system error 
dynamics in section 2.3, the Laplace transform of the attitude should be (consider only 
the east accelerometer channel.) 

1 s 3 

lj/(s)=-R( 2 2)(a(s)+b"g(s))+( 2 2)( 2 2)&(s) s +ms s +lo, s +me 
(3.11) 

Therefore, using equation (3.10), the spectral function of the attitude-induced 
acceleration error turns out to be 

m/ m6g2 
Sy,g(m) = 2 2 2 (Sa(m) + S,5g(m)) + 2 2 2 2 2 2 S,,(m) (3.12) 

(m -ms) (m -ms) (m -me) 

where the subscript lj/g indicates the product of attitude error and gravity value. Since the 
constant bias does not generate any spectral power except at m = 0, we only consider the 
influence of white noise and colored noise of the accelerometer and the gyro. The colored 
noise is viewed as a first-order Gauss-Markov process. Then we have 

S (m) = Q 2 + 2Pau/ 
a a 2 p 2 m + a 

(3.13) 

S (m) = Q 2 + 2p,,u,,2 
,: 6 2 p 2 m + c 

(3.14) 

where Q
0 

2 is the PSD of gyro white noise and u;, p 1: are the variance and the inverse of 
correlation time, respectively, of gyro colored noise. The spectral function of the gravity 
disturbance, S,5g, is given by equation (3.6). Thus by adding up equations (3.8), (3.9) and 
(3.12), and making use of equations (3.6), (3.13) and (3.14), the PSD of specific force 
error of LN-93 inertial system is shown in Fig. 3.4. 
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The two spikes shown in Fig. 3.4 occur at the frequencies of Schuler and Earth-rate 
which are the poles of the system transfer function. The spikes can be interpreted as 
follows: at the Schuler and Earth-rate frequencies, the system error input will resonate 
with the system natural frequency and thus the spectral power there will reveal a 
characteristic of infinity. They also indicate that at the mentioned two frequencies the 
gravity information is indistinguishable from system errors. 

1 ·1011 

1·1010 

1•109 

~ 1·108 
N 

~ 1°107 
< 

~ 1·106 
E 
~ 1°105 

1·104 

1·103 

100 -5 
1'10 0.001 

(Hz) 

0.01 0.1 

Fig. 3.4 The PSD of the specific force error of the LN-93 inertial system 

3.4 Spectral properties of the Total Acceleration Error Compared with That of the 

Gravity Model 

Obviously the PSD of the total error source for the determination of gravity vector is 
the arithmetic sum of the INS and OPS acceleration errors, as shown in Figure 3.5, 
because these two effects are mutually uncorrelated. 

1•1011 

1•1010 

1•109 

~ 1•108 
N 

~ 1•10
7 

< 
&i1°106 
E 
~ 1•105 

1•104 

1•103 

1•10 1•10 0.001 

(Hz) 

0.01 

Fig. 3.5 The PSD of the total INS/GPS acceleration error 
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For comparison, the PSD of gravity disturbance and that of the combined GPS/INS 
acceleration error are both given in the same chart as in Figure 3 .6. As we already know, 
the gravity disturbance is estimable when the useful signal is greater than system noise. 
From the figure one can see that the said integrated INS (LN-93)/GPS system is able to 
recover the anomalous gravity vector information at the frequency band of 
2.99 x 10-4 Hz-2.23 x 10-3 Hz, i.e. the wavelength from 45 km to 334 km, with regard to 
the baseline gravity signature. 

In the Earth, different areas, like flat area and mountainous area, have different 
gravitational signatures, and thus would yield different spectral windows for airborne 
gravimetry. So would the different altitudes. However, here we assume the mission is 
performed at the same height and the altitude factor is ignored for the present discussion. 
The parameters for the three types of gravity signature are listed in Table 3.2 (Jekeli, 
1995). 

Model 
Rough 

Baseline 

Smooth 

0.001 

(Hz) 
o.oi 0.1 

Fig. 3.6 The PSD of the gravity disturbance and the combined 
GPS/INS acceleration errors 

a:[m4 I s4
] /J;[ll m] 

1000 2.5 x 10-5 

80000 LO x 10-6 

350 1.4 x 10-5 

80000 LO x 10-6 

200 0.9 x 10-5 

80000 8.5 x 10-1 

Table 3.2 Parameters of the different gravity models 

The vehicle speed is still 360 km/hr. The spectral properties for airborne gravimetry with 
these three types of gravity signatures are put together in Figure 3.7 in terms of the 
signal-to-noise ratio, i.e., 

17 



r(co)= 
S sp (CO) + S GPS (CO) 

(3.15) 

Where the sum of the PSD of the specific force PSD, S,p(co), and that of the GPS-drived 

acceleration error, Sc;ps (co), represents the system noise spectrum. The corresponding 
spectral windows for different cases are summarized in Table 3.3. 

In the practical implementation, the operational spectral window will change with the 
vehicle speed. For the comparative study, we investigate the lower speed situation, say, 
road tests using a van. The vehicle speed is assumed 80 km/hr here. Similarly using the 
signal-to-noise ratio we get the spectral properties for road tests, as shown in Figure 3.8, 
with summarized results in Table 3.4. 

Gravity Model Frequency range [Hz] Wavelength [km] 
Rough 2.95 x 10-4 -5.73 x 10-3 17-338 

Baseline 2.99 x 10-4 -2.23 x 10-3 45-334 

Smooth None None 

Table 3.3 The spectral windows for airborne gravimetry with different gravity 
signatures ' 

Gravity Model Frequency range [Hz] Wavelength [km] 
Rough 2.85 x 10-4 

- 1.92 x 10-3 12-81 
Baseline None None 
Smooth None None 

Table 3.4 The spectral windows for road tests with different gravity signatures 

100...-----------"""T"'"-------------, 

10 
----- ... , ... 

- .. · · ·. R~mgh 

0.1 

0.01 
.... .... 

0.001 ~--r---------~----------~ 
1•10 0.001 

(Hz) 

0.01 

Fig. 3. 7 The signal-to-noise ratio with different gravity signatures (v=360km/hr) 
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... ----- .... 
·' . . ~ ·- · · · - · · .. _Rough 

0.1 ------ - ..... -- --0.01 

0.001 

1•10-4 ~--,-----------'------------~ 
1•10 0.001 

(Hz) 
0.01 

Fig. 3.8 The signal-to-noise ratio with different gravity signatures (v=80km/hr) 

From the above discussion, one can find that LN-93 strapdown system supplemented 
with high accuracy GPS measurements is suitable for vector gravimetry, especially at the 
medium wavelength with the sufficient variation of gravity (rough and baseline gravity 
signature). Generally the estimable spectral window is larger for mountainous areas than 
for flat areas. As to the road test of lower speed, the gravity disturbance signal is only 
recoverable for the rough gravity model, as seen from Figure 3.8. 

3.5 Further discussions based on the contribution of different error sources 

By exploring the PSD of the specific force error, we have shown that it is mainly 
caused by three error sources: accelerometer errors, gyro drifts and gravity disturbances. 
Their influence are all concentrated at the low end of the spectrum in airborne gravimetry. 
However for each individual error source its ef!'xt differs from one another. The gravity 
disturbance, being a desired signal, is one of the major error sources to the system attitude 
as well. The spectral properties of three error sources induced acceleration error with 
rough and baseline gravity fields are given in Fig. 3.9 and Fig. 3.10 respectively. 

It can be seen, from the Figures 3.9 and 3.10, that the acceleration error induced by the 
gravity disturbance dominates the lower part of the interested frequency range while that 
induced by the accelerometer and the gyro do the higher part. So the demonstrated 
features indicate that the gravity disturbance, as an error source, will primarily influence 
the long wavelength performance of airborne gravimetry. This conclusion will be 
verified in the following system simulation. 

Similarly, the specific force error here can be regarded as two components: One is 
directly related to the accelerometer sensor error, being a combination of white noise and 
colored noise; The other is the attitude-induced acceleration error due to the system 
errors. To investigate and compare their difference will help find an effective approach to 
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improve the performance for airborne gravimetry. Fig 3.11 shows the different error 
contribution due to the accelerometer sensor and the attitude error. It has been shown that 
the PSD of attitude-induced acceleration error is larger than that of the accelerometer 
noise for most part of estimable frequency range. Therefore one can conclude from this 
analysis that, in order to improve the gravity estimability significantly, the improvement 
should be made to reduce the attitude error, e.g., to introduce the external attitude 
information, like, from photogrammetry. 

~ 

1•10 

accelerometer 
...... :.: ... - . 

.... ' .... - - - - .gy~~ 
.... 

0.001 
(Hz) 

~- .... . , g_rav1ty .... .... .... 

0.01 

.... .... 
' .... ..... ... 

0.1 

Fig. 3.9 The spectral properties of acceleration errors due to the accelerometer, the 
gyro and the gravity disturbance (baseline) respectively 

accelerometer ,_ 
...... ,::._·---._ gyro 

'' - ....... -' .. - .. 
.... .... -$ravity ' --

' .... .... .... 
' ..... .... ..... 

0.001 O.ot 0.1 
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Fig. 3.10 The spectral properties of acceleration errors due to the accelerometer, the 
gyro and the gravity disturbance (tough) respectively 
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Fig. 3.11 The spectral properties of acceleration errors due to the accelerometer 
noise and the attitude error 
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4 ESTIMATION METHODS 

As stated in section 2.1 the measurements from both INS and GPS systems are affected 
by large noise with different frequency components. The challenge is to develop the 
appropriate estimation approaches to recover the useful signal from the noisy 
measurement. Basically two different approaches are commonly used in airborne 
gravimetry. They are Kalman filtering and wave estimation. 

4.1 Discrete Kalman-Bucy Filtering 

The conventional Kalman filter is well known (Gelb, 1974; Anderson and Moore, 
1979). It calculates recursively forward and estimates state errors constantly. With the 
system and observation model given, as in section 2, the discrete estimating equations, 
known as Kalman-Bucy filter, are given as follows: 

From (2.6) and(2.12), we first take their discrete form 

(4.1) 

(4.2) 

Assuming the interval llt = t * - t k-l is short, so approximation could be made as 

(4.3) 

(4.4) 

Wk~ f W(t)dt 
k-1 

(4.5) 

Then we have following estimate equations. 

Time propagation equations: 

A A + 

X k = <l> k,k-1 X k-1 (4.6) 

Observation update equations: 
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/\ + /\ 

Xk =Xk-1+Kkpk (4.7) 
P/ = (/ -KkH)Pk-

/\ 

where Pk is the estimated covariance; Pk = Zk - H X k is innovation; Kk = pk- HrD; 1 

denotes Kalman gain and Dk = HPk- Hr + rk indicates predicted residual covariance. 

Sometimes the optimal smoother is required to be applied for better estimation results. 
In principle, the smoothing goes forward then backward in time, performing a Kalman-
like recursion, where the filtered states and their covariances do not have to be saved, 
except at the point at which the smoothed estimate is desired. One of the most popular 
smoothing algorithm is called modified Bryson-Frazier (mBF) (Bierman, 1973). 

In the above we considered the system noise Wand the measurement noise V to be 
uncorrelated. However in airborne gravimetry, depending on how the system model and 
observation model are formed (like the deterministic model below), the two kind of 
noises are often correlated with themselves. If a system noise is colored, one can simply 
use shaping filter to change it into a white noise. If a measurement noise is correlated 
with itself or even with a system noise, the above Kalman recursive equations have to be 
modified to accommodate this situation. The reference is made to Brown (1983) 

4.2 Wave Estimation 

In wave estimation, a deterministic system error model representation of INS is used. 
Such an approach assumes that input disturbances acting on the system are not described 
by random processes but by a deterministic function (within a certain time interval) of 
unknown intensity which can be estimated. The main idea and general procedure for the 
wave approach is presented in the following. 

4.2.1 Intuitive Concept of Wave Estimatio~ 

According to Salychev (1995) and Salychev et al. (1995), the whole mission time is 
divided into a series of small estimation cycles. In each cycle, the input disturbance is 
described by a linear combination of known base functions with unknown coefficients, 
instead of statistical noise 

(4.8) 

where ci" · ·en are unknown coefficients which can be considered constant for a specific 
time interval; / 1 (t)- · · fn (t) are known base functions, e.g., unit function or ramp. Taking 
into account the jump variation of the coefficients in different cycles, W(t) can be 
described by adding an input function consisting a series of unknown impulse functions 
As a result, unlike the traditional statistical approach where the input disturbance is 
described by a shaping filter, the system model is represented as 
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(4.9) 

where 8 k-I is a sequence of unknown pulses appearing once every N time steps, i.e. 8 k-i 

gaines value only when k -1 = 0, N,2N,3N ... and otherwise vanishes. So an intuitive 
form of wave estimation can be derived using a simple deterministic model, with an 
assumption that the initial condition is sufficiently small ( X 0 ::::; 0), or already known. A 
new measurement model can be formulated from (4.2) and (4.9) for the first estimation 

cycle since Xk = <Dk,0X 0 + <Dk,180 

( 4.10) 

. 
where 1 < k ~ N. Correspondingly we can define a new state vector xk which follows 
the recursive equation 

(4.11) 

where x~ = 80 and x;_1 = Xk - <Dk,0 X 0 = <Dk,180 • The measurement equation should 
then be written as 

(4.12) 

Here v; = Vk . The Kalman filter equations in this case will be 

AO A. AO 

Xk-1 = <Dk k-i Xk-2 + Kk (z; - H<Dk k-i Xk-2) . . (4.13) 

(4.14) 

(4.15) 

A. 
where E[VkV/] = rk. The driving noise term is missing here. By assuming xo = 0 and 

A* 

properly choosing initial covariance P0 , with equations ( 4.13)-( 4.15), the estimates x N-1 

can be finally achieved at the end of N time steps. Then the estimate X N can be 
obtained as 

AO 

X N = <DN,OXO + XN-1 (4.16) 

The intermediate estimates between points O and N can be restored as follows if 
necessary 

A A. 
X k = <Dk,oXo + <D~,k+l XN-1 (4.17) 
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Regarding X N as a known initial state vector, the procedure ( 4.10)-( 4.17) can be 
applied similarly for the next estimation cycle. Here the new measurement noise v; 
includes the previous estimation error and thus is not a strictly white noise. In most cases, 
one can approximate v; with Vk, i.e., E[v;v;r]::::;E[VkV/]=rp as usually the 
measurement noise is larger than the transition of previous estimation error in short 
period. In this way the estimates throughout the whole estimation time can be recovered. 
The reference is made to Salychev (1995). The characteristic feature of the above wave 
approach is the splitting of the total estimation time into small individual cycles 
consisting of N time steps. In each cycle with different pulse intensity, the Kalman filter 
is applied. At the end of each estimation cycle, the terminal state vector is estimated 
while the intermediate state vectors are achieved by restoring backward in time using the 
obtained terminal state vector. 

4.2.2 General Procedure 

By investigating the system dynamic model of INS in section 2, one can see that the 
initial state errors, as well as the constant sensor errors, will cause system sinusoidal 
oscillations at Schuler frequency. These errors are usually considered to be well 
calibrated through stationary alignment and kinematic calibration at point(s) where the 
accurate coordinate and/or gravity information are known. Eventually in the above 
intuitive approach, the initial errors are deliberately ignored for the consideration. 
However there are cases where the initial information is not exactly known and initial 
errors are not well calibrated. So a more general approach, which deals with not only the 
input disturbance but also initial errors, has to be designed for the wave estimation. 

So a basic system model Xk = <f\,k-I Xk-i is considered, assuming the estimates of all 
state vector components will converge within given time period. Meanwhile introduce an 
additional vector e which may describe the input disturbance or approximation errors of 
the wave model representation. Thus, the model would be rewritten as 

( 4.18) 

( 4.19) 

where Lk,k-I is the transition matrix for the input disturbance vector e; G is the influence 
matrix. To solve the problem, the state vector can be changed: 

(4.20) 

( 4.21) 

(4.22) 
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where X~ = 0. Then the estimation algorithm for one estimation cycle ( 0 s k < N) 
would have the following form: (Salychev, 1995a) 

For the estimation of X 0
: 

( 4.23) 

TT T TT TT 
Kk = [Cl>kk-1 Pk_lct>kk-1 H - Cl>k k-1 \J'k-1 E[ eoeo ]Dk H ] · [ Hct>k k-1 Pk-I Cl>k k-1 H 

' ' ' ' , 
T T T T T r r T T -l 

+ HkDkE[eoeo ]Dk H +rk -Hct>k,k-I\J'k-1E[eoeo ]Dk H -HDkE[eoeo ]\J'k-1ct>k,k-1H ] 

(4.24) 

(4.25) 

with \J'0 = 0. 

A O 

On the basis of estimates X N, a new measurement equation is obtained 

/\ 0 

vk/N = zk - HCl>k N x N = HDkeO + vk· (4.26) 

/\ 0 

where vk· = Vk - H(X k/N- xi) with rk· = E[Vk* (Vk*f]. Thus the e-vector can be 

estimated using a state model ek = ek-l (assuming Lk,k-i = 1 ). 

/\ /\ /\ 

ek = ek-1 + K; (VklN - HDk ek-1) (4.27) 

(4.28) 

(4.29) 

/\ 0 AO 

With the X N and e N being determined, the total state vector for each epoch in the 
interval t O s t s t N can be restored by equation: 

/\ /\ 0 /\ 

Xk =Cl>k,NXN+DkeN (4.30) 

The similar process above can be applied for the subsequent estimation cycle. 
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4.3 Practical Application of Filtering Procedures 

4.3.1 Initial Calibration and State Observability 

As mentioned in the previous section, the initial calibration of INS is critical for the 
system performance. Generally there are two calibration stages: one is stationary 
alignment at a known point; the other is kinematic calibration with supplemented 
measurement information. 

To investigate the error behavior of an INS within initial calibration, one horizontal 
channel (north) is considered here under the zero-velocity and zero-Earth-rate assumption 
for the sake of brevity. 

( 4.31) 

(4.32) 

where &z N indicates the accelerometer error in north-directed axis; & E is the east gyro 
drift; the notations for other parameters are identical to that in section 2.3. In the 
following discussion, the subscripts n,e will be omitted for simplicity. The objective of 
the calibration is to determine the initial orientation errors as well as gyro drifts and 
accelerometer biases. Suppose the velocity is the only available external measurement. 
By studying the observability of the state vector, one would find that the constant portion 
of accelerometer error, i.e. accelerometer bias b0 , and initial gravity disturbance are 
inseparable from the initial tilt error. This is much more obvious when the equation ( 4.31) 
is substituted with the integral of the equation (4.32) as shown below 

5 ~ = g £ aft - m; ( 5p - £l) 0 ) + g If/ 0 + &z + 5g (4.33) 

where 5p, position error, equals the intepra! of velocity error. For initial stationary 
alignments, the position information is usually known, and thus 5p0 = 0 . The indicated 
velocity of INS is compared to the zero velocity reference. The observed difference is 
used by a built-in Kalman filter as an external measurement to align the system platform 
mathematically with the local level reference, and to calibrate the gyro drift. From (4.33) 
it is clear that the effect of three error sources, If/ 0 , b a, 5g , cannot be distinguished on 
the basis of the stationary alignment. As a matter of fact, the acceleration error induced 
by the tilt error tends to cancel the sum effect of accelerometer bias and gravity 
disturbance during the alignment. 

With provided position or velocity information from GPS, the kinematic calibration 
can be further performed before mission. In many cases, the initial gravity information 
can be somehow available for gravimetry survey. As the vehicle travels, the gravity 
disturbance (the vertical deflection) changes. Its difference from the initial value will 
decouple from the effect of tilt error. This is also the fundamentals for airborne 
gravimetry. As to the calibration of accelerometer bias error, it can only be achieved for 
strapdown INS when a maneuver motion is made by the vehicle and thus decouples the 

27 



accelerometer bias from the initial tilt error. For the stabilized platform system, the 
decoupling between the bias and the initial tilt is impossible in this case. 

Two commonly known errors not discussed thus far are the initial azimuth error and 
the scale factor error. Based on the gyro compass mechanization, the north orientation of 
computation platform can be found out or estimated to a sufficient accuracy during the 
stationary alignment. The remaining misalignment or nonorthogonal errors need to be 
further calibrated in the survey. The scale factor error of accelerometers has a feature of 
long-term stability. Usually it can be viewed not to change within one year once 
determined. Its calibration requires extensive runs in a special designed trajectory with 
known control points. Both the azimuth misalignment eJTor and the scale factor error are 
attributed to the long wavelength error in airborne gravimetry. These two error effects 
could be eliminated at the end of mission if the closure information were available. 

4.3.2 Choosing Initial Conditions for Kalman Filter 

How well an individual calibration procedure can be achieved is mainly affected by the 
sensor imperfection as well as environmental fluctuation. From section 4.3.1 we have 
learned the fact that the initial tilt error is inseparable from the constant accelerometer 

bias, ba, and the vertical deflection at the initial point, 8g0 • It is quite fortunate that the 
sum of three error sources tends to be zero through the stationary alignment, i.e. 

(4.34) 

Then their sum effect on the system outputs can be ignored due to linearity. Since our 
sole purpose is to estimate the deflection difference from the initial value, the initial 
values for above three errors can all be set to be zero in the initialization of Kalman filter 
keeping in mind that the gravity disturbance should be modeled with respect to the initial 
point. So can their corresponding initial covariance. Sometimes the initial alignment 
won't be able to make the left side of equation (4.34) exactly zero due to inability to sort 
out the gyro drift. In this circumstance we can view this non-zero portion to be the initial 
tilt error and set the estimated value in its initial covariance matrix, while the initial 
covariance for the accelerometer bias and the vertical deflection remain zero. The 
constant gyro drift can not be completely calibrated in the stationary alignment. However 
it is reasonable to consider the gyro drift being estimated, through the alignment process, 
to a higher order accuracy with respect to the given value in the specification. 

Some other state errors are not so critical and generally can be chosen properly at the 
beginning point. For instance, the initial position and velocity information are usually 
available with GPS measurements. The accelerometer scale factor errors are assumed to 
be well determined before the mission and therefore set to be zero in the simulation. 

With the system model given in section 2 and initial conditions determined as above, 
by applying recursive Kalman filter equations ( 4.6) and ( 4. 7), the change of gravity 
disturbance (the vertical deflection) from the initial point can be estimated. To restore the 
true value of gravity information along the trajectory, simply add the known initial 
gravity disturbance to the gravity estimates from Kalman Filter. 

28 



4.3.3 Application of Wave Estimation in Airborne Gravimetry 

According to Salychev (1995), the system to which it is expedient to apply the wave 
method must have a bandwidth mostly in the low frequency range. Then the response to 
the input disturbances has the form of slowly varying oscillations. The inertial navigation 
system falls into this category. 

Let us just investigate one horizontal channel using equations ( 4.31) and ( 4.32) for 
simplicity. The other channel can be analyzed similarly. Based on the intuitive concept of 
the wave estimation, the input disturbance should be described as a series of unknown 
impulses instead of a stochastic process. Thus the gravity disturbance and the gyro drift 
can be represented as 

. 
&=01 (4.35) 

(4.36) 

where 5 1
, 5 2 are unknown impulses for the gyro drift and the gravity disturbance 

respectively. The deterministic model for this horizontal channel will be 

8v 1 gflt 0 At 8v 0 
lfl -At IR 1 At 0 lfl 0 

= + 51 (4.37) 
£ 0 0 1 0 £ 

og k 0 0 0 1 og 
k-1 

52 
k-1 

where flt is the sampling interval. The Delta function on the right side can only get gain 
at the beginning of each estimation cycle, i.e. at k = N, 2N, 3N, ...... In the model 
(4.37) the accelerometer bias is omitted. One may consider it is added into the gravity 
disturbance. The omission of the acceleromder bias will not influence the determination 
of the difference of gravity disturbance from the initial point in this case. Suppose the 
initial alignment is performed fairly well, the strategy to choose initial conditions for the 
Kalman filter can also be applied in the wave estimation procedure. Therefore the initial 
conditions are set to be zero though their actual values are not. The system can be 
viewed as driven by unknown intensity impulses of gyro drift and gravity disturbance. 
The quantity to be measured is the velocity error which can be obtained by subtracting 
GPS measurements from INS-indicated velocities. The measurement model should then 
be 

(4.38) 

Where Vk is the measurement noise of GPS derived velocity. With the obtained system 
model (4.37) and measurement model (4.38), procedures (4.10)-(4.15) can be 
implemented to achieve the estimation of gravity disturbance. 
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In the intuitive form of wave estimation, we presume that the initial system errors 
have no effect on the gravity estimation due to their mutual cancellation. There are cases 
that the initial alignment is not doing well due to gyro drift and environment interruption 
and the non-zero sum of the left side of (4.34) has to be modeled as an initial error and 
needs to be estimated as well. Sometimes we also need to know how the filtering 
algorithm performs when some long wavelength gravity information, such as a high 
degree geopotential spherical harmonic model, is available. A general form for airborne 
gravimetry has to be formed corresponding to the approach in section 4.2.2. The gravity 
disturbance and the gyro drift can be considered, respectively, as comprising two parts: 
one is the initial constant component for each estimation cycle, which can be modeled as 
a bias; the other is the variation term with respect to the initial value, i.e. 

(4.39) 

(4.40) 

where uk is a roughly known value at the point of time epoch k and may be viewed as 
being generated by a harmonic model although it is not actually used in the following 
simulation ; ei, ei are the input disturbance and may be viewed as a residual or 
approximation error of the gravity disturbance and the gyro drift respectively. Then the 
system model can be rewritten as 

[
:] = [- i'.~/ R 

Sg k O 

gM 
I 
0 
0 

0 
'1.t 
1 
0 

YJ[:J + ["·-t'] + 
1 Sg k-i O 

[

u* 
1f'..t] [M O l where - O · O M . 

Uk-l = ' G = ' 
0 0 0 
0 0 0 

eLM 
e;_ 1M 

0 

0 

Here the transition matrix Lk.k-l can be assumed to be identity matrix. 

( 4.41) 

(4.42) 

In order to make use of the algorithm in section 4.2.2, it is required to split the state 
vector into two parts XZ and Xl as in (4.20). However the model for XZ should be 
changed to 

(4.43) 

Using (4.23)-(4.30), the initial system error as well as the input disturbance are 
estimated subsequently. It should be noted that, at the end of a estimation cycle, the 
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variation components, (4.39) and (4.40), should be added into the initial gravity 
disturbance and gyro drift for the next estimation cycle respectively. 

4.3.4 The State Convergence and the Selection of Estimation Cycle for Wave 
Estimation 

General speaking, in the deterministic system model, the short estimation cycle has a 
good description of the physical process but may not be enough to allow the estimates to 
converge when exerting the filtering procedure. Therefore it is necessary to choose an 
appropriate estimation cycle time for the wave estimation by investigating the state 
convergence. To do so, let's first look at the estimation errors when applying a Kalman 
filter. 

(4.44) 

According to Salychev (1995), the diagonal components of the first term in equation 
(4.44), i.e. 

diag{fI (I - Kk+1-;H)<f> k+1-i,k-i} 
•=I 

(4.45) 

describe the transition process of the initial estimates and meanwhile indicate the 
observability degree of state errors. Figure 4.1 shows the transition process of the tilt 
error and the gyro drift. One can easily see that it takes about 1000 sec to get 
convergence for the gyro drift while about 100 sec for the tilt error. This can also be 
verified by the gain coefficient changes of each error, as shown in Figure 4.2 and Figure 
4.3. 

To choose the estimation cycle for wave estimation, one has to compromise between 
the proper physical description of gravity disturbance and the convergence of system 
errors. Apparently it is impossible to choose the estimation cycle being 1000 sec so as to 
get complete convergence of gyro drifts. In airborne applications, one consideration is to 
set the estimation cycle around 100 sec, equivalent to the convergent time of tilt error. 
We will see the different results with regard to different estimation cycle in the following. 
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Fig. 4.1 The transition process of initial estimates for the tilt error and the gyro drift 
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5 SYSTEM SIMULATIONS 

In principle, all the physical systems can be simulated mathematically according to 
their dynamics. From a theoretical point of view, system simulations are by all means an 
economic and flexible way to investigate system behaviors under various circumstances, 
to verify a proposed new approach to some extent and to provide some necessary 
orientations for the real test. Based on the parameters specified by manufacturer in the 
system manual, under a certain assumption, the dynamic characteristics of LN-93 inertial 
system, as well as OPS, are simulated for this study. Then the proposed methods, 
Kalman filtering and wave estimation, are applied using the generated data from the 
simulation. 

5.1 The GeneratQr of Gaussian Pseudorandom Numbers 

In a linear stochastic system, the Gauss white noise process is considered as an 
important driving input, which determines the statistical characteristics of the system. In 
principle, the white noise is a stationary and uncorrelated process. The ideal white noise 
process is physically unreachable due to its infinite variance nature. However, under 
reasonable assumptions of the physical nature of the process, we can make use of white 
noise concepts approximately. For example, we may assume the process has no 
correlation up to frequencies defined by the small sampling interval. For the smaller 
intervals the process may indeed be correlated and the PSD drops to zero. Then the 
variance is also finite. In order to achieve this white noise process computationally, the 
discrete white noise process at a specific time t k can be viewed as the continuous 
average of the continuous white noise process over a small interval !it, i.e. 

(5.1) 

where Wk, W(t) represent discrete and ~oatinuous white noise respectively. The 
following equalities exist: 

E[Wk] = E[W(t)] (5.2) 

E[Wk 2 ] = - 1
-2 Ik Ik E[W(t)W(t)dtdt (!it) ,-DI k-DI 

1 f' J' = --2 q5(t - r)dtdt (!it) ,-DI ,-DI 
(5.3) 

=ql!it 

Assuming the distribution of random variables of the white noise process are the 
Gaussian distribution with zero mean, a standard algorithm can be used to generate the 
above Gaussian white noise process. Actually, it is a pseudorandom process as it is not 
absolutely "white" (Gao, 1989). 
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First of all, uniformly pseudorandom numbers need to be generated for the use of 
Gaussian pseudorandom numbers' generation, according to the following recursive 
equation: 

Uxk = 259.0 x Uxk-I - int(259.0 x Uxk-I) (5.4) 

where Uxk are supposed to be the generated uniformly pseudorandom numbers between 
O and 1, and its initial value can be simply obtained from equation: 
Ux0 = Ix I 32767 ( Ix is an odd integer initially given between O and 32767. Different 
h value yields different pseudorandom process). The int( ) in equation ( 5 .4) is an integer 
function. With the uniformly pseudorandom numbers obtained, then, the Gaussian 
pseudorandom process can be realized consequently as follows 

12 

Gx; = cI Uxixl2+ j - 6.0) x SD+ M 
}=I 

(5.5) 

where Gx; are the generated Gaussian pseudorandom sequence, from above algorithm, 
with a standard deviation SD and a mean value M 

5.2 Numerical Integration 

In a physical system, like INS, the system dynamics as well as the error behavior are 
often described by a set of first-order linear differential equations, e.g., equations (2.2) 
and (2.10). To solve these equations for the purpose of simulation, numerical integration 
has to be performed. 

Generally, the differential equation can be expressed as 

• 
Y = f(t,y) (5.6) 

where y is either a scalar quantity or a vector, with initial value y(t0 ) =Yo; The 
function f (t, y) should be reasonably smooth in order to guarantee the existence of 
solution for the differential equation. Therefore the solution of equation (5.6) can be 
represented by Taylor's series: 

• (.M) 2 
.. (M)3 ••• 

y(t) = YUo) + M YUo) + 2! YCto) + 3! YUo)+ ··· ·· (5.7) 

As to the small interval M = t - 10 , we can truncate the higher order of Taylor's series 
and obtain an approximated solution of differential equation (5.6), e.g., considering only 
up to the first-order derivative term. 
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. 
y(t) ~ YUo) + M YUo) (5.8) 

This is the so-called Euler equation for the numerical integration. It is noted that as higher 
order terms are added to equation (5.8), the more accurate the numerical integration 
becomes. However, the higher order derivatives are sometimes complicated or even not 
achievable. So in practice the higher-order Taylor methods are seldom directly applied 
but indirectly used in the following Runge-Kutta method, which is more efficient and 
accurate. 

Based on the differential theorem 

where O < 9 < 1. A set of fourth-order Runge-Kutta equations is given as 
M 

y(t) = y(t0 ) + -(K, + 2K2 + 2K3 + K4 ) 
6 

5.3 Simulated System Errors and Gravity Disturbance 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

System dynamic characteristics are very much related to the vehicle kinematic 
condition. In the simulation, it is assumed that the airplane flies at a constant speed of 360 
km/hr, with a fixed height and without changing directions. The smooth gravity signature 
is first considered. According to the system mechanization and error models given in 
section 2, the LN-93 inertial system is simulated using the specified parameters. 

In the following figures (Fig. 5.1--Fig. 5.4), some of the simulated system error 
features are presented. They are accelerometer errors (ace_ err,,i ), gyro drifts 
(gyro_ drf1,J, platform attitude errors ( att_ err,) with respect to local level n-frame and 
earth-referenced vehicle velocity errors ( vel_ errt,i ). Here the subscript "t" in each 
parameter means time and the subscript "i", with value of 1,2 and 3, indicates north, east 
and down directions respectively. The accelerometer and gyro errors indicate a constant 
bias with certain amplitude of noise characteristics. Attitude errors and velocity errors 

35 



should reveal a mixed oscillation of Earth's spin rate and Schuler frequency which is 
modulated by the Foucault frequency. However from the figures these features are not 
apparently seen due to the short time scale. 

The present interest is in understanding the estimation of the gravity disturbance, so the 
GPS is simply viewed as providing direct observations of position. Therefore the error is 
modeled as a bias with white noise. Actually, for the esitimation of acceleration, the GPS 
position bias has no effect. The following GPS-derived accelerations (Fig. 5.5) are 
obtained by smoothing over a period of 60 seconds. In Fig.5.5, the subscripts "t" and 
"i" of the legend (gps_acci.J have the same meaning as in Fig. 5.1-5.4. Here only 
horizontal effects are considered (i= 1,2). 
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Fig 5.6. shows the simulated gravity disturbances ( dg 1,;) in the horizontal channels 
(i= 1,2) for baseline gravity signature, using the third-order Gauss-Markov models. 
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Fig 5.6. Simulated along-track gravity disturbances in horizontal direction 
(baseline) 
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6. Filtering Results and Discussions 

With the simulated data, estimation approaches, like the Kalman filter and wave 
estimation, can be finally implemented to estimate the gravity vector. In the Kalman 
filter, the position updates of GPS are taken as direct observations, while in the wave 
estimation, the observations, being velocities, need to be constructed by differencing each 
two neighboring positions in time. 

6.1 Straight Line Survey under Different Circumstances 

In this simulation, the survey trajectory is first designed to be a straight line. The 
airplane is supposed to be flying at a constant speed of 360 km/hr, with an azimuth of 45 
degree. The baseline gravity field is adopted. 

6.1.1 Implementing of Kalman Filter and Wave Estimations 

First of all, let's consider the occasion that the initial alignment is ideally fulfilled, i.e. 

g If/ Eo + b a.v + 8g NO = 0 and - g If/ No + b aE + 8g Eo = 0, and the constant gyro drift is fully 
estimated (for east gyro, we have If/ Dome cosrp + bcE = 0 ). Under this assumption, the 
initial estimates as well as the initial covariance can be set to zero since the effects of 
these initial errors cancel each other when it comes to the estimation of gravity vector 
difference with respect to the initial point. With the proposed filtering approaches in 
section 4, the estimation process can be performed. 

Figures 6.1-6.3 show the estimated results with Kalman filter, intuitive method (which 
can only deal with input disturbances) and general wave estimation (which estimates 
initial states as well as input disturbances) respectively. For the present situation, both 
wave estimations seek to resolve the gravity disturbance regardless of initial conditions. 
The estimation cycle for wave estimation here is 80 sec. The corresponding root mean 
square errors (RMS) are given in the right side block. The solid line in the Figures 
indicates the estimation error in north directio_, while the dotted line in east direction 
unless otherwise illustrated in the following. 
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Fig. 6.1 The estimation errors for gravity vector disturbance by Kalman filter 
(ideal alignment) 

39 



,..... 
.; c:, 
5 

0 

20 
0 

10 

0 

~10 

1000 

. 
1 1 1,. I ' j' "" I ~I I I rtf. 

1 , I I I I I 

2000 
(sec) 

I 11' II ,'J1'I 
I\,\ I I 

IJ: I• •,, ' ' --· 

3000 4000 

RMS:(mgal) 
N=l.895 
E=S.441 

Fig 6.2 The estimation errors for gravity vector disturbance 
by intuitive wave estimation (ideal alignment; T=80 sec) 

'' 
I"' o I '1 

" I~ I \ ' I f I J 
',1 '. , ,' I : I I I I ''"' 

I 1,' 1'',,.,..,. 
' . ~ ' '. 

.. ' .. 

RMS:(mgal) 
N=l.926 
E=S.226 

·-io,__ ____ __._ _____ _._ _____ _. _____ __, 

0 1000 2000 
(sec) 

3000 4000 

Fig 6.3 The estimation errors for gravity vector disturbance 
by general wave estimation (ideal alignment; T=80 sec) 

From the figures, one can see that, in addition to long wavelength error tendency, the 
estimation errors by Kalman filter contain small high frequency components while the 
estimation errors by wave estimation reveal discontinuities at the end of each estimation 
cycle. Both high frequency features and discontinuities can be smoothed if a polynomial 
function is fit to the obtained estimates, as will be shown later. In terms of maximum 
errors in one hour, the Kalman filter performs better than the wave estimation. This can 
be explained since the Kalman filter has an advantage of accounting for long wavelength 
errors, like the azimuth error, while the wave estimation does not. The root mean square 
errors with respect to the three cases (Fig 6.1-6.3) are: subsequently 0.711 mgal, 1.895 
mgal, 1.926 mgal for the north direction component, and 3.708 mgal, 5.441 mgal, 5.226 
mgal for the east direction component. The intuitive approach and general wave 
estimation do not show much accuracy difference in terms of root mean sq1..are errors. 
Since the intuitive wave estimation has an inability to deal with the initial state errors 
assuming they are sufficiently small or already known, we will not consider this approach 
in the underlying discussions. 
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As discussed in the previous section, the initial stationary alignment tends to make 
platform errors cancel the sum of initial gravity disturbance and the accelerometer bias. 

But in most cases, this process can never be done, i.e. g If/ Eo + b av + 5g No -:;:. 0 and 

-glfl No + baE + 5gEo * 0, due to environmental interruptions etc. The same holds for the 
gyro compass process, i.e. 1f100w e cosrp + b£E -:;:. 0. It is reasonable to attribute the sum of 

each of above three equations to just one of the relevant errors. For instance, the residual 

of ( glfl Eo + ha, + ogN0) can be considered as induced only by the initial platform error 

while the accelerometer bias error as well as initial gravity disturbance can be assumed 

zero. The residual of ( 1f1000J e cosrp + bcE) at alignment can be viewed solely as a gyro 

drift while the initial azimuth error can similarly assumed zero. Based on this strategy, 
the presumed initial tilt errors, indicating the residual of the corresponding channel, are 
supposed here to be one order smaller than their actual values after the initial alignment. 
In other words, the actual initial tilt error is a few arcsec but the presumed residual error 
reduces to about several tenth of arcsec. Similarly the presumed constant gyro drift 
residual turns out to be 0.0003 deg/hr while the actual gyro drift is still 0.003 deg/hr. To 
make the discussion simple and clear, we will refer the case without residual errors as 
ideal alignments, the case which reduces the presumed initial tilt errors and gyro drifts 
one order smaller as good alignments and the case with half order smaller initial errors as 
tolerable alignments. 

Figures 6.4-6. 7 show the filtering results in good alignments case. Only Kalman filter 
and general wave estimation procedures are applied here. Three estimation cycles, T=50, 
80 and 120 sec, are chosen for the wave estimation for comparison. 

~~~~~~~~~~~~~~~~~~~~~~ 
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Fig. 6.4 The estimation errors for gravity vector disturbance by Kalman filter 
(good alignment) 
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Fig. 6.5 The estimation errors for gravity vector disturbance 
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Fig. 6.6 The estimation errors for gravity vector disturbance 
by wave estimation (good alignment; T=80 sec) 
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Fig. 6. 7 The estimation errors for gravity vector disturbance 
by wave estimation (good alignment; T=120 sec) 

By comparing the RMS errors, one may find the filtering result of north direction in 
ideal alignments (Figures 6.1-6.3) is better than that in good alignments (Figures 
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6.4-6.7) with both filtering methods. However, unexpectedly, it is the other way around 
in the east components. The reason for this needs to be further investigated. But generally 
the larger the residual initial errors are, which means less success in the initial alignment, 
the worse the achieved filtering results would be, as will be shown later. It can also be 
noted that the most appropriate estimation cycle for wave estimation should be 80 sec 
with airplane speed of 360 km/hr. This estimation cycle might vary depending on the 
vehicle speed. We will see this in the next section. 

Figures 6.8-6.9 show the results of the tolerable alignment occasion. Obviously the 
estimation errors indicated in the Figures 6.8 and 6.9 are not as good as those in Figures 
6.4 and 6.6. From this it has been verified that the performance at initial alignment 
directly affects the achievable gravimetry results in a way stated in the last paragraph. 
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Fig. 6.8 The estimation errors for gravity vector disturbance by Kalman filter 
(tolerable alignment) 
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Fig. 6.9 The estimation errors for gravity vector disturbance 
by wave estimation (tolerable alignment; T=80 sec) 
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6.1.2 The Effect of Vehicle Speed on the Determination of Estimation Cycle 

To choose the appropriate estimation cycle for wave estimation, one has to consider 
the influence of vehicle speed. Generally the convergence of state errors is associated 
with the time only but the gravity modeling depends on the distance traveled with respect 
to that time. As mentioned at the beginning of this chapter, the long estimation cycle is 
good for the state convergence but is not adequate for representing the gravity field using 
a deterministic model. It is anticipated that, with the lower vehicle speed, the appropriate 
estimation cycle for wave estimation could be set longer. 

To investigate the proposed issue, the vehicle speed in the simulation is deliberately set 
to be 180 km/hr, equal to half of the airborne speed in the previous discussion. So, within 
one hour, the vehicle only travels half way of the gravity field shown in Fig. 5.6. Since 
our purpose here is to check the estimation cycle, only wave estimation results are given 
with three different cycles as shown in Fig. 6.10-6.12. Comparing the three figures, one 
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Fig. 6.10 The estimation errors for gravity vector disturbance 
by wave estimation (v=180 km/hr, T=SO sec) 
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Fig. 6.11 The estimation errors for gravity vector disturbance 
by wave estimation (v=180 km/hr, T=80 sec) 
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Fig. 6.12 The estimation errors for gravity vector disturbance 
by wave estimation (v=180km/hr, T=120 sec) 

can see that the result in Fig. 6.12 appears to be better than the others in Fig. 6.10 and 
6.11 in terms of estimating accuracy (RMS), which means the appropriate estimation 
cycle in this case should be 120 sec. 

Since our interests here are airborne gravimetry, we will stick to 360 km/hr airplane 
speed and 80 sec estimation cycle for the wave estimation. Also the occasion with good 
alignments is considered the usual case for the following discussions. 

6.1.3 The Effect of Different Gravity Field 

Through the spectral study, it was shown that the gravity disturbance, being a desired 
useful signal, acts as a major error source as well. The effect of rough gravity signature 
(Fig. 6.13) on the estimation performance in the filtering procedure is illustrated in 
Figures 6.14 and 6.15. It can be roughly seen that the estimation errors by both Kalman 
filter and wave estimation are oscillating intensively and the long wavelength error terms 
are more significant as compared to those with baseline signature (Fig. 6.4 and Fig. 6.6) 

d~,O 
100 

-1 oo,.___ _ ___......_ _ ___. __ ___. __ _... __ ___._ __ __._ __ __._ __ __, 
0 500 1000 1500 2000 

t 
(sec) 

2500 3000 3500 4000 

Fig. 6.13 Simulated along-track gravity disturbances in horizontal direction 
(rough) 
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Fig. 6.14 The estimation errors for gravity vector disturbance by Kalman filter 

(rough gravity field) 

,-._ 

"1 
0 

5 

20 

I 
t ,1

1 " 
~ 

0 • ,. 

~20 

~~~~ ~~~~~ ~~~~~ ........ ~~~~~ 

0 1000 2000 

(sec) 

3000 4000 

RMS:(mgal) 

N=6.392 

E=7.205 

Fig. 6.15 The estimation errors for gravity vector disturbance by wave estimation 

(rough gravity field; T=80 sec) 

In all the above discussions, the gravity disturbance model is limited to the Gauss 

Markov process. Occasionally in some special regions, the gravity may change sharply, 

in which case the Gauss Markov model may not apply. To investigate the influence of 

this model error on the performance of the Kalman filter and the wave estimation, a 

trapezoid gravity field change within half an hour is presumed as denoted in Fig. 6.16. 

The filtering results are given in Fig. 6.17 and Fig. 6.18. At the sharp changing point of 

the gravity field, one can see the estimation errors tend to be unstable for either filtering 

approach. It seems that the Kalman filter performs better than the wave estimation in this 

situation. 
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Fig. 6.17 The estimation errors for gravity vector disturbance by Kalman filter 
(trapezoid gravity field) 
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Fig. 6.18 The estimation errors for gravity vector disturbance by wave estimation 
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6.2 The Effects of a Change in Trajectory on Estimation Accuracy 

A change in trajectory will affect the system dynamics to some extent according to the 
system error model in section 2.3. In the practical application of filtering procedures. 
some system error residuals. like the azimuth error and gyro drifts, may cause different 
gravimetry errors depending on the travel routine. It is necessary to understand the 
effects of a specific trajectory on gravity disturbance recovery. Tv,·o typical trajectories 
are presented here. The simulation is base on the good alignment. The estimation cycle 
for wave estimation is 80 sec. 

6.2.1 L-shape Trajectory 

The above discussions are based on the straight-going m1ss1on without changing 
directions. In the case of vehicle direction changes, with the baseline gravity field, it is 
assumed here that the airplane first flies towards north at a constant speed of 360 km/hr 
for about half an hour, and then makes a right circular turn with a radius of one kilometer 
towards the east. and then keeps flying towards east for the rest of the hour. The obtained 
filtering results are shown in Fig. 6.19-6.20. 

From the figures, it can be noted that there is a trend change of estimation errors 
between the first half hour and the second half hour as compared to the same situation in 
a straight line trajectory (Fig. 6.4 and Fig. 6.6), which may indicate some system errors. 
e.g. the azimuth error, have different effects in the two legs of the L-shape trajectory. 
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Fig. 6.19 The estimation errors for gravity vector disturbance by Kalman filter 
(L-shape) 
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Fig. 6.20 The estimation errors for gravity vector disturbance by wave estimation 
(L-shape) 

6.2.2 Circular Trajectory 

It has been known that information in the form of closure in gravity should help 
improve gravity recovery. Here we deliberately assume the airplane is flying along a 
circular trajectory, e.g. a closed circle with a radius of about 60 km. The magnitude of the 
velocity vector is kept at 360 km/hr. As the airplane flies back to the beginning point, the 
closure gravity information can be obtained and thus used to smooth or adjust the 
intermediate estimating results. It is supposed in the simulation that the gravity signature 
between the first half circle and the second one is symmetrical, so that the actual gravity 
disturbance at the end of mission is the same as that of the beginning point. 

Fig. 6.21 and Fig. 6.22 show the estimation errors by filtering procedures. The curve-
fitting process is applied to obtain the gravity estimates as will be shown in the next 
section. And the RMS errors, with and with0t:: closure information, will be given for 
comparison. 
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Fig. 6.21 The estimation errors for gravity vector disturbance by Kalman filter 
(circle) 
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Fig. 6.22 The estimation errors for gravity vector disturbance by wave estimation 
(circle) 

6.3 Smoothing Estimates Using Polynomial Function Fitting 

The estimation errors above retain some high frequency spikes or reveal a large 
oscillation. This portion of errors can be largely smoothed when fitting estimates with a 
polynomial function, e.g. a 5th-order polynomial, and applying interpolation. Fig. 
6.23-6.26 show the smoothing results after polynomial fitting for the occasion of straight 
going mission with good alignments. The solid line here indicates the true gravity 
disturbance while the dotted line denotes the estimates. It has been shown that the 
estimates, after smoothing, reproduce the true gravity disturbance to a fair extent. 
Similarly the estimates for the other occasions can also be performed. The summary 
results in terms of root mean square errors (RMS) are given in next section. 
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Fig. 6.23 The estimated north gravity disturbance versus its true value 
by Kalman filter and after a 5th order polynomial fitting process 
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Fig. 6.24 The estimated east gravity disturbance versus its true value 
by Kalman filter and after a 5th order polynomial fitting process 
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Fig. 6.25 The estimated north gravity disturbance versus its true value 
by wave estimation and after a 5th order polynomial fitting process 
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Fig. 6.26 The estimated east gravity disturbance versus its true value 
by wave estimation and after a 5th order polynomial fitting process 

51 



7. CONCLUSION 

To study the feasibility of the gravity recovery, especially the vertical deflection, of the 
airborne strapdown inertial system combined with differential GPS, a spectral analysis 
has been performed according to the error contributions of the two systems to airborne 
gravimetry. Both systems are also simulated, with the specified system parameters for 
LN-93 and with up-to-date achievable accuracy values for DGPS. Finally the most 
common used estimation approaches, Kalman filter and wave estimation, are applied 
using the simulated data. A summary of estimation errors for different trajectories are 
given in the Table 7.1 without closure gravity information at the end of mission, and 
Table 7.2 with closure gravity information and a linear adjustment being applied. For 
circle case, the traverse is a closed loop and the gravity disturbance at the end point 
equals to that at the beginning point. All results here are achieved under the circumstance 
of good alignments as defined in the section 6.2. In the straight-line occasion, the results 
from three cases: velocity v=360 km/hr and v= 180 km/hr, and with rough gravity 
signature are presented. For wave estimation, the estimation cycle is chosen to be 80 sec 
except when v=180 km/hr, where 120 sec estimation cycle is assumed. 

It is indicated in Table 7.1 that, with baseline gravity signature, both Kalman filter and 
wave estimation can achieve an accuracy of about 1-3 mgal (RMS), and with rough 
gravity signature in straight line trajectory, about 4-5 mgal (RMS) for Kalman filter and 
5~ 7 mgal (RMS) for wave estimation is achievable. By comparing Table 7.2 with Table 
7.1, one can see that the Kalman filter can largely reduce the estimation error (but not for 
rough field) after the linear adjustment using closure information, while the wave 
estimation does not reveal significant accuracy improvement, even deterioration for L-
shape and circle cases. 

Straight line L-shape Circle 

v=360 v=180 rough v=360 v=360 

Kalman (N) 1.157 3.653 1.413 2.775 

Filter (E) 3.157 4.310 2.068 1.462 

Wave (N) 1.738 2.388 4.650 1.154 1.980 

Estimation (E) 3.202 1.171 6.822 1.525 1.431 

Table 7.1 A summary of gravity estimation errors (RMS) for different occasions 

without closure gravity information. (Unit: RMS--mgal; v--km/hr) 
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Straight line L-shape Circle 

v=360 v=180 rough v=360 v=360 

Kalman (N) 1.197 4.104 1.495 0.927 

Filter (E) 1.020 4.767 0.667 1.105 

Wave (N) 1.375 1.866 7.297 1.832 2.700 

Estimation (E) 2.598 1.532 6.655 1.436 1.879 

Table 7.2 A summary of gravity estimation errors (RMS) for different occasions 
with closure gravity information. (Unit: RMS--mgal; v--km/hr) 

All in all, through the above discussions, the following ideas have been explored and 
some conclusions can be drawn: 

(1) The medium accuracy strapdown INS, e.g. LN-93, supplemented by the differential 
GPS measurements is well suited for airborne vector gravimetry. The estimable range for 
the gravity disturbance is mainly concentrated in the medium wavelength. With the 
assumed airplane speed of 360km/hr, the minimum wavelength of 45 km in baseline 
gravity signature and 18 km in rough gravity areas can be recovered by vector 
gravimetry. The maximum detectable wavelength is about 334 km in baseline gravity 
field and 338 km in rough areas. For smooth gravity signature, it is unlikely to recover 
the gravity disturbance information with a mix of the LN-93 inertial system and GPS. 

(2) The gravity disturbance itself is a major error source to gravimetry, which has been 
clarified in the spectral domain. The bigger estimation error in the simulation for the 
rough gravity field verified this conclusion to some extent. 

(3) With baseline gravity signature, an accuracy of about 1-3 mgal can be achieved by 
either Kalman filter or wave estimation for all trajectories within one hour. In straight-
line survey and rough area, the wave estimation performs not as well as the Kalman filter. 
The Kalman filter has a good physical description of the system error states and would 
yield good results as long as the a prior statistical information is sufficiently known. Also 
the Kalman filter procedure allows sufficient time to get convergence in some systematic 
error estimation (e.g. gyro drifts and the azimuth error) though the actual improvement of 
these errors is limited in the cases discussed. The wave estimation has to deal with the 
state convergence problem while trying to keep the estimation cycle as short as possible 
for good deterministic description of the gravity disturbance. This is probably the reason 
that the wave estimation performs not as well as the Kalman filter when in the straight-
line mission and in the rough gravity area. In the L-shape and circle trajectories, the 
systematic error residuals behave differently from that in straight-line mission. And the 
estimated error by Kalman filter turns out to be larger than that by wave estimation. The 
reason for this needs to be further investigated. However, one may find, there is a 
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consistent error trend in the Kalman filter estimation but not in the wave estimation. This 
explains why the estimation error with Kalman filter is reduced significantly when using 
closure information with linear adjustment, while the estimation error with wave 
estimation is not. 

( 4) The most appropriate estimation cycle for wave estimation varies with the vehicle 
speed. For a normal airplane speed (360 km/hr), the estimation cycle is about 80 sec. 

It should be noted that the above analyses are based on the assumption that all survey 
missions are performed at the same altitude, i.e., the influence of height on the gravity 
information is neglected. Also the technique to detemtine the level of the calibration 
residual error at alignment needs to be further investigated. It is strongly suggested here 
to try to access the estimated covariance matrix during the alignment if possible. By 
doing so, one can make use of the correlation built up through the initial alignment to 
shorten the converging time of gyro drifts and figure out the level of residual error as 
well. 

System simulations are a kind of simplification for the realistic situation. From the 
practical point of view, any conclusions or results from simulations could be considered 
as a useful guide for real tests and need to be verified in the real world. 
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