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Discrete gravity information on the surface of the earth (and in space) is
used for solutions of the free boundary wvalue problem in physical geodesy.
The primary tool for these solutions is a harmonic embedding with the use of
a mathematical sphere. (For local applications, a mathematical ellipsoid is to be
preferred.)

Various discrete techniques in physical geodesy are displayed. L,-norm
minimizations on an embedded sphere is found to be equivalent to a simple
technique with impulses on the reflected topography. This equivalence is also
valid for a non-spherical external surface. Predictions with the use of
harmonic embedding are not invariant with respect to the choice of the radius
of the embedded sphere and a technique for the determination of the optimal
radius is outlined. L,-norm minimizations on non-spherical surfaces are given
a tentative approach.

Methods for renormalization of integral equations are used in order to
obtain highly simplified solutions. This technique seems most promising for
observations given in an equal area approach.

The combination of local discrete observations and global spherical
harmonics is explored by harmonic embedding.

The difficulties of a mixed boundary value problem are recognized for a
case where continuous data are given inside finite strictly defined surface
elements. These difficulties are taken care of in the discrete case (with
infinitesimal surface elements) by the use of a harmonic embedding.

"Autoprediction” is used in order to design highly accurate predictors for
smooth external surfaces. A technique with moving weighted averages gives
exact predictions by the combined use of positive and "negative weights" for
equidistant observations of low 'frequencies'. Higher frequencies are taken
care of in a promising way by '"the moving procedure”.

The fixed boundary value problem is discussed to some extent. It seems
to deserve special interest for modern GPS-applications. Harmonic embedding
is also here used in a discrete approach.

The discrete methods are given the most sophisticated application in a
relativistic geodesy. Some fundamental derivations are presented.
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0. Introduction

Traditional geodetic methods in physical geodesy were mainly founded on
theories given by Stokes in (1849). If the gravity anomaly is known on a
spherical external surface, then the disturbance potential can be computed by
a closed integral. Derivations of Vening-Meinesz made it possible to compute
the corresponding vertical deflections. Practical applications of this technique
were limited to very smooth surfaces. However, several techniques were
developed for the reduction of the gravity anomaly down to an internal
reference surface (ellipsoid).

Molodenskii (1945) presented a new technique, that gave the solution for a
non-spherical external surface with known continuous gravity anomalies. The
solution is given as an integral equation.

The problem faced by Molodenskii is formidable in its complexity. Formally
there is an a priori definition of the complete topography as well as the
corresponding continuous gravity anomalies. The associated boundary wvalue
problem will not necessarily have a solution. Very heavy constraints on the
surface have to be included in order to secure existence of a solution. See
H8rmander (1976).

With another technique, we only postulate the gravity anomalies to be

given at a finite number of points. Between these given points we don’t
postulate any information about the topography or the gravity anomalies.
Instead, we postulate harmonicity down to a fully embedded sphere. It is

wanted to find a solution that satisfies all given discrete observations. The
boundary wvalue problem of the external surface is replaced by an auxilliary
boundary value problem for the embedded sphere. The observations at the

physical surface are simply used as constraints. See Bjerhammar (1962},
(1963), and (1964).

This new discrete approach avoids the crucial difficulties of an analytical
solution by integral equations which require integration over the badly
defined external surface. Instead of prescribing any gravity anomalies over
the unsurveyed areas, we generate the missing data by the solution which
avoids conflicting combinations of gravity and topography. The solution is
mostly designed in the following way:

1. A set of n discrete estimates of the gravity anomaly is given on the
non-spherical physical surface of the earth.

2. The geocentric distance of the actual points as well as latitude and
longitude are given (ignoring the geoidal separation).

3. A fully embedded mathematical sphere is located at the gravity center
of the real earth.

4. Harmonicity down to the embedded sphere is enforced and the gravity

on this sphere has to satisfy all given observations.



5. The solution has to be regular at infinity, and the gravity center
should be unchanged.

6. The selected solution makes use of an auxilliary integral equation for
the embedded sphere. A discretization of this integral equation gives a
system of linear equations. Observations at the external surface define
the constraints of the solution on the embedded sphere.

7. Unigueness of the solution is normally obtained by restricting the
number of unknowns to the number of observations and by minimizing
some norm. Existence of a solution follows from the fact that there is an
infinite number of harmonics which generate the gravity anomalies.

8. Singularities at the observation points are avoided by the use of fully
embedded spheres. Cf. Vening-Meinesz formula, the mixed boundary value
problem, and the combined problem for spherical harmonics and a local
gravity field.

8., Extensions to observations of geoidal heights or vertical deflections
can be made simply because the physical surface remains undefined
outside the given observation points. (This is not in contradiction to the
theories of the mixed boundary value problem, which refer to a problem
where different kinds of observations are given with strict boundaries on
a well defined surface.)

Collatz (1961) introduced the concept of collocation for the discrete
solution of differential and integral equations. When there was an exact fit he
called the technique pure collocation. The least squares technique was
mentioned as an alternative to pure collocation.

We will be using pure collocations, as well as least squares techniques.
Our technique will be called "discrete harmonic embedding” (or simply
harmonic embedding). Mostly impulses on an embedded sphere will be used.

For the validity of analytical continuation of the gravity field down to an
embedded sphere, see the theorems of Runge (1885), Walsh (1929), Keldych-
Lavrentieff (1937) and Deny (1949). See also the study of Krarup (1969).

This kind of solution is somewhat in conflict with traditional views on the
analytical continuation of the gravity field inside a body and the solution for
the embedded sphere has no geophysical meaning inside the external surface.
The solution space defined by the nine conditions above allows for alternative
"weighting”. Krarup (1969) minimized an L,-norm on the embedded sphere
(infinite dimensional Hilbert space approach). Moritz (1972) explored weighted
L,-norm solutions with a presentation according to the theory of stochastic
processes. It will here be shown that exactly the same solution is obtained in
our (Euclidean space) approach when choosing the unknowns at geocentric
distance inversely proportional to the geocentric distance of the observation
points. All three versions are closely related. However, any Hilbert space
solution (with symmetric kernel) can also be obtained in our Euclidean
approach. The asymmetric kernels from the Euclidean approach cannot be



reproduced in the Hilbert space approach. The Hilbert space solution is
presented in FEuclidean space, with the use of impulses on the reflected
topography.

Solutions will be given for the free boundary wvalue problem, the fixed
boundary wvalue problem (with known surface), the mixed boundary value
problem and the combined problem (spherical harmonics and Stokes’ approach).

Our geodetic boundary wvalue problem is formally improperly posed, if all
harmonic coefficients are considered unknowns. Therefore, we have to
introduce some regularization. This is most conveniently done by selecting a
fully embedded sphere of optimal depth with respect to the given
overdeterminations. An application of the least squares technique gives finite
confidence intervals for the selected degree of freedom.

Earlier applications have mainly been devoted to local problems, where
there is a small cap with numerous observations, bul observations outside this
cap have been excluded from the solution.

The numerical problems with large data sets have prevented more general
applications of global solutions. A renormalization of integral equations is
explored for an application to the harmonic embedding. Exceptional timesaving
i8 expected in some global cases.

The discrele technique is given a final application to a relativistic
geodesy.

For a generalized least squares (collocation) technique, see Goldberger
(1962) and Moritz (1972).



1. Definition of the problem

The geodetic free boundary wvalue problem is mostly considered to be the
principal problem of modern geodesy. The problem is difficult from
mathematical point of view because the external surface is formally unknown
(free). The gravity is here supposed to be known at the physical surface.
The vertical coordinate is only known indirectly by observations of the
geopotential differences between the given discrete points. The following set
of data will be considered. See also Fig. 1.

Observations:

Latitude ¢ (astronomical)
Longitude A (astronomical)
Gravity g

Geopotential W (includes centrifugal force)

Unknowns:

Geocentric distance r

External potential V (on the surface of the earth and in space)

Auxilliary variables:

T=W-1U (1:1)

where U 1is the theoretical geopotential and T the disturbance (or
disturbing) potential for the actual point.

If the external surface was known, then the following relations were valid
(fixed boundary value problem)

3 "3 - (g-7) (1:2)

where r is the geocentric distance, g observed gravity and 7y theoretical
gravity for the actual point.

For further details concerning the definition of the problem and the
boundary condition see Heiskanen and Moritz (1967). See also Bode- Grafarend
(1981), H8rmander (1976), Koch-Pope (1972), Mather (1973), Sanso (1977), (1978)
and Svensson (1982b).



2. Boundary Value Conditions

For the free boundary value problem, we cannot compute the theoretical
gravity (y) at the same height as the observation point. It remains to
compute (yy) the theoretical gravity at an altitude in the theoretical gravity
field with a geopotential equal to W. Then the following relation will hold for
a linear approach (Molodenskii)

AT = 0 outside the physical surface
T=0(r!) as r » = (regular at infinity)

8T T oy _ _ :
ar v or = (g 7H) (2'1)

Mostly, we will make use of the notation

(g-7w) = Ag (2:2)

A spherical approximation is frequently used and we obtain for an observation
point P j*

aT 2T
—J 23 - - .
8rj + rj Agj (2:3)

Let ro, be the radius of a sphere with the center at the gravity center of the
earth, and r j the geocentric distance of the point with potential W. The
gravity anomaly at the surface of the given sphere is denoted Ag* and we can
compute the gravity anomaly at the point PJ outside the sphere, by the use of
the Poisson integral when postulating dgr; harmonic and no masses outside
the given sphere

Ag” g ([ ag* ,
Ag-] 4171"1 .[.[ (ro+r§ ZrJrOCOSu)afz ds = Z;rr_jg _[_[ D3 ds (2:4)

D2 = r} +r3 - 2ror jcosw

where S is the surface of the sphere and « the geocentric angle between the
fixed point and the moving point on the sphere. See fig. 1 and 2.

This expression is rewritten with the use of a Legendre polynomial

Agy = -4% JI Ag*§ (2n+1) ront2 r}‘(""‘z) P,(cosw) do (2:5)
a n=0



where ¢ is the unit sphere. We are now going to compute the disturbance
potential T i and make use of the series expansion.

Ty = Z;l; J:[ Ag¥ § X, ront? r}("“) P, (cosw) do (2:6)
ag n=o0

where x, is an unknown scalar. The derivative of T; with respect to r; is

%%j - i% JJ AE*ZE:: Xy (n+1) ren*2 rj(n*2) P (cosw) do (2:7)
ag n=o0o

We note that Ag; and the derivative of T j have the same powers of rj which
means that our choice of series expansion for T j is appropriate.

BOUNDARY VALUE PROBLEM

.

DISCRETE
| GRAVITT ANOMALIXS

AT=07

CONTINUOUS
GRAVITY ANOMALIES

""‘? ‘Q\“

SEE: BJERHAMMAR 1963
KRARUP 1969

MORITZ 1972

\
SEE: MOLODENSKY 1945 \
\

N

EMBEDDED SPHERE

Fig. 1. A continuous gravity anomaly is given at the external surface in the
classical (free) boundary value problem. The gravity anomaly is only
known at discrete points in the practical application.



3. _Stokes’ integral formula

If eqs. (2:5), (2:6) and (2:7) are inserted in eq. (2:3), then we obtain an
integral equation for the determination of the unknown x, - values. Each
degree has to have identical coefficients on both sides of the equality sign, if
there is a solution. Thus we obtain

~(n+l) x, + 2%, = —-(2n+1) (3:1)

or
X, = (2n+1)/(n-1) (3:2)

This solution is only wvalid for n>1 and we obtain (gravity center unchanged
for x, = 0)

Ty = %: ”‘ Ag*z zz—ii- tott P (cosw) de (3:3)
a n=2

where t = ro/rj. Tj can be written in a closed formula

T; = 4£: l.[ Ag¥ S(w) do  Stokes integral formula (3:4)

where S(w) is the generalized Stokes®’ function, defined by

S(w) = t(1+ 2/d — 3d - 5t cosw — 3t cosw 1n u) (3:5)
dz =1+ t2 - 2t cosw
u = ((d+1)2 - t2?)/4 = (1 - tcosw + d)/2

The derivation by Stokes was given for t=1.

Geoidal separations N are obtained from the disturbance potential T:
N =T/y (Brun’s formula) (3:8)

where vy is the theoretical gravity at the geocentric distance r. If all
observations refer to a sphere then t=1l. The classical definition of the geoid
is the equipotential surface nearest to mean sea level. This surface cannot be
determined in a correct way over the continents. Hirvonen used the concept
telluroid for the joint presentation of the undulations of the equipotential
surfaces at the physical surface.



4. The discrete boundary value problem

Our previous approach is not directly applicable to the real earth because
Ag*—values are not available for a. non-spherical earth.

There is good justification for postulating harmonicity down to a fully
embedded sphere. If we had a fixed boundary value problem, we could justify
this procedure according to the theorems of Runge (1885), Walsh (1929) and
Keldych-Lavrentieff (1937). The extension to the free boundary value problem
should not be too provocative when considering the close relation between the
two problems.

Discrete boundary value problem: A finite number of discrete
observations of the gravity anomaly is given on the surface of the earth. It
is wanted to find a solution, that satisfies all given observations and is
regular at infinity. Cf. Bjerhammar (1962), (1964).

We are going to make use of a harmonic embedding and our solution has
to satisfy the following conditions: See Fig. 1.

AT = 0 outside a sphere of radius r,.

T=0(r"!') asr3a (Regular at infinity)

aT , 2T, . .

3;{ + ;:4 = - Agj on the external (physical) surface (discrete
J i approach)

where r, is the radius of a fully embedded sphere.

After omission of the two lowest degrees we obtain from eq. (2:5)
| X 2_4t4 42 ~3/2 3 2 .
Ag; = y Ag¥((t2-t*)(1+t2-2tcosw) - 3t3cosw—-t2)de (4:1)
c

We don’t know Ag* and therefore we have to consider eq (4:1) as an integral
equation. For further details see Bjerhammar (1962) and (1964).

For the solution we make use of a linear matrix equation.
Ag = Aag* (4:2)

where Ag is the vector of the given discrete observations, and A is a square
(or rectangular) matrix with

Ajy = (t?-t%) dj} - 3t%cose - t2 (4:3)
t = ro/rj

d}; = 1 + t? ~ 2tcosw



Here d_“ is the distance between the fixed and the moving points on the
unit sphere and Ag is a vector of unknown quantities which are located on
the embedded sphere at the nadir points of the given observations. This
means that we postulate that Ag¥ only exists for the selected nadir points and
our integral equation is converted to a linear matrix equation. It is
convenient to consider the Ag¥-values to be impulses (or Dirac quantities)
connected with infinitesimal surface elements. In this way, we avoide all
integrals. (Alternative choices of Ag*—values -can be considered.) See also
sections 4.1-4.3 for alternative interpretations. For the choice of nadir point
see section 4.5.

Our derivation of eq (3:3) required the deletion of degrees one and =zero.
However, these degrees are normally deleted when computing the gravity
anomalies and it is therefore mostly unnecessary to make use of this deletion
of the kernel, and we use instead the approximation.

AJi = (t2-t4) d]:is (4:4)

A solution of eq (4:2) gives the unknown Ag¥-vector (for non-singular
systems)

ag* = A7'Ag (4:5)

For small systems, we can make use of traditional matrix inversions. Very
large systems will be more conveniently solved by iterative methods.

The gravity anomaly (Ag), anywhere on (or outside) the physical surface
is given by (see sections 4.1- 27 for further details)

ABq = Fqbg* = FoA 'Ag (4:6)
where
(Fg)y = (r3 - rd)(r} + rd - 2rqr0005uqi)"3/2 rirg!

or

(Fg)i = (t2 — t&) (1 + t3 - 2t,coswg;) ?/2

!

tq = ro/rq

In the same way we obtain the disturbance potential (i‘q) from eq. (3:4)

Ty = ?roS(w)ing¥ (4:7)



Let ¢ be the geocentric latitude.
The north vertical deflection (fq) is then

Tq

whese

552,

Aaqi is the

- -l--ql = - Z [M a“] Agf = L"'ZMM coso! 1A8¥
i

7 9% q 7q q 3 7q
(4:8)
= - coSdg;
azimuth (from north) counted clockwise to the point P;. Let A be

the longitude.

The east vertical deflection ('qq) is

S ] - Z—S-Sﬂqu e (4:9)

q \7cOoSs¢ I

~ cosé Sindy

[3§191]qf = t2 sinwg; (8 - 2d7® - 3(d+1)?/2ud + 3 In u) = V(w)q;  (4:10)

dw

The last expression is the generalized Vening—Meinesz formula.

dz =1
u= (1

COqu i

Sindqi

If the
reference)
geocentric
collocation
Therefore,

+ 13 - 2tgcoswg;

tqcosw g +d)/2

q

= (cosiqsinai - siniqcosiicos(ki - kq))/siani

(cos@isin(ki - Aq))/siani

embedded sphere is replaced by the embedded (international
ellipsoid, then geodetic latitudes should be used instead of
latitudes. The error of the ellipticity is mostly annihilated in the
techniques. We use the same predictor when going down and up.
no harmful prediction errors should follow from the use of the

Poisson formula on an ellipsoidal surface. The prediction error will probably
dominate over the ellipsoid errors. Predictions of the geoidal heights should
be more sensitive to the ellipticity. (The ellipticity error is about 1 m for the
geoidal heights with d]} dependence. Gravity anomalies have dj}
dependence.)

The gravity disturbance dT/dr is obtained from

10



aiT, .
3;4 = Agq - ;—4 (4:11)
q q
or
aT S
= r, _g_;zlq, . agk (4:11a)
q i q
where
2 —f 2 —
S(e) _ _ 2 l—%— P 6d - tcosa[lS + 6 1n l_22§2ig]]
irg rot d d 2
(Subscripts of « are excluded when there is no risk of confusion)
The gravity disturbance vector in space is in geometric coordinates
aT - .=
X cos¢qcos)\q ~ 81n¢qcos)\q - s1nk
3 - - - 3
3% = cos¢qsin)\q - sin¢qsinkq cosA [aT] (4:12)
aT .7 =
37 51n¢q cos¢q r cos¢q BA

where ¢_ is geocentric latitude and A, longitude of the actual point q. See
Heiskanen-Moritz (1967) for def1n1t10ns

If we only make use of harmonic reduction down to the "embedded
reference ellipsoid"” then we should use geodetic latitudes instead of
geocentric latitudes all over in this section.

Improved solutions are obtained when choosing observations with "equal
spacing". However, the observations are mostly given in an irregular grid.
For such models (an equidistant grid is impossible on a sphere), a
preprocessing can be used in order to replace the original randomly
distributed observations by a set of data which are given in a regular
pattern.

A successful application of the Poisson technique requires a suitable
choice of the radius of the embedded sphere. Some comments are justified

1. A small ry-value gives small t-values. The high powers of t will be
lost in a normal computation and the solution will mainly be based on
the lower degrees. Consequently, we obtain increased smoothness by
decreasing t.

2. The stability of the solution increases with increasing t.
(Non-diagonal elements are then suppressed.)

For further details see Bjerhammar (1962), (1964), (1968), (1969), (1970),
(1974), (1975), (1975a), (1976), (1978) and (1982). See also Barlik (1972), Cruz
(1985), F8rstner (1966), Xu et al. (1984), Kaisambalos (1981), Sjbberg (1975),
(1978) and (1979).

11



4.1 Integration techniques

If Ag* is considered constant inside each surface element As;, then we can
write eq. (2:4)

n

_ X
Agy = Eiﬁi }: 7[] Agl 44 (4.1:1)
A

3
i1 1w, 9

d? =1+ t? — 2tcosw

where n is the number of surface elements. In a rigorous application of this
technique we have to integrate over the selected surface elements.

For most applications, we have to make use of the approximation.

n
2_¢4
pgs = L4 § A§i Ao, . (4.1:2)
J 4n — d3,
i=1 3}
where d;; is measured between the point (j) and the center of the surface
element Ao;. We have then a system of linear equations
AAg* = Ag

_ (t3-tHAe ]
Ay = LimiiL.L (4.1:3)

This matrix equation has a simple solution by the use of the matrix
inverse.

There are some practical complications with the technique of eq. (4.1:1).

1. Applied models with a continuous presentation of Ag are not available
for geodetic applications.

2. Surface elements have to be defined.

3. Integration has to be made.

The justification for an analytical integration is only found in theoretical
models. It is questionable if any improvements can be expected from an
analytical integration applied to data obtained from the real earth.

Therefore, we mostly try to avoid using any kind of integration.

The renormalized approach of section 6 will sometimes benefit from the
application of analytical integration for the elements of the principal diagonal.

12



4,2 Invariance with respect to the size of the surface elements.

Our integral approach postulates the application of infinitesimal surface
elements on the embedded sphere. A practical computer oriented approach will
require a fully discrete technique. It will here be s8hown how the
integrational technique can be used for a fully discrete procedure. The
method to be presented is the one that was used in the early papers by
Bjerhammar (1963), (1964). The embedded spherical surface is subdivided into
a finite number of ’well shaped’ surface elements. Inside each surface
element, the gravity anomaly is considered constant. Considering the small
size of the surface element, a single point will be chosen to represent the
element. Similar techniques have frequently been used in the classical
physical geodesy. Our integral equation (4:2) is now written:

Ag; = Ajsdgt + Ajaag¥ + Apsagk + j=12,...n (4.2:1)
where according to eq. (4.1:2)
Agy = (ry?-r3)(4nry) 7103748, i=12..n

D}i = r} + r3 - 2rjrocosw

The whole system of linear equations can now be written as a matrix equation

Ag = AlASAgX M, = (4n)71 Ay = (rj2-rd)rj'ryi (4.2:2)

where Ag is a vector A a matrix, I a diagonal matrix, AS a diagonal matrix and
Ag* a vector. If A, I and AS are non-singular, then any prediction of a
Ag*—value outside the physical surface will be

Aéq = FqﬂAS(AﬂAS)_’Ag = FqﬂASAS‘IH’lA‘lAg = FqA‘lAg (4.2:3)

Consequently, we have proved that this procedure is invariant with
respect to the size of the surface elements and we are also entitled to
disregard the quantity 4. This means that we can equally well choose
infinitesimal surface elements for this kind of approach. When choosing
infinitesimal surface elements, then the unknown Ag¥-values can be considered
as "impulses" or Dirac quantities.

Clearly, we have fully justified using the matrix equation
Adg¥ = Ag

where
Ayy = (23t dj3

See also Bjerhammar (1964), Sj8berg (1978), Katsambalos (1981) and Cruz
(1985). An alternative interpretation with Dirac impulses will be given in
section 4.3.

13



4.3 Dirac impulses

The most simple way of defining the impulse technique is to postulate
Ag* = 0 for all points on the embedded sphere with the exception of the
selected Dirac points, where the gravily anomalies are unknown impulses on
infintesimal surface elements. Another interpretation is given below. See Fig.
2.

The integral equation (2:4) has a parameter Ag¥ which is rewritten
n -

Ag¥ = T Agré(i-ty) (4.3:1)
i=1

when r is the vector of the actual point on the embedded sphere r; the
vector of the i-th impulse Ag¥ on the embedded sphere, and n the number of
impulses.

The Dirac "delta" function is defined in the following way for a function
£(r)

Z% lf £(£)6(-F;)do = f(F;) (4.3:2)

We obtain for t = ro/rj

n
t2-t4 iglAg¥6(f—fi)
bgy = =7, = do (4.3:3)
ag

After changing integration and summation

n
 p2-te 1., . ,
agy = L 2_1 Ag¥ lf = 6(F-F{)do (4.3:4)

Equations (4.3:2) and (4.3:4) give for f(r) = 1/43

n x
agy = (t2-t+) § L6 (4.3:5)
i=1 i
or in matrix notations .
Ag = AAgx
(4.3:6)

Aji = (t2-t*)/d33

We have here temporarily used Ag* for the impulses and otherwise Ag¥.
For the following, we use Ag* for the impulses as well as the continuous
presentation, if there is no risk of confusion. Mostly we work with impulses.
However, a continuous Ag¥ will be used in the renormalized approach. See
also SjBberg (1975) and Katsambalos (1981).
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GEODETIC BOUNDARY A P YALUE PROBLEM
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Fig, 2. The gravity anomalies Ag are given at discrete points on the
topographical surface. Unknown impulses Ag* are located on an
embedded sphere. The gravily anomaly is zero between the unknown
impulses. (Dirac approach). In the geodetic terminology, there is
mostly equivalence between the concepts: topographical, physical and
external surface. We are here considering all three alternatives as
equivalent.
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4.4 Iterative solutions

Iterative solutions of large systems of equations are mostly prefered. The
method of Jacobi is an attractive technique for matrix equations. The iterative
solution of our matrix equation (4:1) is

HAg*(k+1) = Ag ~ (A—H)Ag*(k) Hj! = Ay for j=i else Hjl =0 (4.4:1)

where (Ag¥)(k) is the k-th iterative value and Ag}(kx*1) is the next improved
value. The iteralive method of Gauss-Seidel makes use of a slight modification
simply by replacing (Ag¥)k values of the right member by (Ag’!‘)("'“) values
whenever these values are available. In this way a faster convergence is
obtained. Sometimes a slightly simpler approach is used

ae} = agy - YU [[ AE8E 4, (4.4:2)

This expression can be further simplified for a small depth to the embedded
sphere

3

*ov .————h Ag_Ai M = : - M
gy * dg; - 3 II (rj+r$~2rjf§EbSa)3/’ dS; h=r1; - 1o (4.4:3)

or

xR

288, - -3——1 ff A€ 4o (4.4:4)

ag¥

(4.4:3) simply uses the first derivative of the gravily anomaly. For
still higher accuracy, higher derivatives should be included.

By differentiating the boundary condition

aT_ 2T _ ,
-é—r—; + rj = ‘Ag (4~4-5)

with respect to rj we obtain

g 32T 2 3T , 2T

ar; ~ r3 T ory rj (4.4:6)
or after putting ro = rj we obtain the approximation

9Ag _ _E__.E,; - = .

ar; - Znr, i da Agj (4.4:7)

Cf. eq. (4.4:2) and Heiskanen-Moritz (1967).

Series expansions of Ag* have been used in some studies (Bjerhammar 1964
and F8rstner 1966).

pAg¥ = Ag + c,h + c;h? + ch® + ... (4.4:8)

16



4.5 Optimal location of the unknowns

For most applications we have made use of unknowns on the embedded
sphere at the nadir points of the given observations ("Carrier points").

However, we are free to make use of unknowns in. quite arbitrary
positions. This means that we have an wunlimited number of alternative
solutions, which can be considered for our kind of solution. These
alternatives are mostly only of theoretical interest, because they always lead
to systems of equations, which are less stable than our previous solutions
without any unknowns outside the nadir points.

Let the elements of the kernel be given by
Aji = (tzﬁt‘)(1+t2“2tCOSw)_3/2 (4.5:1)

The maximum value of Aj; is obtained after a differentiation with respect
to w and putting the derivative equal to zero for the selected r,-value.

A, 3A;;tsinw
St B RSN L S A2 = . .
30 di; 0 t = ro/rj (4.5:2)

Thus we obtain the maximum value of A;; for v = 0

If the corresponding Dirac impulse is located at the nadir point on the
embedded sphere, then we have

Ay = (t2-t4)/(1-t)° (4.5:3)

The ratio between the diagonal element of the largest and the smallest
possible elements of the same equation is then

[ﬁff]max - (iit)a (4.5:4)

This ratio is larger for the nadir points, than for any alternative choice.

Clearly, we find the best diagonal dominance, when choosing the nadir
points for the unknown impulses.

We conclude that the nadir points are optimal with respect to the stability
of the solution (maximal diagonal dominance), for any selected embedded
sphere.

A sufficient condition for an iterative convergence of our matrix equation
is (see Bjerhammar (1969), Sj8berg (1978))

2A55 > T Ay

This condition is most easily satisfied if « = 0 for the geocentric angle
between an observation and its associated unknown on the embedded sphere.
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4.6 Buried mass technique

The disturbance potential T; is defined by a set of point masses located
in the interior of the earth on an embedded sphere (see Fig. 3).

Ty = I miD3} | (4.6:1)

where m; is the mass of the disturbing body, Dj; the distance between the
mass element and the fixed point (j). The gravity anomaly is defined by

AgJ = - aTj/arj - ZTJ/rj (4.6:2)

GEODETIC BOUNDARY VALUE PROBLEM

BURIED MASS

\
K H p) cmd Ag \
nowns Ag1 Aga 3\

Unknowns: m1, ma, and my \\

Fig. 3. A set of discrete gravity anomalies Ag is given on the topograhical
surface. Unknown point masses are buried in the interior of the
earth on an embedded sphere.
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Thus we obtain for the spherical approximation

Ag; = ? m; (rj-rocosw) Dy} - 2miDjiry? (4.6:3)
where
D}y = r} + r§ - 2rjrecosw

If the disturbing masses are located at the nadir points of the
observations on an embedded sphere, then this approach results in a Dirac
approach. We obtain a system of linear equations which define the unknown
masses, Cf. Cruz (1985).

The unknown mass disturbances m; are determined by a system of linear
equations which can be written as a matrix equation.

Am = Ag (4.6:4)
where
_ Ii—rocosw 2 ‘
Aji = '.Dii Djirj (4.6:5)

The most simple case will be a system with a non-singular A-matrix. The
solution will then be unique.

Predictions of the disturbance potential on and outside the physical
surface is made with eq (5.4:1). Predictions of the gravity anomaly are made
with eq (5.4:3). In both cases, the index j will now refer to the prediction
points.

Vertical deflections are given by

_ 1 aT 1 M r'eSiNwCcosa
i = — cosol; = — = north 4.6:6
¢ }j Ty de O Ty L o7, (north) (4.6:6)
1 aT . 1 m;reSinwsinog ,
ny = § - sinay; = - = (east) (4.6:7)

The buried mass technique gives a system of linear equations with
elements closely related with our previous expression in section 4.

However, there is a principle difference between the two approaches. The

buried mass technique operates with mass-displacements, which we have
avoided in our previous method.
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Local applications of this technique give results very similar to the Dirac
approach with gravity anomalies. Global applications might be somewhat more
questionable for the buried mass technique. However, the method accepts the
unknowns at arbitrary positions. This means that the buried masses could be
located on the surface of the reference ellipsoid. See Balmino (1972), Blaha
(1983), Heikkinen (1981), Kakkuri (1983), Vermeer (1984), and Cruz (1985).

4.7 Single layer densities

Let the disturbance potential be defined by
Ty = 1y gf p(td™' — t?cosw - t)de (4.7:1)

d? = 1 + t? - 2tcosw t:ro/rj

where p is the density on an embedded sphere. The two lowest degrees are
here excluded.

A differentiation gives
6T/6r; = gf pul(t2cosw — t2)d™? + 2t3cosw + t2?)do (4.7:2)

The integral equation of the free boundary value problem (see eq 2:3) is then
Ag = JI ul(t? - t3cosw)d™® - 2t2d™! + t?]de (4.7:3)

A discrete approach gives the matrix equation (Dirac approach)

Ap = Ag
where

Aji = [(t2 - t3c05w)dj}3 - 2t2dj§‘ + t2] (4.7:4)
We have chosen to exclude the two lowest degrees of the kernel in spite
of full harmonicity for the classical single layer approach. This is expected to

give an improved performance.

See also Xu and Zhu (1984).
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5. Least squares solution

We can easily include any number of overdeterminations and obtain from
eq. (4:1) a stochastic model with the observation errors ¢

AAg¥ = Ag - & E{¢} = 0 and E{zeT} = P! . (5:1)
where E{} represents the stochastic expectation.

The best linear unbiased estimator is
Ag¥ = (ATPA) 'ATPAg

The residuals (V) are defined by
V = Ag — AAg¥ with VTPV = minimum

where P is the weight matrix of the observations. Here we have used more
Ag-observations than the number of unknown Ag¥-values.

An unbiased estimate of the variance is

s? = (AgTPAg — AgTPAAg¥)/f (5:2)
where f is the degree of freedom (number of overdeterminations).

For a more general case we obtain

U = Fag¥

s§ = s?F(ATPA)™'F

Confidence interval for p%: U % s-tp (tp from t distribution).

It should be noted that this approach operates with estimated standard
deviations (8) which are not directly comparable with the standard deviations
obtained without overdeterminations. The least squares solution is not a pure
collocation according to Collatz, who used collocation as an alternative to least
squares solutions. See also section 10 and Fig.4.

The application of this technique gives two alternatives of special interest:
1. The unknown Ag¥-values are selected at the nadir points of a subset
of the given observations. The remaining observations define the

overdeterminations (to be chosen evenly distributed).

2. The unknown Ag*-values are selected in a regular grid on the
embedded sphere, without reference to the given points.

Practical applications seem to indicate that the first approach is most
attractive. However, no detailed studies are available. If the method 2 is
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selected, then very unrealistic models can be created, with the unknowns far
away from the given points.

From a purely theoretical point of view, we consider a traditional least
squares technique as an important procedure for finding the optimal solution
when allowing the radius of the embedded sphere to be a variable.

This kind of problem is formulated in the following way.

A finite set of observations (here gravity anomalies) is given on the
surface of the earth. Harmonicity down to an embedded sphere of the radius
ro i8 enforced when computing a set of m unknown impulses on the embedded
sphere (at the nadir points of m selected observations). A leasl squares
solution has to be given for the case when the radius of the embedded sphere
as well as the impulses are considered unknown. The variance to be
minimized i8 generated at the observation points. The solution should apply
for n2m + 1.

The observation equations are given in our earlier notations

AAg* = Ag -V (5:3)
Ajy = (t2-t4) (1+t2-2tcosw)~2/2 = (t2-t*)dj3 (6:4)
t = ro/rj

where V is a vector of the residuals. Now we consider r, to be a given
primary value of the radius of the embedded sphere and Ag¥ a vector of
primary approximate values of the unknown vector Ag*. Furthermore, we
introduce the parameters

Ago = Ag¥ (5:5)
Ag - Ago = 6 (5:6)
Agk + sg¥ = ag¥ (5:7)

A series expansion gives (first derivative of r, included)
Asg¥ + 3—5—359-2 or = 6g - V (5:8)
(4]

where 6r is the correction of r,

[35ﬁ59211:=25:: Ag¥[2t—4t3 _ 3t—3COSw] Ayy/ry (5:9)

; t2_t4 djiz

We put

B=[a, 3%%5911 (5:10)
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and obtain the least squares solution

BTPBX = B'PSg (5:11)
_ [ ég* )
X = [ or ] | (5:12)

Here P is the weight matrix of observations. The final solution gives the
necessary corrections to the approximate unknowns,

The variance is obtained from

s? = VIPV/(n-m-1) (5:13)

Let U be a linear combination of the unknowns

Ag¥, + Sgx

U=Fr ro + 6r

(6:14)

where F is a row vector of scalars. Then the variance of U is given by

s§ = s2F(BTPB) 'FT (5:15)

Confidence intervals are computed in the traditional way.

For another technique see also section 5.4 with obvious simplifications.
That kind of approach is an iterative least squares technique that benefits
from the good condition numbers. It is also directly applicable to most
iterative solution techniques. Very large systems are normally solved by the
use of iterative methods. Furthermore, the technique makes use of all
derivatives and not only the first derivative used in traditional least squares
techniques. For smaller systems of equations, traditional least squares
technique with normal equations might be a realistic alternative. A joint
solution for Ag¥ and the correction of a primary radius can then be
considered.

Originally, we made our problem properly posed by postulating that the
radius of the embedded sphere is known. However, the predictions between
the given points are very much dependent of the choice of the radius of the
embedded sphere. This means that we have a whole solution space, that
satisfies our primary boundary conditions:

Ag¥ = [A(ro)] A8 Vre: 0 < ro/rj <1 (5:16)

If r, is considered as an unknown, then we have an unlinear least
squares problem for n > (m+1).

Traditional least squares technique is not easily applicable to this kind of
problem. The main explanation is of course that we operate with almost
singular systems. Some kind of regularization will therefore sometimes be
needed. See section 5.3 for further details.
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It should finally be noted that we have already in the primary analysis
made use of an indirect regularization, when selecting the unknowns at the
nadir points of the given observations.

Least squares solutions of this kind give unbiased predictions of the
gravity anomaly on the physical surface and in space.

It should be noted that we have not postulated that the expectation of the
gravity anomaly is equal to zero in this approach. Such a postulate has
frequently been used in the geodetic literature. For such an approach any
linear transformation of the gravity anomaly vector has zero expectation and
can be considered to give an unbiased estimator.

YALUE PROBLEM

\
: , d
NOWNS Ag1 Aga an Aga \
UNKNOWNS : Ag‘1 and Ag*
3

DEGREES OF FREEDOM =1

Fig. 4. A set of discrete gravity anomalies Ag is given on the topographical
surface. A subset of the given points have unknown impulses Ag¥ on
the embedded sphere.
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5.1. Advanced Stochastic Model

A more rigorous analysis of the stochastic model will now be considered
AAg¥ = Ag - & (5.1:1)

where Ag represents the observed gravity anomalies, a‘ the accidental
observation errors and higher harmonics of the gravity anomaly, Ag¥ the

unknowns and A the known coefficient matrix. The stochastic expectation E{}
will be

E{z} = 0 (56.1:2)
E{Ag} = Ag (zero expectation quantities of Ag excluded) (5.1:3)

We start from a case where the weight matrix is considered to be a unit
matrix. The residuals (V) are then

V= Ag - AAg¥ = (I - A(ATA)"'AT)Ag with E{V} = 0 (5.1:4)
We introduce the notation

A° = A(ATA)TAT (5.1:5)
Then we obtain the relation

(I-A°)e = V (5.1:6)

Here we introduce so called Hadamard products (@) and obtain:

[(I-A=)e]a[(I-A")e] = VOV (5.1:7)

where the Hadamard product of two identical vectors gives a new vector with
all elements squared. We obtain the expectations:

[(I-A®)a(I-A*)]o? = E{VAV} E{s;z4} = o} E{sys5} =0 for i = j  (5.1:8)

where ¢2 is a vector of the unknowns

Equation (5.1:8) gives an unbiased estimate of the o¢2?-values (variance
components vector) for the stochastic model. If the model is realistic then no
negative og2-values should be found. If this is not the case, then a smaller
number of unknowns has to be allowed, until satisfactory results are obtained.
It is hardly meaningful to consider all individual variance components as
unknown! The solution of eq. (5.1:8) gives a minimum norm quadratic unbiased
estimation of the variance components. (MINQUE approach).

The final solution is

Ag¥ = (ATPA) 'ATPAg (5.1:9)
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where

e —2
Pyjy = a3

The final solution will give unbiased estimates of the variance components
which define the inverse weight matrix P~' when this is of diagonal type. If
non-diagonal elements are present, then there is no straight forward
technique of estimating these elements.

The technique of "least squares collocation” according to Moritz (1972)
uses covariance functions for the computation of covariance matrices. See
section 10,

The stochastic approach will be somewhat critical because an integral
equation will have an infinte number of unknowns and our discrete solutions
will normally operate with a finite number of unknowns. The degree of
freedom is therefore strictly related to the selected stochastic model, which
defines the regularization applied.

Practical experience indicates that the wvalidity of predictions of the
gravity anomalies between the given observations, can be impaired when using
an exact fit at given points. This is mostly true for "improper models" where
point values are combined with large surface elements. Cf. section 17.

If there are no observation errors, then we can still benefit from a least
squares solution with more observations than unknowns. The parameter model
Abg* takes care of the low harmonic information. The residuals are generated
by higher harmonics and are given the expectation equal to zero. Clearly, the
higher harmonics are treated as accidental errors (not as unknowns) in this
approach. A stochastic model with all harmonics unknown is improperly posed
and not useful for technical applications.

There is no straightforward way of separating higher harmonic from
accidental errors, nor is there any need of doing it.

Our degree of freedom is gained by choosing a sufficiently low number of
unknowns.

Moritz (1972) treated the whole gravity anomaly as a stochastic variable
with the expectation

E{Ag} = 0

Moritz (1980) gave a modified approach and considered the whole gravity
to have the expectation equal to the value of the "signal".

Smoothed solutions are obtained from
(A+AT)Ag* = Ag (5.1:9a)

where A is a small scalar. This approach accepts a strictly singular A-matrix
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and gives a unique solution with some smoothing.

We also give the solution with generalized inverses (see Bjerhammar 1973
p. 106)

ag¥ = lim (ATA + 6I)~'ATAg ’ (5.1:10)
50

This kind of solution minimizes the variance as well as the sum of the
squares of the unknowns, Equation (5.1:10) can be rewritten

Ag¥ = AT(AAT)TA(ATA) ATAg (5.1:11)
where we have used generalized inverses (A-) with the definition

AATA = A (56.1:11a)

The application of matrix inverses is of limited value for the solution of
the boundary wvalue problems in physical geodesy. The large number of

observations will mostly prevent a successful application of matrix inverses.

Eq. (5.1:10) is rewritten when using weight matrices
Ag¥ = Lim (ATPA + 61)"'ATPAg (5.1:12)
[+

where P is the weight matrix.

Most geodetic stochastic models are of a more complicated kind

Adg¥ = Ag - & - s E(r) =0 E(s) =0 (5.1:13)
where

E(ee7) = P! = Q

E(ssT)

with the solution

S (auto—covariance matrix of the signal)

Ag¥ = (AT(Q+S)"PA)1AT(Q+S) !Ag (56.1:14)
and the predicted signal

i

§ = E(sVT)(E(VVT))™ v

1}

V = Ag - AAg*¥

For further details see Bjerhammar (1973), Bulmer (1967), Bross (1950), La
Motte (1973), Liebelt (1967), Moritz (1980), Grafarend (1976) and Schaffrin
(1983).
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5.2 Solution space of the collocation problem

We now consider a case with more unknowns on the embedded sphere,
than the number of observations on the external surface. The unknowns were
earlier located to the nadir points on the embedded sphere. Now we also
accept observations without any Dirac points. This model is written

B Ag* = Ag n>r IBBTI = 0 (5.2:1)
rn n r
where

By = (t2-t4)dj3

The solution space is (see for example Bjerhammar 1973)
Ag¥ = BT(BBT)"'Ag + [I - BT(BBT)"'B]M (5.2:2)
where M is an arbitrary matrix. For M=0 we have the unique solution

Ag* = BT(BBT) Ag (Cf. condition adjustment.) (5.2:3)
with
(Ag¥)Tag¥ = min (See Bjerhammar (1969a), Krarup (1969).)

The least squares collocation of Moritz (section 10) is here obtained as a
limiting value if the number of Ag¥-values goes to infinity. For a proof of
this kind see Sj8berg (1975). Eq. (4:3) is still valid with t=r§/ryr; where ry
is the radius of the embedded sphere and r; the geocentric distance of the
moving point.

A comparison with the infinite dimensional Hilbert space approaches
(sections 9 and 10) is here somewhat premature. However, we note that the
Hilbert space solutions minimize an L,-norm on the embedded sphere. Such
solutions have a global structure.

The solution (5.2:3) is locally oriented. All unknown impulses can be
located in the neighborhood of the observations.

We can compare this approach with the traditional least squares condition

adjustment. The solution is only justified if the following condition is
satisfied

E{Ag} = 0 (5.2:4)
where E{} represents the statistical expectation. If this condition is not

satisfied, then the solution is normally biased. It is simply a minimum norm
solution.

There has been conflicting arguments in the geodetic literature concerning

the validity of eq. (5.2:4). See references in section 10 for the infinite
dimensional approach.
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5.3 Least squares solution of optimal condition numbers

If the number of observations increases, then our discretized integral

equation normally becomes more and more singular. We rewrite our matrix
equation
AAg¥ = Ag (5.3:1)

The eigenvalues A of the A-matrix are defined by the relation
1A-IA) = 0 (5.3:2)
The stability of the matrix equation is mostly measured by the parameter «
k1 = Amax/Amin (5.3:3)

This parameter is called the condition number of the matrix. The
condition number is infinite for a singular system, because such a system has
at least one eigen-value equal to zero. The best stability is obtained for the
condition number equal to 1. For further details, see textbooks on numerical
analysis.

If A is a full rank matrix which is symmetric, then we also obtain the
unique solution from the alternative matrix equation

ATAAg¥ = ATAg (5.3:4)
with the eigenvalues
1ATA - IA =0 (5.3:5)

The condition number of this new system can be written with the previous
eigenvalues

P I, (5.3:6)

This means that the stability of a solution is very much impaired when the
system is almost singular and when the traditional Gauss-Markov model is
used. We find that the technique of using normal equations is very
unfavorable for nearly singular systems. Our kind of integral equations, are
nearly singular for most discrete applications. Therefore, normal equations
have been of limited wvalue for the solution of the free boundary value
problem.

For discretized integral equations, we will outline a stochastic model of
optimal condition number, instead of the traditional minimum variance approach

Adg* = Ag - & P! = E(z:7}
IATPA ~ IAl = 0 (5.3:7)
Amax/Amin = Minimum
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Approximately equal spacing for the given observation points is
postulated. The class of P-matrices (diagonal) satisfying this model will be
defined. We select the following procedures. The unknown Ag¥-values will
only be computed for m selected nadir points. The diagonal elements for
these points will be dominating and we make use of a partitioning of the
A-matrix.

A= [ a] Ag = 25:] no>m rank A = m (5.3:8)

where a is a (mxm) matrix of the observations with shortest distance to the
embedded sphere and b is a ((n-m), m) matrix for the remaining observations.
The stochastic expectation for the observation errors is defined by the
relation (nd>m)

P™! = E{z:7} (5.3:9)
where

Piy =o fori=1, 2, 3, ..., m

P,y =1 fori=mtl, m+2, ..., n

This stochastic model gives a unique solution for a non-singular a-matrix.
Without forming any normal equation we obtain the wanted solution from

adg¥ = Ag, (5.3:10)

t

This system has an "optimal" condition number which is approximately the
square root of the best possible -condition number of a traditional least
squares system. See eq. (5.3:6).

The standard deviation from this approach is given by

s? = (Ag — Asg¥)TP(Ag — AAg¥)/(n-m) (5.3:11)
where s? is the variance of an observation with weight 1. This is not the
minimum variance according to the traditional definition. However numerical
applications will mostly confirm that this variance is fully competitive with the
classical approach.

This stochastic model lends itself to the following evaluation

V,-P“Vi=0 Viégm

and we have taken care of the singularities at the m primary points.

We have restricted the impulses to the set of observations with the
shortest distance to the nadir points on the embedded sphere.

1. The actuals least squares solution is obtained without forming any
symmetric normal equations. This means that the whole solution is
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directly available from an iterative solution of (5.3:10). This kind of
solution is obtained with a condition number which is the square root of
the condition number for the symmetric approach (approximately). The
symmetric approach will often have condition numbers of 1,000,000 or more.
This new condition number (limiting value) is smaller than for any
alternative stochastic model with the same unknowns and is here called
optimal.

2. The technique is equally valid for the Krarup-Moritz approach as well as
the Dirac approach. Standard deviations can be computed for any
estimated quantities. (Predictions should normally be restricted to the
surface enclosed by the smallest polygon enclosing all the given
observation points.)

For an arbitrary estimation of U(1xl) as a linear function f(lxm) of ag¥

U = fag¥ = falag (5.3:12)
we compute an auxilliary vector f¥ defined by

af¥ = f (5.3:13)
Then we obtain

s2 = s2f¥(f¥)7T = g2fa~1(a!)TfT (5.3:14)

Degress of freedom = n — m

We note that this approach differs considerably from the traditional
Gauss-Markov model which of course never was designed for solving
discretized integral equations. However, models with good condition numbers
can of course be well suited for a direct application of the Gauss-Markov
technique. Our technique is mainly of interest for a discrete solution of a
strict integral equation. The rounding errors are most conveniently taken
care of by using good condition numbers. If observation errors are involved,
then the situation is more complex but this approach has still important
merits. An estimation of the variance from eq. (5.3:11) is slightly more
pessimistic than the traditional least squares estimate.

Slight modifications of this technique might sometimes be justified. The
gain in condition number is so large that the choice of utmost condition
number can be replaced by a more modest approach. We can for example
refrain from using the shortest distance to the embedded sphere when
selecting the unknowns.

The application to the methods of Krarup and Moritz is straightforward
and we simply have to select a set of observations which is split into two
subsets. The primary subset is used for the collocation solution. The
remaining subset is used for computation of variances.
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5.4 Optimal radius of the embedded sphere

Our previous presentation mainly treated the 'static" problem when
prediction of gravity, disturbance potential and wvertical deflection should be
made for a fixed radius of the embedded sphere. If the radius of the
embedded sphere has a major impact on the predictions, then we have an
improperly posed problem. Mostly very large systems of equations are used
and therefore only iterative solutions will be considered in this first study. A
sufficient condition for iterative convergence is

This condition is normally satisfied for
(rj ~ro) < L/2 (5.4:2)
max

where L is the minimum grid distance between two adjacent observations. Cf
Bjerhammar (1969), Sj8berg (1978) and Katsambalos (1981). For local models,
up to ten times larger depths of the embedded sphere have given useful
iterative convergence and the predictions have been optimal with respect to a
residual test field. See also Cruz (1985).

The optimal choice of the radius of the embedded sphere can be given an
analytical interpretation in the following way.

Let n be the number of observations and m the number of unknown nadir
points. The wvariance s? (of unit weight) is computed for three different
depths of the embedded sphere when using a set of overdeterminations. We
express the variance by a polynomial with three unknowns x,, x,, and x,

S? = Xo + roX; + r3x, = (Ag-AAg¥)T(Ag-AAg¥)/(n—m) ‘ (5.4:3)
2
'a-éi_ol = Xl + zron

If there is a minimum then this should be obtained for
Fo = —X,/2%,

where ¥, is the optimal radius of the embedded sphere.
Three different radii are now selected:

(ro-h), ro and (ryo+h)
with the variances
s?2, s2, and s?
Then there is a simple expression for the optimal radius f,
Fo = ro + (s3-s2)h/(4s2-2s2-2s52) (5.4:4)

32



There are some practical problems with the application of this formula. If
the separation between the three radii is too small, then no useful results can
be expected. An extension to higher order polynomials is mostly of no obvious
advantage. If a fourth variance 83 is available, for the radius ry+2h, then
two different r3 can be computed, and the arithmetic mean can be selected.

Numerical example

rs = 10 km s; = 1.14

ro = 20 s, = 0.98

ro = 30 S, = 1.43

to = 20 - (1.432-1.142)-10/(4:0.982-2-1.142-2-1.43%)
to = 17.4 km

The data are from section 21. The grid distance (L) was 9 km. The test
area included mountains of heights up to 3000 m. RMS errors of a residual
field were used for the computation of s?-values. From eq. (4.5:2) is
obtained

( - fo) ¢ L/2 = 4.5 km

r.
Jmax

This approach corresponds to a "safe depth” of 1.5 km. However, the
system had an iterative convergence down to a depth of 40 km and the
optimal depth was 17.4 km. Cruz (1985) concluded that the optimal result was
at a depth of 10 km (when using fewer observations).

For the least squares collocation, there is mostly a preprocessing where a
suitable covariance function is determined. See section 10. We have instead
to choose an appropriate radius of the embedded sphere. Local models have
given satisfactory iterative convergence for much larger depths than defined
by our "sufficient condition" for convergence. Therefore, it seems advisable
to make use of at least two different radii when "defining" the model. The
rudius according to eq. (5.4:2) and another radius with at least twice the
depth should be a useful alternative. Then we simply choose the solution
with smallest variance of the residual field.

Our preceeding study has shown how the optimal radius of the embedded
sphere can be computed from a set of three computations of the residual

variances. This kind of approach is an iterative least squares technique,
which operates with constraints. The selected constraints will give =zero
variance for all observations with a Dirac point. This somewhat artificial

weight selection is exclusively founded on considerations concerning the
condition number of the system of equations. Furthermore, it benefits from
extensive use of iterative techniques, which are mostly required for large

systems. Finally, we note that the applied technique makes use of all
derivatives involved and not only the first derivative, mostly used in
traditional least squares techniques. The solution benefits from evenly

distributed overdeterminations.
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6. Renormalization and inversion—-free techniques

The following approach is of main interest for global applications of
collocation techniques. We start off from eq. (4:1) which is written (with the
two lower degrees included)

- () [ 4
g

d? = 1 + tj - 2tjcosw

Il is easily verified that

-1 2
_‘.L__I’_J..I.J.a%do- =1 (6:2)
a
Clearly, we can rewrite eq. (6:1)

ti- t“ .”_Sf do

Ag; = 1 t’ II "renormalized integral equation” (6:3)
We obtain for an equal area approach (Ag; = Ao; Vi, J)
: i
lim ————— = Ag (6:4)
di;

Thus, we can replace our discrete Poisson kernel of eq. (4:3) by

LB

Bjerhammar (1970), (1985) (6:5)

t3

L

v ZL
i 4%

This "renormalization”" gives predictions on the external surface which are
nearly invariant with respect to the choice of the radius of the embedded
sphere.

The most remarkable property of this new kernel is that it defines
meaningful predictions between the given points also for a case when t = 1.
The original Poisson kernel gives here an expression 0/0 and a limiting value
Ag* = 0 for a spherical external surface.

When using surface elements of arbitrary size (A¢;), we can replace eq.
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(6:5) by
t} Ri—d
Ay = =4 (6:6)
) &
n d3.
i Jt

where

The surface element Ac¢; should normally be restricted to "well-shaped"
figures (for example quadrangles).

It should be noted that all predictions outside the external surface must
include the surface elements from the whole sphere, giving for the
denominator

Zp1=1
1

If there are no observations on some of the surface elements, then they
should still contribute to the denominator. The solution will otherwise be
biased.

v

Eq. (6:4) and (6:7) can be used for forming the discrete prediction

-~

“Z Ag¥ha;
] d3;
i J?
Agj =

renormalized (6:7)

Aag;

i i

This formula will allow prediction of gravity anomalies outside the given
external surface.

The corresponding discrete original Poisson formula gives

N ti-t AgTA

sgy = 1) ey (&:
m i j'i

When using surface elements of size 1°x1°, then the renormalized
prediction gives up to 10,000 smaller prediction errors than the original one,
Both formulas benefit from the use of smaller surface elements.

A discrete application of the original Poisson formula with integration for
the "diagonal elements" is a useful alternative in some cases
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) 3_t4 t A
agy = 128 {J' Ag¥ 4, 4 ﬁﬂi?_— -f}? Ao (6:9)
g; i(zg) 4t

where Ac; is a spherical cap on the unit sphere o.

Eq. (6:7) rewritten

2| Ag¥aa Ag¥ao,
ks d113 * d113
—
Ag 1(2)) (6:10)
T+,
iim qi=xj) i
or
thIAgT L 432 Aﬁié%;
o' . " ] v
ag, - b _di(zj) 3 (6:11)
1+ 4532 E Aoy
Aoy =, d;;
Ioa(zg) 3

Let us consider a case with an approximately spherical external surface
and finite surface elements where

Aji/Ays > 1000 v j%i

Then we obtain for an equal area approach, where Ag; is given on the external
surface

AgT ® tj%Ag; (robust approach) (6:12)

and any omitted element will be at least 1000 times smaller than the diagonal
element (for an equal area approach).

This means that we have an exiremely simple inverse for quite realistic
cases when using

e

A s —9gi (6:13)
Aoy
The inverse elements are then for Ajj > 1000 Ay, (V j = 1)
(A”‘)jj ® t3% and (A]}) = 0 V i*j ({(robust approach) (6:14)

The wvalidity of this simple inverse has been checked on a global gravity
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field 1°x1° (equal angular difference) of maximum degree and order 180. The
observations were given as point values in the middle of each surface element
of an ellipsoid with the radius of the embedded sphere identical with the
semiminor axis of the ellipsoid. There were altogether 64800 surface elements.
The flattening was about 1:298.31. The inverse properties were checked by
the recomputation of given points at the surface of the ellipsoid. The RMS
prediction error was % 0.2 mgal.

The robust approach lends itself to the foliowing simple inversion free
technique for harmonic embedding.

1. Observed gravity anomalies are downward continued by the transformation
g} = tj%ag; (6:15)

2. For any prediction of the gravilty anomaly on the external surface, we
compute first the corresponding gravity anomaly on the embedded sphere.

Prediction of Ag¥ between the nadir points of the observations is

conveniently made by the use of eq. (6:7) with t = 1 for non-equidistant
observations.
bgy = D pideldg? /T pidgd pi =1 140 €4 else (6:16)
p; =0
where ’'i' increases with the distance to the prediction point. Consistent

estimators are found in section 13.

If we consider step 1 valid, then we can hardly justify including all
points, when predicting a new Ag*—value on the embedded sphere. We only
use the actual observation when going down. Therefore, it is not justified to
include all observations when densifying (interpolating) on the embedded
sphere. The correct procedure must be to use exclusively the points in the
immediale vicinity of the prediction point.

If we have equidistant observations, then section 13 gives 8some
interesling alternatives.

3. Predictions on the external surface can now be made by
qu = tzAgﬁ (on the external surface) (6:17)

This technique should normally be restricted to predictions on the
external surface.

Note: If all observations are used in eq. (6:16) or (6:17), then the
procedure is no longer consistent and we simply increase the number of
computations at the cosl of the accuracy of the prediction on the external
surface.
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Mostly, step 3 is not needed other than to check the wvalidity of the
technique.

4, Prediction outside the external surface requires (in a rigorous afplication
of the renormalized approach) an infinitesimal densification of Ag® on the
embedded sphere. This is obvious because we have not made use of any Dirac
technique.

However, we can instead make use of renormalized formulas for the
prediction of geoidal heights as well as vertical deflections. Unfortunately,
the kernels are not all over positive. Therefore, only approximations of the
kernels can be used for the renormalization. In order to overcome this
deficiency, we can select a modest densification, which for example, reduces
the average distance between points on the embedded sphere to half.

This densified network on the embedded sphere can then be used for the
following predictions:

5. Gravity anomalies in space.
Predictor: Poisson'’s formula eq. (6:9) or eq. (6.7) above.

6. Geoidal heights on the external surface and in space.

Predictor: Generalized Stokes’ formula with integration over a
spherical cap at the inner zone. Renormalized approach: See eq.
(6:19).

7. Vertical deflections on the external surface and in space.
Predictor: Generalized Vening-Meinesz formula with integration over a

spherical cap at the inner zone. Renormalized approach: See eq.
(6:21).

Svensson (1981) generalized the renormalized approach, and included the
formulas of Stokes and Vening-Meinesz.

N ro §i S(w)“Ag’,* P; £,rd—ldd'

1
R
4n .o Pi

i 3

(6:18)

where
(1/4m)ff d™* do = 1
c
Thus

o E ag¥ s(w) i py
Ny = 2= ——d See Svensson (1981) (6:19)

75 Zg-le

1
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where S(w) is the generalized Stokes formula. This procedure is competetive a
traditional integration. This is most clearly seen when using large surface
elements. We note that the renormalization was made with the kernel d—!
which avoids the singularity that should have been found for the original
Stokes’ function when it goes to zero. If no renormalization is used, the
integration can be made in conformity with eq. (6:9), for a small cap Ao

7Ny = £ [[ ste) ag* do + ro PEOIET (6:20)
Ao,
J

The corresponding renormalized predictor of the vertical deflection will be

. —2
‘s 2 ? V(G)JiAg¥ Py £fd de [ cosa; ] (6:21)
o 471'7j E Pi_ S51ndy
L 47
i Ayt
where
demz do = Z% log %;% See Svensson (1981)
I g

If no renormalization is used, we make integrations in conformity with eq.
(6:9).

Here V(w) is the generalized Vening Meinesz formula. There is a
singularity for t =1, but this is avoided in the numerical application by proper
choice of depth to the embedded sphere.

The densification of the Ag*—field can be somewhat limited when using the
formulas (6:19) and (6:21).

The inversion-free technique described above is mostly of interest for
global applications. If the densified Ag¥-field gives significant residuals when
predicting the given observation, then an iteration technique can be used.

When using the Jacobi iterative approach, we obtain the first iterative
step

Ag¥ = H 'Ag + H ' (Ag — AH 'Ag) ' (6:22)
where
HyY = t32 else Hji =0

If more iterations are needed, then the alternative with Dirac technique
might be more justified.

Smoothing is most easily obtained in the renormalized approach when
redefining
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dj;?2 =1+ t? - 2tcosw + ¢ 0<c<1
The renormalized approach leads to exceptional timesaving in a global approach
with grids as 10°x10° or 5°x5° and small depths to the embedded sphere. See
Bjerhammar (1970), (1985) and Svensson (1981). See also Katsambalos (1980)
and Sidnkel (1981b). ’

Standard deviations of the robust approach can be estimated by eq. (13:2).

The main difference between the Dirac approach and the renormalized
approach is that the gravity is strictly equal to zero between nadir points in
the Dirac approach but not for the renormalized approach. However, the
robust predictors give useful predictions, from selected values of the
continuous gravity anomaly on the embedded sphere. The predictions on the
given surface and in space mostly require a previous densification of the
gravity anomaly on the embedded sphere.

An 5°x5° equiangular network can be used with an embedded sphere of
radius equal to the semiminor axis of the ellipsoid. The simple t~24g solution
is obtained by the use of only 2592 inversions of scalars. The corresponding
complete solution in a Dirac approach with matrix inversions requires about
5.8x10° multiplications. An iterative solution is expected to give considerable
reduction of the number of necessary operations. However, it will still be
rather time consuming.

Studies of traditional collocation techniques made so far indicate that the
renormalized approach is fully competitive with respect to accuracy for global
applications.

Local applications of the renormalized approach can be questioned, because
of the existence of large unsurveyed areas.

Concluding remarks. The robust approach is an inversion-free technique,
which can be applied directly to data from the continuous gravity anomaly of
the embedded sphere. The robust approach can be used as a first step in an
iterative approach. However, if iterations are needed, then a Dirac approach
is an interesting alternative.
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GEODETIC BOUNDARY
RENORMALIZED

YALUE PROBLEM

Kncnms:‘Ag| JAg, ond Ag,
Unknoms:Ag’t,Aglt and Aglt

Fig. 5. A set of discrete gravity anomalies Ag is given on the topographical
surface. A corresponding set of discrete gravity anomalies ag¥ is
computed on the embedded sphere. The gravity anomaly varies
continuously between these Ag¥-values. "Renormalized approach".
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6.1 Renormalization as an alternalive to spherical harmonic expansion

The renormalized approach has some properties, which might justify
alternative applications.

The most challenging approach is perhaps the following one.

1. Gravity anomalies are given at the surface of the earth in an equal
area or equiangular approach.

2. Ag*—values are computed by the robust approach for all given surface
elements, when using the embedded sphere of radius equal to the
semiminor axis.

3. Geoidal heights are computed for the external surface.
4, Gravity anomalies are computed for the external surface.

Gravity anomalies, gravity disturbances, geoidal heights and vertical
deflections are computed anywhere on the surface of the earth and in space
with very simple formulas. The upward continuation can be made with
traditional integral formulas or the renormalized formulas.

The simplicity of this technique is rather obvious.
All data of the data bank have an immediate physical meaning.

The classical spherical harmonic coefficients are very hard to interpret.
Conflicting results are obtained from independent solutions of higher order.
This dilemma will be more obvious when increasing the number of
observations. The spherical harmonic expansion is unable to recover the
highest harmonics of the gravity field. The final solution therefore has to
include a secondary step which takes care of the residuals with discrete
techniques. If the spherical harmonic expansion is made for a bounding
sphere, then it still remains to reduce the results down to the physical
surface. If the spherical harmonic expansion is given for an embedded
sphere, then the higher harmonics will be very uncertain (AT # 0). ’

There is little doubt that the spherical harmonic solutions will still be of
major interest for a number of applications. Probably satellite solutions will
be given by a spherical harmonic approach. However, for geophysical studies,
much higher frequencies are needed. Therefore there seems to be some
justification for the suggested model.

Many will probably prefer a presentation related to the ellipsoid. This
should not be a problem if we select a presentation by the use of single layer

technique.

Finally, there will always be an interest in having the real data for the
external surface, but this data set needs no specific justification.
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This renormalized presentation of the global gravity field offers the
scientific community outside geodesy an easy access to important geodetic
information. Some of the tentative conclusions can be mentioned.

1. Discrete gravity anomalies from the continuous field of an embedded
sphere are used directly in inversion free predictors for the prediction of
the disturbance potential and all its derivatives.

2. The robust approach will be useful for surface elements as small as
1°x1°, directly available for improved local solutions.

3. The consistency of the technique is easily verified at the given points
on the external surface.

4. The difference between the actual field and the robust solution is
directly available for improved local solutions.

5. No artificial masses are used for the presentaion.

The robust approach benefits from the same simple structure as the Dirac
approach without requiring the solution of large systems of equations. It can
be claimed that the robust approach gives a restoration of the classical
techniques, slightly modified for global applications. Further studies might be
of interest.

Example of robust prediction:

Gravity field: Degree and order up to 180 by Rapp.
Given gravity data : 72 consecutive gravity anomalies al the latitude 62.5° on
the ellipsoid with 1° spacing: 1°, 2=, . . . 72°.
Prediction problem: Use four consecutive observations with 2° spacing for the
prediction of the point in the middle (on the ellipsoid).
Radius of the embedded sphere: Semiminor axis of the ellipsoid.
Predictor from the ellipsoid to the sphere: Eq. (6:15).
Predictor on the sphere: Weighted means (see eq. 13:5)
p(1)=p(2)=1 for the two closest observations
p(1)=p(2)=-1/9 for the two most distant observations.
Predictor from the sphere to the ellipsoid: Eq. (6:17).
Longitude True Prediction Prediction error

1° 10.85 mgal
3.96
-2.79
~7.75 ~7.44mgal 0.31 mgal
~-9.50 -9.08 0.42
.51 -7.13 0.38
-2.43 -2.25 0.18
4.00
9.53
12.21

----------------------------------------------------------------

QWU IMTNDWN
|
-3

RMS prediction error (66 predictions) lat. 62.5° $0.23 mgal
RMS prediction error (66 predictions) lat. 87.5° #0.037 mgal
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7. A spherical harmonic solution for the embedded sphere

A spherical harmonic expansion of the potential V can be made for a
spherical surface. See Heiskanen-Moritz (1967).

®» n
T; = %—?E > E O[f—‘;]n(cnmcosm}\ + S psinmA) P, (siné) (7:1)
n: m:

where G is the gravitational constant, M mass of the earth, P,,(sin¢) Legendre
ial of degree n and order m, ¢ geocentric latitude, A longitude, r, radius of
the sphere and r,; geocentric distance of the actual point. Finally C,, and
Sam are the coefficients of the spherical harmonic expansion. Different kinds
of normalization can be used in combination with the spherical harmonic
expansion.

We use our previous spherical approximation of the boundary values

o, 21

Ir == -Ag (7:2)

and obtain for r, ¢ b, where b is the semiminor axis of the reference
ell}psoid

@ n

(n-1) |=2 n(C,,,,,cosm)\ + SppSinmA) P,,(siné) (7:3)
=0 rj

The coefficients of eq. (7:3) can be determined from a system of linear
equations, where the gravity anomalies are given on a non-spherical external
surface. If the gravity anomalies have been reduced down to an embedded
sphere, we can make use of

(som) = D lj bg* { oo ) Pom (sind)de (7:3a)

where y = GM/a? is valid for a bounding sphere with M as the mass of the
earth,

This approach postulates infinitesimal surface elements.

Pellinen (1966) introduced a smoothing parameter B, which for a case with
a circular cap A¢ of radius w, can be defined by

. CcoSmA _ _1 _l._ .- cosmA
an(51n¢i){ sinmA ] ~ Bn Ao {:I;an(slmb){ sinmA ] da
1
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- wo)] Ppicoswg
An cos[ 2] n(n+l)
with

n

{gm})- mlz agf [] Pantsind){ S25m0 ) a0

nm =1 AO’i

where KE? is the mean anomaly on the surface element Ac;. For further details
see Rapp (1980).

If we have observations on an external non-spherical surface, we can make
use of an extension of the previous discrete technique and obtain a system of
linear equations.

AX¥ = v (7:4)

where A is a matrix with elements from equation (7:1) and (7:2), X¥ is a matrix
with all unknown harmonic coefficients for the selected embedded sphere.
Finally, Y is the vector of the observations

v = | Ag x* = | g: T = Ney (7:5)

where N is the vector of observed geoidal heights and Ag the vector of
observed gravity anomalies. The observations are overlapping.

The solution should be non-singular if the number of unknowns is equal
to the number of observations. The solution gives Ag¥ as well as N¥. There
are some practical problems with this kind of approach, because the solutions
will be rather complex when the number of unknowns increase.

However, there is a possibility of obtaining the same kind of solution by

using so called fast Fourier transforms (FFT). These solutions are
exceptionally time saving but are only directly applicable for strictly spherical
surfaces. We note that the FFT technique normally requires that the

observations are given for surface elements which have equal latitude and
longitude spacing. (For the FFT-technique, see Colombo 1981.)

We can make use of an iterative FFT-technique where an embedded sphere
is used for the spherical harmonic expansion in the first step. The embedded
sphere is given the same radius as the minor semiaxis of the reference
ellipsoid (or slightly smaller).

The gravity anomalies are mostly given on the external surface at

distances far away from the ellipsoid and will therefore require reduction. We
will here use the simple approach. (See eq. 6:12,)
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Ag¥,) = t72Ag (7:6)

For the oceans, we use any of the data sets available from altimetric
observations for a calculation of approximate Ag-values. See section 19.
These Ag-values are reduced according to eq. (7:6).

The given gravity anomalies Agf;) are used for the computation of a
primary set of harmonic coefficients (FFT technique)

Xty = [2;:; ] (7:7)

This solution is used for a recomputation of all observed y-values and we
obtain the residuals

Vi) =Y-AX’(,) (7:8)

The residuals are then used in a second FFT-operation

AX¥z) = V(y) (7:9)
Then we obtain the new improved solution
x*¥ = x¥y + Xy + x¥y + Ll (7:10)

The convergence of this iterative approach will be dependent on the depth
to the embedded sphere. The kind of grid system we postulate here looks
venturesome because the size of the surface elements varies considerably with
the latitude. However, we will make such a selection of the radius of the
embedded sphere that will give us an optimal convergence for the given
ellipticity.

If the large axis of the ellipsoid is a and the small axis is b, then we are
free to choose any

ro £b
The natural choice will be to select an r, where the surface elements AS

satisfy the condition

S . constant (7:11)
rj—ro

In this way, we will be able to benefit from the "inconvenient surface
elements" of the FFT-technique when matching them against the change in
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depth from the ellipsoid to the embedded sphere.

The validity of the free boundary value problem is somewhat controversial
for a non-spherical external surface. It is therefore important to make use of
a verification of the results. A fixed boundary wvalue approach will be used.

The natural procedure will be to introduce a new parameter the 'gravity
disturbance" Ag defined by

Agy = g5 ~ vy (7:12)

Our previous analysis has given us the '"geoidal separation", which makes it
possible to compute

- 3y .
7i = vuy t e N (7:13)

Cf. section 16 for the fixed boundary value problem. Compute the gravity
disturbance

® 7
_ GM rol" . .7
Ag = = (n+1) (CamcosmA + S, sinmA)P, ., (sind) (7:14)
EJ - — r;
n=2 m=0 J
ry = ry + Ny

The following conditions should now be satisfied

2
Ag — Ag = 3§ N; (7:15)

Traditional solutions have normally made use of a spherical harmonic
expansion for a sphere with radius r,=za. There is an exact conversion of our
solution to this radius. See also section 15.

See also Freeden (1985), Hajela (1977), Rapp (1977), (1978), (1978a), (1979),
(1980), (1981a), (1981b), and (1985).

This presentation gives a technique that in a consistent way takes care of
observations on a non-spherical external surface when using a spherical
harmonic expansion.

The discrete impulse technique (Dirac approach) has frequently been
applied with very good results for the local solutions of the free boundary
value problem. The spherical harmonic expansion looks provocative because
we pretend to solve a mixed boundary value problem for a non-spherical
earth. Studies by Holota (1981) and Svenson (1982a) indicate that the mixed
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boundary wvalue problem should not be solvable in the traditional way. See
section 15 for further details., However, their approach is not considering the
discrete case when using an embedded sphere. The author is of the opinion
that the embedded sphere approach avoids the singularity problem otherwise
relevant especially since we postulate for the limiting case that gravity
anomalies and geoidal heights are overlapping. It furthermore gives exact
compensation for a non-spherical (ellipsoidal) reference ellipsoid. The
embedded sphere approach also overcomes the problem with an ellipsoidal
reference surface without using ellipsoidal harmonics. In a more rigorous
approach, we can use more precise boundary conditions of section 8.

It should be noted that the reduction down to an embedded sphere is an
improperly posed problem, which requires identical techniques when going
down and up in order to secure meaningful results on the external surface.
Therefore spherical harmonic expansions for a non-spherical external surface
requires an iterative use of the embedded sphere. Classical gravity
reductions can give rather misleading results in combination with a spherical
harmonic expansion. They will only be useful in a first iterative step. The
validity of a solution has to be verified by an expansion up to the given
points.

Pellinen (1982) used an elegant technique 7for a spherical harmonic
expansion which eliminates the ellipticity error from the reference surface. A
spherical harmonic expansion is normally used in so called combined solutions.
See section 14,

We can avoid our large reduction distances down to an embedded sphere
of radius equal to the semi-minor axis, when using "Pellinen corrected”
spherical harmonics for the computation of residual gravity anomalies at a
local cap in a discrete approach. Our system of equations will then only
include a small number of unknowns which take care of the gravity reduction
for the local topography. We can then use an embedded sphere of the same
radius as the geocentric distance of the reference ellipsoid at the actual area.
This approach should be rather attractive with respect to accuracy as well as
simplicity.
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8. The boundary condition on an ellipsoidal reference surface

The spherical approximation of the boundary condition gives a simple
derivation of Stokes’ formula. The equivalent expression on an ellipsoidal
reference surface is given by Dermanis (1984) (revised version)

R B e o (o 5 e

r = ab(a?sin?é + b2cos2¢)™% , = ezg - g (£¥+£) gg

N = alL/b f = (a-b)/a

M = L%/ab f* = (Ypote = Yeguator)/Yequator
L= r(ab) ! f a4gin?¢ + b*cos?é e? = (a? - b?)/a?

Furthermore, vy is theoretical gravity, ¢ latitude, ¢ geocentric latitude, r
geocentric distance and « angular velocily of the earth, a semi-major axis and
b semi-minor axis of the ellipsoid. We introduce the notations

{1 .1, 202  p2risin?2¢) . (1 . 1 )
A= [MFN+ " + ] [M+N] (8:2)
3 2031294 "2
B:Q[EQLM]z?—
Nir b3 2 Nr
Equation (8:1) is now rewritten (see also Bode and Grafarend 1981).
aT _ 2T _2) , 8T . _a e? al_. o5 2T _ .
“a 7 C Ag + T[A r] 4 e (B 1) + oN [p+ 5 b]s1n2$ Y I Agy (8:3)

The ellipsoidal corrections of the right member will be zero for azb. The
corrections will be on the ‘order of a few milligals for the traditional geodetic
reference ellipsoid. Rapp (private communication) found $0.06 mgals RMS when
using a spherical harmonic expansion up to degree 250. The right member is
partly unknown. However, approximate values should be obtainable with
satisfactory accuracy from present expansions 1in spherical harmonics.
Analytical continuation down to the embedded sphere gives the linear matrix
equation
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Asg¥ = Agy

where

2] . ar .
Agy = Ag + T[A - F] + 3B - 1) (8:4)

When Ag¥-values have been obtained, then two options are available:

1. A direct application gives the disturbance potential and its derivatives
on (and outside} the physical surface when the upward continuation is
made by the use of the inverse procedure of the downward continuation.

2. A spherical harmonic expansion is made for the selected sphere of
radius r,. This approach will benefit from an application of Fast Fourier
Transforms FFT. The initial technique is already described in section 7.

The wvalidity of this approach will be questionable because we use
different technigques for downward and upward continuation. The results
will then be rather misleading for higher harmonics.

Our solutions of the boundary wvalue problems have mostly been made by
spherical resolvents (see Stokes’ formula). This means that we have to make
use of an embedded sphere of a radius not larger than the semiminor axis of
the ellipsoid. This approach makes it possible to give a joint solution,
considering topography as well as the ellipticity of the reference gravity field.
The solution is formally rigorous. Large depths to the embedded sphere will
increase the computational work for dense grids of observations.

A few alternative techniques will be mentioned below.

The buried mass technigque utilizes no spherical formulas and is therefore
of special interest in a discussion of the ellipticity errors. See section 5.4,
Studies of local models have shown that the technique is fully equivalent to
the Dirac approach on gravity anomalies. The global application is slightly
more questionable. There is a risk that the gravity center has been displaced
when using this technique without additional constraints. This means that the
angular momentum can also be changed. However, it should be fully justified
to use this technique as a primary step and then verify the misclosure with
respect to mass and angular momentum. The final solutions have then to be
corrected accordingly. Cf Vermeer (1984).

Another straightforward technique is to make use of Lame-functions
ingstead of spherical harmonics in order to obtain the resolvent for an
ellipsoid. Zagrebin (1956), Bjerhammar (1962), and Molodenskii (1962) studied
this problem. Present investigations indicate that the maximum errors of the
Stokes’ resolvent are in the order of 100 cm when applied to the gravity field
of the earth. See also Moritz (1980), Rapp (1981a), and Cruz (1985) for newer
investigations.
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Moritz (1980) gave the following corrected Stokes’ formula.

NF- R

= Iy II(Ag - e2Ag’)S(w)de (8:5)

a

where Ny is the geoidal height, N is the approximalte value of the geoidal
height, Ag” a corrected gravity anomaly, R the mean radius of the earih, y the
theoretical gravity on the ellipsoid and e the flattening of the ellipsoid.

Ag" = -fli ;0 So (GpmcosmA + H,sinmA)P, . (sin¢) (8:6)
n-— m-—
Gmn . An——-z’m A A +2 .
[ Hpm } - Xnm [ Bp-2,m ] * Anm [ B:: ] T Bam [ B:+2:: ] (8:7)

-3(n-3) (n-m-1) (n—~m)

Xam T T oronT3y (n-1)
_ n3-3m?p-9n?-6m?-10n+9 .
Yam = TT3(2n73) (2n-1) (8:8)
- -(3n+5) (n+m+2) (n+m+1)
Fnm 2(2n+5) (2n+3)
GM fa)? [ C,p Anm
AL - 8:9
R [R] { S nm ] { B, ] (8:9)

The geoidal height on the ellipsoid can be computed by the use of a
spherical harmonic expansion according to Rapp (1981) eq. 37 (slightly
modified).

d n
Ng = g%ﬁ E E [;E]n(cnmcosmk + SnmsinmA)an(sini) (8:10)
£ n=2 m=0 E

where r¢ is the geocentiric distance of the actual point on the ellipsoid.

The spherical harmonic coefficients of eq. (8:10) are related to the
semimajor axis of the reference ellipsoid.

The solution makes use of (a/rg)-values larger than 1. This approach will
require a previous determination of C,, and S,, values from gravity
anomalies. There are some difficulties involved with such determinations.

The derivations of eq. (8:5) were made prior to the derivation of the
gravity anomalies of Dermanis (1985).
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9. A symmetric kernel (Maximal smoothness)

Krarup (1969) used an infinite-dimensional Hlbert space approach which
results in a symmetric kernel.

The solution of Morifz (1972) is slightly modified and has a simple
equivalence in the Euclidean space.

For each discrete observation we introduce an impulse Ag* at the
geocentric distance r, (on the radius vector to the actual observation)

ro = rg/ry (9:1)

where r; is the geocentric distance of the aclual observation and rg the
radius of an embedded sphere.

For the approach we use

Ag = AAgx | (9:2)
vhere
Aji = (t2 - t‘)d}? = I(2n+1)tn*2P (cosw) (9:3)
n=o0

d}‘i =1 + tz - thOSwji
t = rf/rjr;

Slightly more complicated formulas are needed when starting from n = 2.

We have here located our unknown "impulses”" Ag* at positions inversely
proportional to the geocentric distances (Cf. Bjerhammar (1975): Reflexive
prediction)

ro = rg/r;

All our previous formulas of section 4 will now be directly applicable. For
example we have the following predictions for a point at the geocentric
distance r.

q
Gravity anomalies: Agq = (ta - ta) § Agx d;? where tg = rg/rqri (9:4)
Disturbance potentials: Tq = ro ? S(w)qi Agx
Vertical deflections: Cf. eq. (4:8) and (4:9).

This solution in Euclidean space is equivalent to the Hilbert space solution
of Moritz (1972) who minimized the L,-norm of the gravity anomaly on the

embedded sphere of the radius rg. Each observation Ag’f has an unknown

impulse Ag¥ at the geocentric distance rg/r; (in our interpretation). See fig.
6'
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4niﬁ [Jaghyzas (9:5)

S

Moritz (1972) mostly considered weighted L,-norm solution, presented with
the technique of stochastic processes. See section 10. This technique should
leave the gravity center and angular momentum unchanged.

Our integral equation (2:4) is of course only valid for a fixed value of r,.
However, we can use an infinite number of concentric spheres, which all give
an individual solution of our discrete problem. We can also use any finite
number of concentric spheres which together give a joint solution. For each
individual sphere, we can choose io use a single unknown. This is the
strategy we have chosen.

Our solution with a set of concentric spheres has the following structure.
Let T represent the disturbance potential. T; is the disturbance potential
generated by the i-th sphere.

Spaces:
Above spheres 1-n: AT, = AT, = AT = ... AT, = 0
Above spheres 1--3: AT, = AT, = AT5; = 0
Above spheres 1 and 2: AT, = 0 and AT, =0
Above lst sphere: AT, = 0
Notations:

AT, = 32T,/ax? + 32T,/dy? + 32T,/dz2?
The sphere with a lower number has a shorter radius.

In our original approach, we used a set of impulses on a joint sphere. We
have now made an extension of our approach to impulses outside the original
sphere. We call this technique "reflexive prediction”. See Bjerhammar (1975).

We can conclude, that in a multi-sphere approach, there will only be strict
harmonicity outside the uppermost sphere.

If the uppermost sphere does not intersect the physical surface, then no
harmonics have been excluded and the Keldych-Lavrentieff theorem for
uniform convergence has not been violated.

The L,-norm solution is the "smoothest"” solution for the selected radius
rg of the embedded sphere. However, a Dirac solution with

ro < rﬁ/rj vV
is still smoother. See Cruz (1985) and Lelgeman (1983) for further details.

53



Krarup (1969) used originally a different technique, where the Poisson
integral equation is directly applied to the disturbance potential T

_t-t? T* )
T; = y _[ ?dd _ (9:8)

We select instead our Dirac impulses T* at the geocentric distances
ro = r§/r; in accordance with eq. (9:1). Then we obtain the matrix equation

T = CTX (9:7)
where

Cyi = (+=t3)dj3

aT 2T,

2.1, £33 - -

[ar 3 * !"j Ag
d}; = 1 + t? - 2tcosw
t = rg/ryr;

Krarup gave a solution which minimizes

ff (T¥) 2dq (9:8)

-4

where T¥ is the disturbance potential on the embedded sphere of radius rg.

For further details of this technique, see Krarup (1969), (1978), (1978a),
Cruz (1985) p. 111, 112,

We choose now a buried mass technique for our following presentation.

The disturbance potential will be determined from a set of buried masses
which are located at the geocentric distances r,.

ro = rg/r;

T; = Am* (9:9)
Ajy = 1/ry; = 1/rd;j; (symmetric A~matrix) (9:10)
d}; = 1 + t3 - 2t coswy; (9:11)
tj = ro/rj = rﬁ/rjr, (9:12)

where T is the disturbance potential and m¥ the vector of the unknown buried
{point) masses (multiplied by the gravitational constant).

For the gravity anomalies, we obtain
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N 1 (1-t;cosw;; 2 .
Agj“Z;: r} 'dii <L dji] m¥ (9:13)

Here we obtain a system of linear equations for the determination of all m¥.

The gravity disturbance at a point Pq is given by

aT} _ -1 (1-t cosw .
(2 q_zi = Jm¥ (9:14)
The vertical deflections are obtained by
£ o tqsinuqi coSsol; .
[ n } B T 243 [ sina; } my (9:15)
Potentials are given by
Tq = ? m¥/rqdg; (9:16)

For these derivations we have used

do _ . do YO
R = cosdo; w cos$ sina
dg; = 1+ t3 - 2tgcoswg; tq = r§/rqr;

where ¢ is geocentric latitude and « azimuth. (No rigorous Lz—norm.)
See Brennecke and Lelgeman (1983) and section 5.4.

For a comparison, we give the formulas for an I.,-norm minimization of the
disturbance potential T¥ on the embedded sphere.

AAgx = Ag (A is here an autocovariance matrix) (9:17)
15(1-t2)3 36(1-t2) . (25-t2) _
o= t2 — = . .
Aj; t d}i dji + dii ]/4 t rﬁ/rJri (9:18)
Tq = kagx k; = rqt§[3(1—23)’d;f -5 + tﬁ]/Zd}i = cov(T,Ag)

See Sjbberg (1975) p. 107 for eq. (9:18). See also appendix. The
Ag*-values impulses are located on the reflected topography. Predictions of
Ag are made with known Ag*-values in eq. (9:17). Cf fig. 6.
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10. Wiener~Hopf Approach (Stochastic Process: Moritz (1972)) ¥

Moritz (1972) used the theory of stochastic processes, postulating that the
expectation of the gravity anomaly is zero

E(ag) = 0 | (10:1)

Predictions of gravity anomalies Ag and disturbance potentials T are given
by

Ag = E(AgAgT)(E(AgAgT)) 'Ag (10:2)
T = E(TAg") (E(AgAgT)) ' Ag (10:3)

If specific conditions are satisfied, then the wanted expectations can be
expressed as a covariance function, such as

E(Agehgq) ;:§ oo (r8/rprg) (M*2)P, (coswpq) (10:4)

where rp is the geocentric distance of the fixed point, ry of the moving point
and rg the radius of the embedded sphere. And

E(TpAgq) = rB§ on(n-1)71 t("“)Pn(COSUPQ) t = rg/rerg (10:5)
n=2

where o, is the degree variance

n
oy = g% (n-1)2 Z - cz, + §2, (10:86)
1:

with éni and éni given as fully normalized spherical harmonic coefficients.

There is an equivalence between the theory of stochastic processes and
the Hilbert space approach which has been described by Parzen (1959). In
this special case we use the theory of stochastic processes for solving a
linear integral equation of first kind.

Tscherning-Rapp (1974) presented an empirical formula for the degree
variance (c,) of gravity anomalies

cnp = A(n-1)/(n+2)(n+B)) (cn = v¥(n-1)2%q,) (10:7)

X) See also Goldberger (1962), and Liebelt (1967),
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GEODETIC BOUNDARY VALUE PROBLEM

HILBERT SPACE APPROACH ’
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Fig. 6. A set of discrete gravity anomalies is given on the topographical
surface. Each observation point has an unknown impulse Ag¥ on its own
radius vector, at the geocentric distance r§/r;, where rg is the radius of a
common embedded sphere and r; is the geocentric distance of the actual point.
This solution with discrete impulses is exactly equivalent to a solution
minimizing [ff(Ag¥)2dS on the sphere of radius rg. This L,-norm solution is
"smoother" than any alternative solution using the same embedded sphere.
The "norm-surface" will be found at the geocentric distance Vr,r; (This
should also be approximately correct if the impulses are located outside the
reflected topography. With all impulses on a common sphere, a more
sophisticated L,-norm solution is expected on this non-spherical "rg-surface").
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where A and B are constants., (Mostly A = 425.28 mgal? and B = 24)., This
formula has often been used in combination with t = 0.999617.

A rigorous application of this approach postulates covariance stationarity,
homogeneity, and isotropy. Mostly these conditions are violated and standard
deviations are no longer estimable. However, the technique is of course still
operational for any selected covariance function.

Hypothetical variances and standard deviations can be computed by error
propagation from the applied covariance function. However, the associated
confidence intervals will be unlimited (infinite), because there are no degrees
of freedom.

Moritz has in later publications postulated
E(Ag) = s (s is the signal) (10:8)

See also proof of non-ergodicity for a normal distribution by Lauritzen
(1973).

For further details see Moritz (1970a), (1971), (1972), (1973), (1974),
(1974a), (1975), (1975a), (1976), (1976a), (1977), (1977a), (1977b), (1978), (1978a),
(1978b), (1979), and (1980).

See also Balmino (1978), Colombo (1981), Cruz (1985), Dermanis (1977),
Forsberg and Tscherning (1981), Grafarend (1976), (1978), Koch (1977), Koch
and Pope (1972), Lachapelle (1977), Lachapelle and Tscherning (1978), Lelgeman
(1979), Rapp (1974), (1975), (1977), (1977b), (1978), (1978a), (1978b), (1980),
(1981), (1981a), (1985), Rapp and Hajela (1979), Rummel (1975), (1976), Rummel
and Rapp (1978), Rummel, Schwarz and Gerstl (1979), Sanso and Tscherning
(1978), Schwarz (1974), (1975), (1975a), (1975b), (1976), (1976a), (1978), (1978a),
Sjbberg (1975), (1978), (1978a), (1979), Slnkel (1978), (1979), (1981), (1981a),
Tscherning (1973), (1973a), (1975), (1976), (1976a), (1976b), (1977), (1977a),
(1977b), (1978), (1978a), (1978b), (1978c), (1985), Wolf (1977) and Zelinski (1975).

A comparison between collocation according to Moritz and other methods is
given by Katsambalos (1981).

The techniques of Krarup (1969) and Moritz (1972) are pure collocations
in the terminology of Collatz. However, these authors mostly use the
terminlolgy least squares collocations for their techniques and this terminology
has been generally accepted in geodesy. Minimum norm collocation is closer to
conventional mathematical terminology. These two techniques will sometimes be
denoted by l.s.c.

Another alternative makes use of the complete information of the harmonic

expansion for a rigorous non-stochastic solution of the boundary wvalue
problem. See section 14.
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11. Invariance with respect to the diagonal elements (smoothest principal
diagonal

It seems justified to investigate an alternative technique, which postulates
that the unknowns are located at positions, which should give constant value
of the principal diagonal elements in order to obtain invariance with respect
to the diagonal elements. We select a scalar o

o = ory (11:1)
0<Ca <1
t = ar/ry (11:2)

For this approach we easily obtain from eq. (4:4)

Ay = (r]’r?’d’ - r}‘rT‘d‘)(l + rj*ria? - 2r31ridCOSu)-3/2 (11:3)

J

Here we obtain the diagonal elements for rj=r;

Ajj = o2(1-a?) (1-a)73/2 = (a2-o®)V I-a (11:4)

Clearly, we have found a solution for Ag¥, which is invariant with respect
to the diagonal elements: This solution has its Dirac points opposed relative
to the L,-norm solution. It is therefore of special interest,

For a spherical external surface, this solution is8 identical with our
previous approach in section 4. The solution cannot be obtained as an
Lz,-norm solution because the kernel is asymmetric in the general case.

A stochastic model according to Gauss-Markov can be used in combination
with this technique,

This kind of solution can be of interest when using rather dense networks
of observations. @ The use of one single embedded sphere might result in
unstable solutions because of the large depths at the equator. If we use the
technique presented above, then we can expect stable solutions for rather
dense networks. However, we cannot generally justify using any ry-values
which are located outside the reference ellipsoid.

This approach can be justified in the following way. We already know
that an L,-norm solution is obtained for the embedded sphere of radius ry if
rgry = r;r,. For a smooth external topography, we expect good smoothness on
the (non-spherical) surface rg = r;vd if the impulses are located according to
eq. (11.1). These solutions are obtained with improved numerical stability and
the predictions were found with higher accuracy. Cf section 21 for results.
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12. Maximal prediction error

The gravity anomaly on a spherical external surface is given by a
spherical harmonic expansion.

@ n
Ag = %—f _;_ E (n-1) (CpmcosmA + S, sinmA) P,,(sin¢) (12:1)
n=2 m=0

where G is the gravitational constant, M mass of the earth, an(sin;b) Legendre
polynomial of degree n and order m, ¢ geocentric latitude, A longitude, R
radius of the sphere and Ag gravity anomaly.

We will use N discrete observations for each parallel circle in an
equiangular approach. The latitude difference will be equal to the longitude
difference for the given observations.

For all points given at the same latitude, we consider the case when

Cnn = Snn m=n

Let the gravity anomaly of the sectorial harmonic for this latitude, be
given by

U(rsin@, rcosf) = e'm8 = (i ginm8 + cosmf) = Ag i = v -1 (12:2)

cosm\ = %(eimx + e—iml)
sinm\ = —i (eimh — e*im%)
21 :

where r is the radius of the parallel circle, 8 the "geocentric" angle of the
moving point, and m the degree of the polynom (r=1).

Two different kinds of predictors will be studied.
The first case will be the most simple "robust" interpolator where only the

two closest points are included for a prediction on the parallel circle in
question

2

R
Agy = ———— (12:3)

1

3

J?

2
) g
2

H
j=¥)
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The selected interpolator will have its maximal prediction error when the
given points are located at equal distance from the peak wvalue of the sine
wave of degree m.

Let the true maximum value be 1.

The predicted value is cos(mm/N) (12:4)

The maximal prediction error is

lemax! £ 1 ~ cos(mn/N) (12:5)

We now consider a case, with an embedded circle of radius r, where an
L,-norm of Ag is minimized.

The maximal prediction error is first determined when ignoring all
observations outside the actual parallel circle.

The Poisson formula for the one-dimensional case is in earlier notations
+r A.E*
dg = (t - t3) f 3z 46 d2 = 1 + t2 - 2tcos#
-
We obtain the prediction 1i(x). Cf. Bjerhammar (1975), Sj8berg (1978).
a(x) = (Lthil eii®y/(ztlih i=Vv-1 (12:6)

jem(mod N)  jsm(mod N)
(j -~ m is a multiple of N),

t = r3/r? and Ixl = r.
where for m < N
tlit =

tm 4+ § tmtkN 4 § tkN—m -
jEm(mod N) k>0 k>0

tm + (tm + t7m)tN/(1 - tN)

U

(tm + tNTm) /(1 - tN) (12:7)

According to eq. (12:6) we obtain the approximation (for large N-values)

it

G(x) = [tm(1 - tN)/(tm + tN-m)]eimd (12:8)
The error ¢ of this expression is

Io- tm(l - tN)/(tm + tN"m) =

1

&

i

(tm*N 4 gN—m) /(tm 4 tN—m) (12:9)

If m > N, then the predictions are useless.
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If N/2 > m > N, then the predictions are questionable with

| 2% (12:10)

Iamax

For 0 < m < N/2 we obtain

Lepmax! < (E™HN 4 gN—myt—m ¢ 2tN—2m 4 2t% where ¢ = N —2m (12:11)
lim legax! 2 0 vt<l (uniformly convergent)
N2

The renormalized approach can benefit from extremely small depths without
loosing in accuracy. The l.s.c technique benefits from the combined effect of
large depths and a large ¢-number. This means mostly a dramatic increase in
the computational work.

IL should be noted that our é¢-value is not identical with the degrees of
freedom in a stochastic model. We can increase the number of observations in
our collocation techniques without introducing any degrees of freedom in a
stochastic meaning.

The extension to observations on a sphere is not straight forward,

The Poisson kernel changes with the dimensions of the problem

Circle: (t - t3)d3f t2 = r%/rjri

Sphere: (t2 - t‘)d]? t = r§/rjr;

The spherical kernel gives a slightly increased maximal error. The error
limit of eq. (12:11) is still satisfied for 0.9 < t < 1 and ¢ > 0 in all applied
models tested so far. However, detailed studies are missing.

We consider the case where a prediction of the sectorial harmonic of
degree and order m should be determined from an equiangular network with n
parallel circles. A direcl application of our previous formulas will be

lemax! < 2t% (12:12)

In the global case we let N represent all discrete observations. Then we
conclude:

$ = N - m?-2m-1 (most optimistic case) (12:13)
= N-2m2-m (most pessimistic case) (12:13a)
N = 2n?

These two formulas have to be considered as "rule of thumb", because
they are only founded on the simple case of a circle.
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The geodetic application of spherical harmonic expansions is mostly
founded on the following rule

Npayx = 180°/6°

where n,,, is the highest degree (and order) that is computed from a set of
surface elements of the size 8°x8°.

The formulas indicate two ways for improving the predictions.

1. Increase the N-value
2. Decrease the t-value

Both techniques result in bad condition numbers when applied too far.

An equiangular 1°x1° grid will give 64800 observations. However, the
distribution is very unfavorable for a collocation approach. If we make the
study with equal areas of 1°x1°, then we only have about 42000 useful
observations, but the distribution is more favorable.

Rapp (1980) compared spherical harmonic solutions for the degree nz=36
and concluded: "We have demonstrated that the use of 5° anomalies in
potential coefficient determinations can introduce significant errors in these
coefficients. Based on comparisons with solutions made with 1°x1° anomalies
the percentage error was small at the lower degrees but increased to 74% at
degree 36.

These results strongly suggest that future combination solutions to degree
36 (or so) should be carried out with 1°x1° anomalies and not 5° data.”

The study by Rapp indicates that the traditional use of 1654 observations
for the determination of degree 36 is unsatisfactory. He recommends instead
the use of about 42000 observations, which means about 40000
overdeterminations.

A collocation approach is considerably more demanding than a straight
forward spherical harmonic expansion. The given information has to allow the
reduction of the presented data down to an embedded sphere. Reduction
depth up to 30 km will be needed for this kind of operation. It is obvious

that guch operations are not well defined without overdeterminations. The
global application of a collocation technique suffers from the large system of
equations which have to be solved. The robust approach seems more

promising for such applications.
Local applications of the collocation techniques have been quite successful

when using a Dirac approach as well as lLs.c. See section 21 for numerical
results.
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13. Autoprediction

Our kind of solution for the free boundary value problem is based on two
foundations:

1. The given observations are discrete quantites on the external surface.

2. The solution satisfies all given observations and defines the prediction

of all missing data on the external surface (and in space), by the use of

an embedded sphere.

However, there is still an interest of finding the most suitable local
prediction on the external surface. Such a prediction (or interpolation) is of

interest for a suitable densification of the given set of observations.

It seems logical to consider a more general kind of prediction, where any
new predicted values can be used for reprediction of already observed values.

Definition: Autoprediction is a technique, where a given observation is
predicted from already available observations (or predictions).

A most simple application of an autopredictor is shown in the following
example (linear approach).

1. A set of n observations y,; is given.
2. The predictor is ?i = § yid]?p1/§ dg?pi i=®j (13:1)
where n is a preselected scalar and p; unknown scalars.

If the predictor is '"consistent” then it should be able to predict any
given observation from already available observations (and predictions).

We use the available predictions §; for predictions of the given
observations y,; and obtain.

s =3 (yy - 94)%n (13:2)

1
where s is the estimated autoprediction standard deviation. This is a useful
measure of the quality of any applied predictor, for example l.s.c., Dirac or

robust approach.

The estimate is somewhat pessimistic because all prediction points are now
in the worst positions.

For the robust approach, we can use an inversion-free predictor for the
densification (interpolation) of Ag¥ on the embedded sphere.

Two applications of the autoprediction will be displayed for n = 1.

1. An equiangular set of gravity anomalies are given for 1°x1°.
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2. Observations in a grid 2°x2° will be used for the prediction of the
known points of the 1°x1° grid.

Predictor Ag* = § Ag¥ djiri/ L djip; (13:3)
i ]

Our first application will be for the eight closest observations of the grid
diagonals of the prediction point, p; = 1 for the four closest points and p, is
a common unknown for the remaining points. The unknown will be determined
by autoprediction. The following result was obtained (mean from several
solutions), when using i-values increasing with the distance to the prediction
point,

n
=

Pi::l 1 213

[N
o]

p; = —-1/3 5«1

This inversion-free predictor defines uniquely all missing observations
inside the central 1°x1° block. This prediction is8 exact for the center point
in a planar approach with observations according to eq. (13:7). The predictor
favors equal spacing but accepts alternative spacings. Standard deviation can
be estimated from eq. (13:2).

The predictor was found more accurate than the linear predictor for all
applied test cases.

Let four equidistant observations be given on a straight line with the
gravity anomaly defined by

Ag¥ = co + c1d + cpd? + c,d? (13:4)

where the c;-values are arbitrary scalars and d the distance from a fixed
point on the line.

The predictor eq. (13:3) gives an exact interpolation on the line for any
position of the prediction points between the two innermost points when using

4 4
Ag* = 'ZlAg¥dE%Pi/.§1dE%Pi Pp = P2 = 1 Ps = Psa = —1/3 (13:5)
i= i=
where the subscript of p increases with the distance from the prediction
point. The distance between the i-th point and the prediction point is
denoted by dji. See Bjerhammar (1983). See also example in section 6.1.

Let four equidistant observations be given on a circle with two
observations on both sides of the prediction point. The gravity anomaly is
defined by

Ag¥ = cosmm (13:5a)
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The maximal prediction error of eq. (13:5) is then
|8max' &1 - (9/8)(cosmm/N — (1/9)cos3mm/N) (13:8)

where 2mm/N is the angular distance between observations and dj; is the
angular distance between the i-th point and the prediction point.

Let 16 equidistant observations be given in a quadratic grid with Ag*
defined by

Ag¥ = Cco + CyX + Cox? + CaX? + Cay + C5y¥? + Cey? (13:7)
where the c;-values are arbitrary scalars, x and y orthogonal coordinates,

parallel with the grid system. The prediction point is at the center block.
The predictor is

i=1

~X 16 _ 16_
Ag* = % Ag¥dj}pi/_§ldj$pi (13:8)
-

oF 1 for the four closest and the four most distant points

p; = — v 4/5 for remaining points (For n=2 in eq (13:1); p;=1.)
(Non—-equidistant applications can be considered)

The prediction is error free at the center of the innermost block. Proofs
for eq. (13:3), (13:5) and (13:8) are obtained by expressing the gravity
anomaly explicity in the predictors. See also Slnkel (1981b).

Predictions inside the whole center block of the model eq. (13:7) are
exact when using the predictor eq. (13:5) in the following manner.

Let the prediction point have the coordinates (x,,y,)-
There are four x—lines with four observations in each line.
1. Compute the Ag* at y, for each x-line. Predictor eq. (13:5).
2. Use the four values of 1:0 for a prediction of Ag¥ at the
coordinate (x,,y,). Predictor eq. (13:5).
P. Enflo (private communication) used the following strategy.
1. Predications are made for a set of points between the given points.
2. The given points are predicted from the 'unknown points’.
3. The errors at the given points are divided by 2 and subtracted from
the observation value when making the final prediction of the unknown
points.

This predictor has remarkable properties.

A numerical example will be given.
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Given data set!
y = t3 t=-1,0,1, 2, 3, 4, 5, 6, 7, 8, 9

We will use the observations in every second position for a determination
of the best prediction at the missing points.

Predictor: The Enflo technique displayed above.

True y-set: -1, 0, 1, 8, 27, 64, 125, 216, 343, 512, 729

Observed y-values: -1, 1, 27, 125, 343, 729

Predicted y-values: 0, 14, 76, 234, 536

Autopredictions: 7, 45, 155, 385

Autoprediction errors: 6, 18, 30, 42

Corrected autopredictions: -2, 18, 110, 322

Final predictions: 8, 64, 216 (Exact!)

The Enflo predictor is exact (at the center point) for constant spacing and
combination of t, t2, t3! It is directly applicable to our robust approach,
where we make use of inversion-free predictors on the embedded sphere. The
prediction of a new point on the external surface should be preceeded by an

inversion-free prediction of the Ag¥ for the nadir point of the actual point on
the external surface. The upward "continuation" is then t2ag¥.

We also note the Box-Jenkins inversion free predictor. The geodetic
application will be

Agj = E Ag, e‘cnji (13:9)
1

where r;; is the distance between the fixed and the moving point, and c is
user-defined constant. It might be of special interest for predictions on the
embedded sphere, and it can be applied for autopredictions.

Hardy (1985) made use of a '"multiquadric-biharmonic representation” of
the disturbance potential. This kind of approach uses the following model

Ty = I Dyiey (13:10)

where T is the disturbance potential at the point Py and r the distance
between this point and the point sources o;. For the free {)oundary value
problem we obtain.

Z [ '—I"QJC:OSGJ + gP.J.i.]
(13:11)

D}i = rﬁ + ré - 2rjroc05w
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where r; is the geocentric distance of the actual observation and r, the
geocentric distance of the point source.

This approach has a limiting value for (rj - ro) = 0 (with new o-values)

Agj = -h E [Sin(wj,-/Z)]oti : (13:12)

Numerical results from the Hardy predictor are found in section 21, where
prediction of gravity anomalies on the external surface is displayed. For this
kind of operation, the method is competitive with any of our alternative
predictors. The validity of this predictor for prediction in space as well as
for prediction of the potential and its derivatives has not yet been fully
investigated.

The predictor was applied to a test area in Manitoba (Canada). See
section 19.

The following results were obtained. (RMS prediction errors)

Radius rg HMS error
(km) (milligal)
6350 10.2
6360 19.6
6370 10.2

These results seem to indicate that the predictor might have rather
adverse properties for prediction in space. See section 21 for further details.

The predictor is interesting for (rj-ro) = 0, where it only operates with
the autoprediction. The predictor excludes the closest observation, when it is
at zero distance from the point source.

The methods described in this section are only of interest for
interpolation (densification) on the embedded sphere or the external surface.

The general method of Hardy according to eq. (13.10) and eq. (13:11) is
not regular at infinity and cannot be used for a solution of the geodetic
boundary value problem. It is not an inversion-free predictor. Eq. (13:12) is
convenient for densification (interpolation) between Ag*—values on the
embedded sphere.

A numerical application of eq. (13:5) is presented in section 6.1. It is
obvious that the prediction technique is of interest for inversion free
predictions when using 'high density' observations in an equiangular grid. A
challenging application is expected for a 5°x5° grid,

An extension of eqg. (13.5) to six observations gives exact predictions for
arbitrary combinations of first, second, third, fourth and fifth powers if

P1 = Pz =1, Ps = Ps = -% and ps = ps = 1/10 (13:12)
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14. Combined solutions

Spherical harmonic solutions have frequently been combined with
traditional Stokes’ solution in order to obtain increased accuracy of the local
solution. The integration of the Stokes integral can be restricted to a small
circular cap Ao.

The geoidal height on the sphere is then computed by the formula

N _ % R ¥ .
N = Ay {l(Ag nnggn)S(w)dd * 5, ngzt" Ag, (14:1)

where
R is the mean earth radius
y the theoretical gravity
Ag the free air gravity anomaly
S(w) the Stokes function

wo the radius of the circular cap (A¢) where the gravity anomalies are
given,

Ag, the n-th degree harmonic of the gravity anomalies, at latitude ¢ and
longitude A

x the maximum degree of potential coefficient used
the unit sphere

N the geoidal height.

t, = 2/(n-1) (for the most simple approach)

The coefficients (énm, énm) of the spherical harmonic expansion are mostly
obtained from an integration technique for the gravity anomaly Ag

(&) = apmnlfesl S JPontaintee 1a:2

where ﬁnm&ﬁn$) are fully normalized Legendre coefficients of degree n and
order m, ¢ the geocentric latitude. The formula is normally discretized.

The gravity anomaly on the sphere can be computed by

Ag = v I % (n-1) (C,pcosmh + S, sinmA)P,.(sind) = I Ag, (14:3)
n—2

n=2 m=o0

The disturbance potential T is
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, ey Ag, (14:4)

|2
it | 1t

)

iit~8

1132
< |’

(ComCOSMA + S,osinmA)P,,(sind) =
n=2 m=o0 n
Eq. (14:1) is not optimal with respect to the truncation errors. A number

of modifications have been presented, which are more or less complicated. The
error of the solution is very much dependent of the size of the "cap" as well
ags the number of spherical harmonic degrees included. See Molodensky (1958)

and (1962).

For further details see Engelis et al (1984), (1985), Jekeli (1981),
Heiskanen-Moritz (1985), Meissl (1971), and Sj8berg (1986).

These techniques are useful for a combination of local observations of
gravity anomalies and global spherical harmonic coefficients., Most solutions
suffer from the artificial discontinuity of the potential at the edge of the
circular cap.

The straight forward application postulates no external topography and an
ellipticity that can be ignored.

A rigorous combination of local and global information can be made in a
very simple way, when using our previous harmonic embedding. This is a
consequence of the fact that our technique excludes all integrations. Still, the

complete global contribution is included. A Dirac approach is considered
below.

The gravity anomalies of the local field are given by the vector Ag.

From the spherical harmonic expansion of the global field we compute the
corresponding gravity anomalies (Ag.) for all given points. Then we solve for
a set of Ag¥-values which satisfy the relation

Ag-Ag, = Aag¥ (14:5)

Ags = (t;2-t0)d33
The intermediate solution is then

ag* = AT (Ag-Ag,) , (14:6)

Predictions at the point q can then be obtained by

. _GM x =@ - F o anE s
Agq = -Ijg ngz mgo(n—l)tg(Cnmcosm)‘+Snm51nm)‘)an(sln¢) + Fag¥ (14:7)
a GM X n - - . - . -

Tq == L I t0(Cpmcosmh + S,,sinmA)P,.(sind) + ro I S(w)q;8g¥

q rq n=2 m=o0 q i 9
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— 2_4+4 -3
Fy, = (tq tq)dqi
tq = ro/ry
The geocentric distance to the point q is denoted dg, The solution

compensates for ellipticity and topography in a rigorous way if r, ¢ b.

The difficulties of the Molodenskii approach are introduced, by the
definition of a continuous gravity field inside the circular cap As. We avoid
all these difficulties, when using the harmonic embedding with an exact fit to
the given discrete observations on the non-spherical external surface. All
discontinuities of the potential and its derivatives at the edge of the circular
cap are avoided after replacing the cap by the original discrete observations.
See also Bjerhammar (1969b) and Lachapelle (1977).

It should finally be noted that the size of the cap is of great importance
when considering the application of so called improved Molodenskii truncation
methods.

Cruz (1985 p.60) stated ". . . one can see that the improved methods give
better results for relative large caps only. From the practical point of view,
anticipating the use of nref=180, then we can say that for cap sizes and
accuracy levels of interest the improved Molodenskii method offers no
significant gain over the unmodified case in both radial and horizontal
disturbance computations.”

It should furthermore be noted that the Molodenskii truncation technique
is disregarding the errors caused by a nonspherical external surface. In a
number of applications, we can expect more serious errors from the
topography.

The most promising approach seems to be to use a high degree spherical
harmonic expansion, which also includes corrections for ellipticity according to
Pellinen (1982). The residual discrete gravity anomaly inside a given cap can
then be taken care of by our tehnique of harmonic embedding. The highest
accuracies are expected when a set of residual gravilty anomalies are used for
the determination of the optimal radius of the embedded sphere. We also
congider using the technique with covariance functions which normally are
applied to a fixed radius of the embedded sphere. In this case, we should
include an adequate 'tayloring' of the covariance function. The omission of
low degrees of the kernel (up to 20 or 50) gives a considerable improvement
of the condition number and has to be used for dense networks. See
Tscherning (1983) for further details.
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15. The discrete mixed boundary value problem

Holota (1981) formulated a general problem of determining the shape of the
earth from gravimetric and altimetric data. It is here a question of a "mixed
boundary wvalue problem". The linerized problem was treated in some
interesting papers. Holota used variational methods for a proof of the unique
solvability of the problem for continents sufficiently small. These findings are
of special interest because the classical Stokes' problem has a singularity for
degree one. This means that the solution postulates that no harmonics of
order one are included. Svensson (1982a) found that it was possible to extend
the result to general ocean configurations regardless of the size of the
continents. These considerations were based on the assumption of an
infinitely smooth coastline. The solution was made in Sobolev space with the
use of pseudo-differential operators. The numerical solution was completed
with finite element methods. These two contributions give together the
theoretical foundations for solutions of mixed boundary value problems in
physical geodesy.

Svensson (1982a) questioned the application of traditional collocation
methods for this kind of problem. He wrote "No proofs of convergence or
stringent estimates of accuracy are known. However, it is unlikely that the
wellposedness of the problem may be expressed in terms of the mean square
norms which are in common use in collocation methods.”" The general theory
of mixed boundary wvalue problems has been studied extensively in the
mathematical literature. These studies have not been considered to a greater
extent in geodesy. Svensson (1982) makes the following conclusion: "There
are sirong indications, very disturbing considering the amount of work spent
on the method for the last two decades, that the direct least squares approach
is unstable for mixed data."

Svensson (1985) made a more detailed study of the numerical aspect of the
mixed boundary value problem and concluded. "Three questions concerning
the altimetry-gravimetry problem in different forms are considered. The first
question is whether those problems in general have unique solutions. The
answer to this question is "no", which is shown both by analytical and
numerical methods... The third question is whether classical methods such as
least squares approximation are correct for the mixed problems. The answer,
which is "no" , is again obtained by both numerical and analytical methods.”
Furthermore, he stated that the least squares method is unsuited for mixed
problems. He favors "Galarkin method ... or methods with overlappings -

Bjerhammar."

It is interesting to note the acceptance of overlapping as a useful
technique for overcoming the difficulties encountered here. The study of
Svensson has no direct indication of an application of the technique of a
harmonic embedding for a discrete solution approach. The consequences of
this special technique are rather special and some comments might be
justified.

1. The external surface is only "defined" at infinitesimal surface elements
where observations of gravity or altimetry have been given.
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2. The harmonic embedding generates a continuous gravity field outside
~ the selected sphere with the properties:

1. All given observation data are satisfied
2. Harmonicity is valid down to the embedded sphere. AT=0
3. T=0(r~!') as r-o

4. All missing data (for the unknown surface) are generated directly
by the solution on the embedded sphere. Consequently the
"overlapping” is absolute for T and all its derivatives, as long as we
have only a finite number of observations for the embedded discrete
approach,

This means that classical "mixed boundary value problem" is non-existent
for our kind of study simply because we generate a solution which is always
continuous for the different kinds of fictitious observations on the external
surface. Furthermore, geoidal heights and gravity anomalies overlap
continuously on this surface.

This is true for the potential as well as its derivatives. The difficulties
of the "mixed boundary wvalue problem" are still exceptional and it might be
desirable to make use of the MINQUE technique for the overdetermined case
when choosing the weight relation between different kinds of observations in
the overdetermined discrete approach. Renormalization might be of some
interest for the mixed approach, but no results are available from this
technique.

We summarize the three alternatives.

1. Svensson (1982a) Sobolev space technique

AT = 0 outside the earth

T =0(r"') as r 2 « (regular at infinity)
T = 4N on the oceans
%2 + 2T = - Ag on the continents

r r

Sanso (1983) concluded that the maximal size of the continent cannot
exceed 20.7% for this approach when including the zero degree component.
Svensson (1983) found this problem well posed if the zero degree component
was removed.

2. Holota (1980) and Sanso (1985). Variational methods.

AT = 0 outside the earth
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= 0(r’!) as r @ o (regular at infinity)

%% = - §g on the oceans (Cf. eq. 16:1)
aT
Fre ZT - Ag on the continents

r r

Maximal size of the continent, ensuring uniqueness is 14.7% of the total
area according to Sanso (1983).

We note that no harmonic embedding is used in these approaches.
For a discrete approach, we make use of harmonic embedding in order to

avoid the singularities at the border zones between the different kinds of
observations.

3. Discrete harmonic embedding (with overlapping).

The mixed boundary value problem of the external sphere is replaced by
the auxilliary (unmixed) boundary wvalue problem for an embedded sphere.
Observations of gravity anomalies and geoidal heights are considered to be
overlapping to some extent.

The solution on the embedded sphere generales a gravity field that
satisfies all given observations and is continuous on the external surface.
Clearly, we have no longer a mixed boundary value problem for the external
surface.

AT = 0 outside the embedded sphere of radius r,

T=0(r!) asr @ o

Ty = YNy on the oceans (and continents) cf. eq. (3:4)
3;} + ZI* = - Agj; on the continents (and oceans) Ccf. eq. (4:3)

where N, is an observed geoidal height, and Ag; an observed gravity anomaly.
All surface elements on the physical surface are infinitesimal and no
restrictions on the surface elements are required. The discrete observations
define the constraints of the solution.

The overdetermined approach benefits from a generalized inverse
technique, although complete singularity is normally avoided. For most
applications eq. (5.1:9a) can replace the generalized inverse technique.

The difficulties of the mixed boundary value problem is somewhat related
to the difficulties of the combined problem of Molodenskii., Cf. section 14,
Finite surface elements generate discontinuities of the horizontal derivatives in
most applications.
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16. The fixed boundary value problem (known external surface)

Modern satellite methods (GPS and VLBI) give direct determinations of the
geometrical coordinates of points on the surface of the earth. This means that
the free boundary value problem sometimes has to be replaced by an
alternative approach, where the boundary surface is no longer considered
unknown.

We will consider this problem when using a discrete approach to an
embedded sphere in accordance with our previous technique for the free
boundary value problem.

The disturbance potential is denoted by T. Furthermore

aT
— (gj”7j) - _6gj (16:1)

ar‘j
where £ is observed gravity, j theoretical gravity, r; geocentric distance
6gj gravity disturbance. All quantities are related to the observation point
P;. It should here be emphasized that rj is the true geocentric distance.

J
Harmonicity is wvalid for the quantity

aT
T ar

and we use the Poisson integral as an integral equation for the determination
of (Sg on the embedded sphere

. rij-rd sg* .
o¢ j B 4nr II (r +ro -2r; roCOSw)3/2 ds (16.2)

where r, is the radius of the embedded sphere, « the geocentric angle
between the fixed and the moving point on the surface of the embedded
sphere.

In our discretie application we obtain a matrix equation

et o (16:3)
where

Aji = (tz—t‘)(1+t2~2tcosmji)—3/2

t = ro/ry

Equation (16:2) is rewritten by the use of a Legendre polynomial

= = J[ 6e* I (2n+1)tnt2p (cose)da (16:4)
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where ¢ is the unit sphere and P,(cosw) the Legendre polynomial of degree n.

We make a corresponding expansion for the disturbance potential
T = <2 II og¥ ¥ x,t"*1P, (cosw)do : (16:5)
471’ pa n=o

where X, is an unknown scalar which has to be determined.
The differentiation of T with respect to ry gives

a1

I § X 3 + .
kT lj 6€* T xa(m+1)t™7 Py(cose)da (16:6)

Equations (16:4) and (16:6) have to satisfy (16:1) for any degree of n.
Thus we obtain

Xn = (2n+l)/(n+1) (16:7)

Clearly, we have found the disturbance potential

. r x v f(2n+l) '
T = Zﬁ IJ 6g ngo 1 tnt1p (cosw)ds (16:8)
or
1= Lo lj sg* H(w) do | (16:9)
where
H(w) = [2t/d + log(l+d-t)/(1+d+t)] (16:10)

d? = 1+t?*-2tcosw

The discrete approach gives the disturbance potential from the wvector
product ’

T = roH(w)6g¥ (16:11)

The vertical deflections are defined by (o measured clockwise)

{ f’ } = ty“(aH/au)Gg* [ ;gi: } (16:12)

where o is the azimuth and the elements of the vector (9H/3w) are given by

JH

3, - 2t?sinw(d™? - ((1+d)2 - t2)7t)d™! (16:13)

See Bjerhammar and Svensson (1983) and Koch and Pope (1972).
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17 Point values versus mean values

Our previous analysis has exclusively been related to point values. We
start with given discrete point wvalues and the prediction will finally be
discrete. A successful application of true point values is only possible for
observations at limited distances. See for example Heiskanen-Moritz (1985) p.
270. "For larger distances, 50 km or more, prediction of individual point
values becomes meaningless.” For such cases we must work with mean
anomalies of, say, 1°x1° blocks. For each block a large number of
observations will be used when estimating the mean. This mean value will
then be used as a discrete value, representing the center of the block. We
keep the discrete technique when using the mean values.

A selected surface element AS; might be linked with the following mean
Af’:J = 2 piAgi/n % Sj (17'1)
1

where Ag; is an observation, p; the associated weight, Ag¢ the weighted mean,
n the number of observations, and s; the standard deviation of the weighted
mean,

J

For the height information, a similar mean can be computed

= E pihi/n t Sh
1

More advanced error models will sometimes be justified. However, only least
squares technigues fully recognize the standard deviation of the observations.

Most studies are made with rather simple estimation technigques, when
estimating the mean value of Ag over a selected surface element. Integration
techniques can normally not be used for applied models.

Collocation methods benefit from mean values for most applications. The
acquisition of mean values for a set of surface elements will sometimes be
needed from information given by the use of a spherical harmonic expansion.

Three different techniques can be considered.

1. Integration is made over the whole surface element. The method is
only convenient for theoretical models. The center point of each element
is selected to represent the whole surface element with the discrete mean
value.

2. For each surface element, a discrete mean value is computed. This
value is located to the center of the surface element.

3. The surface elements are chosen so small, that the choice of the
"center points" will be representative.

If mean values are not available for a theoretical model, then discrete

point values of a lower degree can serve as substitutes when formmg "mean
values". See also Rapp (1977a), (1978), {1978a) and (1979).
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18. The energy integral for satellites

If we consider a satellite moving in vacuum around the earth, then we can
make use of the following relation.

Potential energy + kinetic energy = constant

We apply this relation to a satellite of unit mass. The gravity field of the
earth will be given by a spherical harmonic expansion. The velocity of the
satellite relative to the earth will be denoted by wv. Mostly, the satellite
velocities are mnot directly available. However, if the orbit of the satellite is
known, then the satellite velocity can easily be computed. Modern GPS
satellites mwight give useful information for direct determination of satellite
velocities. Formally, we can use any kind of velocity determination.

For each satellite we obtain a system of linear equations

vi¥/2 = oM r E [%j'] (CpmCOSMA + Snmsinm)\)an(sin@) + c (18:1)

j n=2 m=o

where G is the Newtonian gravity constant, M the mass of the earth, v, is the
satellite velocity at the geocentric distance ry, ¢ geocentric latitude, A
longitude of the satellite, P,, associated Legendre polynomial of degree n and
order m, C,, and S, harmonic coefficients. Finally, c is a constant which is
valid for the actual satellite. (Satellite velocities are measured relative to the
earth.)

Polar satellites will be most useful for this kind of operation, because
they are scanning the whole surface of the earth. Any number of satellites
can be used, but the final solution has to be restricted in such a way that it
includes, at most, the same number of unknowns and observations.

Satellites at low altitudes will lose energy by friction with the atmosphere.
There will also be a problem with the solar radiation. Corresponding
corrections have to be applied for a successful application. The practical
consequence will be that the constant c¢ is changing with the time parameter.
If there are sufficient reliable observations, then the quantity c¢ can be
replaced by the expression

C = ¢Co + bt + 2+ L,

where the coefficients ¢4, ¢,, ¢, ... are determined in the solution of the
system of equations.

The system will allow a direct combination with gravity observations on
the surface of the earth when using an embedded sphere for the spherical
harmonic expansion. The combined methods will normally suffer from
inconvenient condition numbers. Successful applications for degrees higher
than 20 require special precautions against bad condition numbers.

78



The most promising application of the energy integral will require a
specially designed satellite. Such a satellite should have two main components.

1. An outer shell which is exposed to the atmosphere and the solar
radiation in the traditional way. There is a vacuum inside the outer shell.

2. Inside the outer shell, there is a free moving body which is the main
measuring unit. This is the inner body.

The inner body is correctly sensing the gravity field of the earth.
However, its movements are not visible from the ground. Furthermore, the
system works only as long as the two units have not been in physical contact.
Therefore, the following two modifications are mandatory.

1. The outer shell has a sensing device, which triggers an orbital
correction Lo the outer shell, when the distance between the two units
decreases below a specified level.

2. The outer shell also includes a transmitter unit, which transmits the
data for the position of the outer shell relative to the inner body.

Thig kind of device has already been discussed in the geodetic community.
See Colombo (1981la).

The suggested device has some interesting merits, but a successful
application will need an advanced technique for tracking the movements of the
satellite. There are several options, and it is expected that the most
promising technique will be found at electromagnetic frequencies of 50
Gigahertz (or higher). The influence of the ionosphere will here be rather
modest.

An indirect geodetic application of the suggested technique can make use
of available information about satellite orbits. This orbit information gives

directly the wanted velocities.

For further details of the energy integral approach, see Bjerhammar
(1969), Moritz (1971), (1974) Rapp (1973), (1974), Rummel (1976), (1981).
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19. Satellite altimetry

If perfect orbital observations are available, then satellite altimetry gives
an excellent tool for mapping the sea surface topography over the oceans.
Very detailed maps of the geoid as well as the gravity anomaly have been
obtained by the use of this technique. See for example Rapp (1985).

Observations along the orbit are almost equidistant and eq (13:5) is
directly applicable. Interpolations between four adjacent orbits can be made
with the same technique, applied on the previous predictions.

N*,2,~ p; = 1 for the two closest observation
d.;
~ ; ji
Ny = —2—— (19:1)
Z '&E'L“‘ p; = -¥a for the two remaining observations
i

(For six observations see eq. 13:12.)

where Nf is the geoidal height on the embedded sphere. The sea surface has
only slight deviations from an ellipsoid. When using an embedded ellipsoid
coinciding with the reference ellipsoid, we can use t=1 and predictions of the
geoidal heights can be made all over the oceans. The Brun’s formula gives

Ny = Ty/v;
where T; is the disturbance potential and y; the theoretical gravity. Cf.
section 8.

Often, gravity anomalies are computed from observed geoidal heights.
Molodensky (1962) outlined the following technique.

The gravity anomaly is defined by

aT; . 2T, _ )
#+#——‘Agi (ro~r‘j)

If T, is twice differentiable in the limit Tj->Ti, then the Poisson integral gives
the radial derivative

aT; T; 1 T:-T;

—— = e o —= 1 . S = - Ly . = - : N

ar To F 2n II (rj2+rg~2rjrocosQ)3/5 ds (gJ 7J) 6gJ (19:2)
or

aN; N, 1 N;-N; [

LA\ S\ § S S AN = - 98y .

ar ro * 2nr, II d? o Y (19:3)
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L= Y 1 Ni‘Né R
ogs = - L [Ny + 152 JI " da,] (19:4)
)

This formula has been called the inverse Stokes formula. There is a
regularization problem for wji 0. See Rummel (1977) for further details.

The sea surface is very smooth and therefore a renormalization can be
considered for the final solution.

Primary solutions from eq. (19:3) are considered to be available. The
validity of this approach is now verified by the following two steps.

1. An embedded sphere is introduced with t £ 1 for all observations.

2. The gravity disturbances of eq. {(19:3) are converted to (‘Sg*—values by
the simple transformation

6g¥ = t 26g (19:5)

3. Renormalized predictions of N are made from eq. (19:5)

ro I H(o);6gfaa; 7= [[ 2 do
Nj = 1 (19:6)
Ag; ‘

L dj;

where

H(w) = (2t/d + log(l+d-t)/(1+d+t)) See eq. (16:10)

wlla

We can also choose the alternative approach with integrations, which
have to cover at least a circular cap around the actual point with discrete
operations for the remaining surface..

4, Any significant errors at the given points are used for further
improvements by the use of eq. (19:2). The distant zones can eventually
be taken care of by the use of the technique discribed in section
"Combined solutions". (Another approach will be to convert the gravity
anomalies of distant zones to gravity disturbances.)

The sea~surface is directly observed by the altimetry technique. It is
therefore natural to make use of the formulas for the fixed boundary wvalue
problem when computing the geoidal heights.
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20. Invariance with respect to the covariance function

The early application of least squares collocation according to Moritz
(1972) used a strong link to the theory of stochastic processes where the
estimation of a covariance function was of utmost importance.

Mostly covariance stationarity is postulated and this means in the geodetic
application, that there should be homogeneity as well as isotropy for the
stochastic process. The covariance function should have an invariance with
respect to distances as well as topocentric angles.

The covariance function of the gravity anomaly can be defined by

cov{Ag(d)} = E{agag(d)}

where E is the statistical expectation, Ag an observed gravity anomaly and
Ag(d) any gravity anomaly at the distance d. In geodesy, the expectations
have been replaced by the integrated value over the unit sphere

cov{Ag(d)} = Z% ff Aghg(d)de ¥ E(Ag) = O
[+

where ¢ is the unit sphere. Furthermore

Var{Ag} = Z_l% jf Ag?de

The square root of this expression is mostly called the root mean square
(RMS)

RMS{Ag} = V var{Ag}

For the real earth, the RMS of a point value of the gravity anomaly is
about *42 mgal. Mean values have always smaller RM.S and for 1°x1°® 25
mgal might be representative. The covariance drops down to about * 2 mgal
for a geocentric distance of about 5°. The most applied covariance function
was given by Tscherning-Rapp (1974).

The covariance function has played an 'important role in modern
geophysical studies. It has its own merits, which don’t necessarily postulate
an application to the theory of stochastic processes.

However, the geodetic use has mostly been combined with an application to
the stochastic processes.
Lauritzen (1973) proved non-ergodicity for a normal distribution in the

geodetic case. This might indicate that the covariance function cannot be
used for an optimal prediction technique. Lauritzen stated however, that it
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cannot be "a bad idea" to make use of an empirical covariance function for
gravity prediction. However, the estimators are no longer stochastic but
instead minimum norm estimates (not necessarily unbiased).

The validity of this technique has been very much questioned, but it has
been expected that the least squares collocation is the best technique for

estimating standard deviations of the unknown quantities, It is true that
standard deviations are frequently computed by the use of least squares
collocation. The value of these standard deviations is somewhat limited

because they have infinite confidence intervals (zero degrees of freedom).
The user simply makes an error propagation when postulating that the
standard deviation of unit weight is known. Estimated standard deviations
cannot be obtained from pure collocations, because they include no degrees of
freedom.

Our impulse technique gives unbiased estimates of the variance for any
degrees of freedom, with the use of classical stochastic models.

Very large sets of observations are most conveniently studied by the use
of a residual field of observations, which are not included in the direct
primary evaluation. See for example Cruz (1985). This kind of technique is
equally applicable to all methods discussed here.

We will now collect available information about the equivalence between
minimum norm solutions and the Dirac technique.

1:0 If the external surface is a sphere, then the minimum norm solution
and the Dirac solution are identical for r§ = rjro. See sections 9 and 10
2:0 If the external surface is non-spherical, then the minimum norm
solution and the impulse technique are identical if the impulses are located
at the geocentric distances r, = r§/ro where ry is the geocentric distance
of the actual point. See sections 9 and 10,

3:0 When a weighted norm solution was used on the Manitoba field,
together with the Dirac technique, then the optimal solutions were found
to have identical RMS errors, but different depths to the embedded
spheres. See Sj8berg (1978). Hardy (1985) obtained the same minimum
variance with a completely different technique. All three techniques
included an indirect least squares approach.

4:0 Cruz (1985) obtained the optimal solution for a depth to the embedded
sphere of 20 km for the Dirac technique %0.98 mgal. The minimum norm
solution (l.s.c.) was optimal at a depth of 3.5 km. The last solution gave
about 50% larger RMS error for the predictions (:1.55 mgal). However
these solutions were obtained with maximal residuals of 0.5 milligal, for the
iterative approach. We conclude that the two solutions have no significant
difference. A laler study of the same model gave almost the same optimal
variance for the "diagonal invariant"” technique (%0.96 mgal). The depth
was now 20 km.
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These investigations indicate that the optimal solutions are almost
invariant with respect to the covariance function, when allowing variation of
the radius of the embedded sphere.

The study of Katsambalos (1981) gave significant improvements with the
Dirac technique compared with a solution wusing the ~ Tscherning-Rapp
covariance function. However, no optimization of the radius of the embedded
sphere was made for the l.s.c. technique.

Conclusions. As long as we have no overdeterminations, then the outcome
from a pure collocation is unique, but the results vary with the choice of the
radius of the embedded sphere or the covariance function.

If overdeterminations are added (degrees of freedom), and the radius of
the embedded sphere is a variable, then the minimum variance seems to be
invariant with respect to the choice of covariance function. We postulate that
all compared covariance functions include the same degree of a Legendre
polynomial. No rigorous proof has been given for this statement. However,
the study of Lauritzen (1973) gives some support for this statement. If there
was any superior covariance function for the actual stochastic process, then
no invariance could be expected.

It seems justified to recommend an optimization with respect of the radius
of the embedded sphere. This should mostly be a more rewarding technique
than an optimization with respect to the choice of the covariance function.
(The covariance function includes an infinite number of unknowns and the
radius of the embedded sphere is defined by a single unknown.)

Perhaps it should be mentioned, that the spherical harmonic expansion for
an embedded sphere is not uniquely estimable from a set of discrete
observations on the non-spherical surface of the earth. There will be an
infinite number of sets of degree variances, which all will fit equally well to
the given observations. Cf Keldych-Lavrentieff (1937).

Present covariance functions used 1in geodesy, mostly express the
covariance as a function of the geocentric angle, without considering the
shape of the topography. This might explain that the more advanced L,-norm
solution mostly have given poorer results than solutions according to
Bjerhammar (1964) or the equivalent approach Bjerhammar (1976). See
Katsambalos(1981), Sjoberg (1978) and Cruz (1985).

If there is a reliable sphericcal harmonic expansion, then this information
can be used rigorously by the combined technique of section 14 (without
forming any covariance function).
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21. Test models

Several comparisons have been made between the Dirac approach and the
so called least squares collocation (l.s.c) of Krarup and Moritz.

Some results will be solicited here.

Sj8berg (1978) obtained the following RMS vertical deflection errors for
the Molodenskii mountain models. (Equal angular differences)

No. of Collocation (COVA) Dirac
obs. &n Gn
93 * 0.59 t (.90
99 t 11.4 t 1.3

The number of predictions was 37. Both methods suffered from using the
largest set of observations. The least squares collocation (l.s.c.) "failed" for
the larger set. Sj8berg (1978 p.71): "For a given radius of the Bjerhammar
sphere the Dirac method is more stable.”

Katsambalos (1981) studied the gravity vector in space when using surface
data. For a 10°-inclination conical model he used on area 0.8x0%8 with a 2’

grid.

Predictions at a height of 10,000 m:

Errors
True L.s.c Dirac

~36.89 mgal 8.10 mgal -1.82 mgal
34.66 8.51 -1.55
29.48 8.99 -1.39
23.43 9.26 -1.25
17.93 9.53 -1.19
13.51 9.72 -1.21
10.15 9.99 -1.18

A considerable improvement was obtained with the Dirac approach in spite
of less computations. Cruz (1985) made use of a New Mexico test area of size
2°x2° and 5°x5° surface elemenis. A comparison was made at 25 points in
space where the gravity anomaly was known at three orthogonal directions.

The following results are partly from this study. By courtesy of the

author we have also the results from "diagonal invariance" and depths below
20 km.
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Reference:

Eq. (4:4) Eq. (9:4) Eq. (11:3) Eq. (9:17) Dipoles
Depth Dirac(Ag¥) L.s.c(ag®) "Diagonal L.s.c(T*%) Dirac(m¥)
invariance"

1 km 3/6.01 10/2.39 1/11.43 10/12.17 , 3/11.88
3.5 5/1.79 10/1.55 3/4.7 10/6.28 3/8.5

5 7/1.23 10/1.96 5/2.22 10/4.12 3/5.21
10 10/1.14 10/2.57 10/1.11 10/2.26 5/1.08
15 10/1.23 10/3.17 10/1.31 10/1.82 10/1.05
20 16/0.98 10/2.96 10/0.96 10/2.67 10/1.11
30 106/1.43 10/1.49

40 10/2.02 10/1.90

The number of iterations is given as the first figure and the second
figure gives the RMS prediction error in milligal.

Cruz (ibidem) concluded "the Dirac systems have faster convergence
(fewer number of iterations) than the least squares collocation system ... For
the dense 5°x5° data used in our New Mexico tests ... the Dirac results were
superior to those of the l.s.c. because of the ill-conditioned matrices in the
latter system... Matrix conditioning problems with the l.s.c. approach support
preference to the Dirac systems for rigorous ireatment of the topography at
detail (6°x5°) resolutions.

Stoski (private communication) obtained the following condition number for
the Molodensky mountain model. (Equal angular differences).

Dept of the
Sphere Dirac approach L.s.c (COVA Model 4)
10 m 11,437 36,232,433
375 2,137 111.324.562
750 1.930
1200 1,434,135.264
1500 3,721

The grid system uses equal angular size elemenis with a pole at the top
of the mountain. See Sjdberg (1975): 99 points model. We note that the
condition numbers are almost squared for the l.s.c. technique.

Tscherning (1983) showed how improved results could be obtained with the

least squares collocation when using the model of Moldensky. For this
purpose he truncated the traditional covariance function by omitting the 20
lowest degrees (or 50). He concluded: "We should be able to get resulls as
good as using the Dirac ... approach.” A simpler way of reaching this goal

might be to optimize the radius of the embedded sphere, which gives results
compatible to the corresponding Dirac approach. However, the depth to the
embedded sphere is more critical. The study by Cruz (1985) shows that we
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can allow a variation between 3.5-30 km for the Dirac approach without
exceeding the variances found for l.s.c inside the depth interval 3.5-5 km.
Furthermore, the minimum variance of the Dirac approach is less then for the
l.s.c.

The "diagonal invariant" approach (section 11) has the same low minimum
variance as the Dirac approach. It resembles the Dirac approach more than
the lL.s.c. However, a detailed analysis of this method is still not available.
Furthermore, no test results have yet been presented for the renormalized
approach when using local models. (The technique is not directly available.)

Sjbberg (1978) made a study for a test area in Manitoba (Canada).
Gravity anomalies were predicted from 87 observed anomalies. The number of
predicted points was 50. The study included a Dirac approach and a least
squares collocation (subroutine COVA; see Tscherning~Rapp (1974)). Iterations
were interrupted when the number of iterations exceeded 30 or when the RMS
residuals were less than 0.25 mgal (alternatively the maximum residual less
than 0.5 mgal). Later Hardy (1985) used the same model.

Dirac Method L.s.c Hardy’s
technique
ro depth No. of RMS error No. of RMS error RMS error
(km) (km) iterations [mgal] iterations [mgal] [mgal]
6315 55 30 10.7 30 11.8 10.9
6320 50 25 10.6 30 11.7 10.8
6325 45 16 10.5 30 11.5 10.7
6330 40 10 10.4 30 11.3 10.6
6335 35 7 10.2 30 11.1 10.5
6340 30 5 10.2 30 10.9 10.3
6345 25 4 10.2 25 10.6 10.2
6350 20 4 10.4 11 10.4 10.2
6355 15 3 11.0 5 10.2 10.4
6360 10 2 12.0 4 10.4 19.6
6365 5 2 13.2 2 11.9 16.5
6370 0 1 13.5 1 13.5 10.2

The optimal results were obtained for the depths 25-35 km with the Dirac
technique and al a depth of 5 km when using the ls.c. The RMS of the
observed gravity anomaly at the prediction points was * 13.4 mgal (after
sublraction of the mean value -2.8 mgal.) Hardy (1985) used a predictor, with
rather different properties. All three methods had still the same optimal
RMS-value. However, this "invariance" 1is mosl certainly resiricted 1{o
predictions on the external surface.
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22. Relativistic geodesy

This presentation of relativistic geodesy uses a simpler technique than in
Bjerhammar (1986). A technique for measuring potential differences with

high-precision clocks (masers or equivalent) is described. The method can
operate over arbitrary terrestrial distances using two clocks. The drift
between the clocks is estimated by using closed loops. The clocks

continuously operate during the entire measuring interval, No satellite links
are necessary but Very Long Baseline Interferometry (VLBI) and the Global
Positioning System (GPS) can be combined with this method.

Tape recorders do not need to be directly available for the kind of
operation in mind. Instead we are going to use the clocks themselves as
relativistic time traps in the phase mode. All phase comparisons are made
over coaxial (short) links when the clocks are available at the same site.
Thus the accuracy is limited only by the relative stability of the two clocks.
Consequently, Doppler effects of the Newtonian type have no impact on the
measuring procedure. Finally, it is also possible to compensate for drifts
between the two clocks.

According to the relativistic approach we obtain the following simple
relation between the geopotentials Wp and Wy and the frequencies fp and fy
for two points P and Q

£3/f3 = (1-2Wg/c?)/(1--2Wp/c?) (22:1)

where c is the velocity of light. We have a weak gravity field which means
the following approximation may be used:

WP . WQ = (fp“‘fQ)sz_‘l (222)

where f = (fp + fg)/2. With this approach we can determine geopotential
differences after measuring the frequency differences at the two poinls in
question.

Somewhat conflicting statements concerning the absolute stability of atomic
clocks can be found in the literature. Reinhardt et al. {1983) found a relative
frequency drift of 107'3/day for two hydrogen masers, NP-2 and NX-3, in a
study covering 3 days. Peters (1984) presented results from a new kind of
hydrogen clocks with very promising performance. We consider these
accuracies sufficient for inleresting geodetic application when wusing a
measuring technique that properly takes care of drift.

The difference in "proper time'" between two stations on the ground is
extremely difficult to observe over large distances. It is therefore important
to develop a measuring techniuqge that takes care of all systematic errors to
the highest possible degree. We consider the time needed for a measurement
as being of minor importance in this context. Instead we require that the
resulting accuracy should always improve when increasing the number of
complete measuring steps. It is understood that the measuring procedure can
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be used over a time span of up to a year. This should be acceptable for
measuring potential differences over very large distances.

" Definitions:

Universal time is invariant with respect to potential and velocity. (Mostly
called coordinate time.)

Proper time is a function of potential and velocity. See Landau and
Lifshitz (1974), Kilmeister {1973).

The idea of absolute time is rejected in Einstein’s (1916} theory of
relativity.

In inertial reference systems, the relativistic approach makes use of an
infinitesimal invariant interval, which is defined in a four-dimensional
coordinate system

ds? = c2dt? - dx? - dyz ~ dz? (2223)

where c is the velocity of light, t the coordinate time, and x, y, and z position
coordinates. If r is proper time then

ds? = c2dr?

In general one can express this interval ds in tensor notation

ds? = gijdxidxj (22:4)
Here g,;; is a matlrix with special properties that justify the name

"tensor”. In our application, it is sufficient to know that this matrix is
symmetric with the following elements:

oo Eoi1 EBo2 Eos
810 EBi11 Ei12 & (22:5)

i~ 820 821 822 &as
83io Ea:1 E32 Eas
if
goo = 1
gii=-—1fori30
gij =0 for 1 %

then this four-dimensional coordinate system is called Galilean.

The tensor g;; is called the metric tensor. The inverse of the metric
tensor is denoted by gil.
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Schwarzschild (1916) computed the metric tensor for a centrally symmetric
gravitational field with the coordinates x, = ct, x;, = r, x;, = ¢, and x3 = A

oo = 1 - 2V/c?

811 = —1/(1-2V/c?)

822 = -r?

€33 = ~ricos?¢ and gi; =0, 1%

where ¢ is geocentric latitude, A longitude, r geocentric distance, and V
gravitational potential.

Kerr (1963) included the rotation of the actual body and obtained after
postulating a stationary time-independent centrally symmetric gravity field

goo = 1 = 2V/c?

811 = —1/(1-2V/c?)

g,, = -r?

€33 = —r2cos?¢

gos = ¢ 3GMr!cos?¢ remaining g;; = 0

where G is the Newtonian constant and M angular momentum with the
approximation

M = (2mR%w)/5 (for the equator)
with m mass, R radius, and o angular velocity for the body in question.

With all mass concentrated inside a sphere of radius 2Gmec™2 (0.9 cm for
the Earth) we obtain a "black hole". For zero angular momentum, the Kerr
metric is identical to the Schwarzschild metric. For =zero mass, the
Schwarzschild metric becomes the Galilean metric (special relativity).

The Kerr solution holds for an external observer (outside the Earth). We
note thal our new metric tensor includes a nonsymmetric term. The Earth
rotates with a rather low velocity, and hence the correction will be small.

The formulas can be transformed for an observer rotating with the body.

We introduce new coordinates and ignore the relativistic change of length
A=A - ot, dA = dA + wdt, dA? = dA? + ©2dt? + 2udAdt (22:6)

where A is the geodetic longitude. Our study will be related first to two
stationary clocks at different positions on the Earth.

The "Einstein interval” ds is now defined by new g-values
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ds? = (1 - 2V/c? - r2w2cos?¢/c? + 2GMwcos?é/re*)c?dt? - dr? -
r2dé¢2? - r2cos?¢dr? + (2r2wcos?¢ — 2GMcos?¢/rc?)dtda (22:7)
Two clocks at different positions 1 and 2 generate the two frequencies T,
and f,. We put W¥ = V + (1/2)r2w?cos?¢ ~ GMwcos2?é/rc? and obtain
f2/f3 = (1 -- 2w¥/c?)(1 - 2w¥/c?) (22:8)
where W¥ and W¥ are the relativistic geopotentials at 1 and 2.

We now introduce a velocity of the clock relative to the surface of the
earth

@
dt

Then we obtain (excluding time independent variables)

~ 2w* dx  2GMcos?¢ 0.
ds? = [ - c2dt? - v2dt? - dtzdt[Zurzcosz¢ - ——;E;———] (22:9)
or
2wX v2 dA {2wr?cos?¢  2GMcos?¢ ]
2 - 2 e e | e i — .
crdrt = craez[(1 - E) - L - B [{Zerc oos 4] (22:10)
_ 1
dt = dr (22:11)
J/& _2WF vz gﬁ[2ur20052¢ _ 2GMcosz¢]
c? c? dt c? rc#
We disregard terms including ¢ * and obtain
d\ wr cos’¢ .
[] + ‘z + Ty =z ] dr (22:12)
Thus
X 2 2
e a2 Wt ov? T2 d)\urcos¢ .
tamty = jTl [1 Tt Zcz]dT * jrl dr ]dT (22:13)
or
toty = 72 {1+ W, )ar + N2 [er-cgs 2] gy (22:14)
2" Ty, c? = 2c2)°7 A, o

A circumnavigation at the equator gives basically
IAZ wr2c” 2cos2éd\ = + 207 ns (nanoseconds)
1

For further details, see Misner et al. (1973).
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22.1 The relativistic geoid

The covariance elements g;; of the metric tensor are defined by the
Einstein equations (Misner et al. 1973). In vacuum (outside a body), these
equations can be written

Rij =0 (22.1:1)
where
Riyj = aTh;/axM — arQy/axd + Th,TR, - TTIY, (Ricci tensor) (22.1:2)

We have used the Chirstoffel symbols
TH; = ghk(ag,j/ax’ + g, ;/dxd - ag;;/ax¥)/2 (22.1:3)

The metric tensor is a nonsingular symmetric matrix in our application.
The elements of the inverse metric tensor are denoted by superscripts. The
inverse relation is given by

gikgkh = 68(6 = 1 for i = j; otherwise 6§ = 0)
See also Hotine (1969) for the tensor definition.
An equipotential surface has to satisfy the condition

€oo = constant
or

(1 - 2V¥/c? - r20?cos?¢$/c? + 2GMwcos?¢d/rc?) = constant (22.1:4)

where V is the mass potential (including extraterrestrial bodies). The
Newtonian geopotential is obtained by adding the centrifigual potential
(r?w2cos?¢/2). The relativistic geopotential is finally obtained after correcting
for angular momentum (GMocos?¢/rc?). This means that there is a minor bias
in the Newtonian geopotential. It will be harmless for normal geodetic
operations.

Definition: The relativistic geoid is the surface nearest to mean sea level on
which precise clocks run with the same speed.

This definilion of the geoid is valid over the oceans as well as the
continents., The geoid is directly observable where it is accessible. Mine
shafts can be used for observations on the continents. The observed geoid
represents the "true equipotential surface” with respect to the energy
aspects. {(Newtonian physics gives equipotential surfaces which ignore the
relativistic correction for angular momentum.) See also Bjerhammar (1985).

There is no harmonic embedding involved in the relativislic geodesy. We

still include this chapter because the relativistic approach is needed for a
rigorous definition of the geoid.
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23. Concluding Remarks

Various discrete techniques have been studied and we conclude:

1. Simple discrete techniques with Dirac measures {of gravity or mass) have
given solutions which are at least as good as more advanced solutions with a
minimization of norms in Hilbert space.

2. Solutions with buried mass technique and Dirac approaches with gravity
anomalies give almost identical results in local applications, when using
unknowns in the same positions.

3. A Dirac solution with the unknowns located at the nadirpoints of the
observations is identical to an L,-norm solution, minimizing the gravity
anomaly, if the product of the geocentric distances of an observation and its
Dirac point is a constant (equal to the square of the radius of the embedded
sphere of the Hilbert space approach). L,-norm solutions are only optimal
when comparing to solutions on the same embedded sphere.

4, Predications on a ’'smoolh' external surface are almost invariant with
respect to the choice of covariance function if the optimal radius of the
embedded sphere is determined by the use of a residual set of observations
(using equal degrees).

5. In a rugged topography and with a dense network of observations, the
best predictions have been obtained with Dirac technique (Cruz 1985).

6. Estimated standard deviations are most conveniently obtained from the
Dirac (and buried mass) techniques with all unknowns on a common sphere
and proper use of overdeterminations. All predictions have here finite
confidence intervals.

7, The hypothetical error propagations used for L,-norms have infinite
confidence intervals (zero degrees of freedom).

8. Buried masses on an ellipsoid have the advantages of eliminating the error
of ellipticity without any need for ellipsoid corrections.

9. Renormalization of integral equations gives some useful applications for
global applications and the autoprediction technique gives error free
predictions for interesting gravity distributions.

10, The Newtonian flat space contradicts the existence of gravitational
potentials according to the theory of relativity!

93



24. APPENDIX: Hilbert Space Considerations

Let £ be the earth’s surface and  the complement of the points enclosed
by I. Continuous functions satisfying the Laplace condition and regular at
infinity are denoted H(Q). For the geodetic disturbance potential T(P) we have

T(P) € H(M)

A fully embedded sphere of the radius r, is located at the gravity center
of the earth.

H(w) is a subset of H(DQ)
H(w) € H(Q)

The complement of Q is denoted Qc. B is the open set of points enclosed
by the sphere S of radius r,. Furthermore o is given by

o = (B+8)¢c

The theorem of Keldych-Lavretieff states the H(w) is dense in H(Q) which
means that there exists potentials T (P) € H(w) which uniformly approach the
potential T(P) € H(0).

An inner product and a norm are defined for H(w).

Inner product:

£y, gP)p = 5 [[[[2 - 5] ot ve do vf, g € H(o)

g0

. 1 .
lim m IIf(P)g(P) dSp
S

Norm:
WE(P)N = (f(P), f(P))p*

where S8° is the boundary surface of o, C o with proper restrictions.

H(w) is a separable Hilbert space with the "reproducing kernel”

- rg{{r(Qr(P)}® ~ rg) :
K(P,Q) = T (@)r(P) 12-2r3r(Q)r(P)coswpqird) /2 P, @€e  (28:1)

With Q on S we obtain the traditional Poisson kernel

_ ro(r2(P)-ri) e
K(P’Q) - (rz(P)“zror(P)COSQPQ"'r%)S/z VQ E s (24-2)

For the reproducing kernel we obtain
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f(P) = (K(P,Q), (Q))q vf € H(w)

Exploring the properties of reproducing kernels we obtain the solution of
the Dirichlet problem for

AT(P) = O VP € w

The exterior boundary wvalue problem for the earth’s surface will be
approached when considering

r(P)Ag(P) € H(w) VP E w
and
K((M,Q), rodg*(Q))q = r(M)ag(M) WMESLS and QE S (24:3)

Here we can determine Ag¥(Q). The disturbance potential T(P) is then
T(P) = ro(S(P,Q), 4g%(Q))q VP E 0

S(P,Q) is the Stokes—Pizzeti integral. This is an alternative to our previous
presentation.

Bjerhammar (1963), (1964) used eq. (24:3) with the kernel eq. (24:2).
Krarup (1969) used the kernel (24:1) with L,-norm minimizations on the
rg-sphere.

L,-norm: Covariance function:
{J(8g*)?dS=min cov(Ag,Ag) = §=o(2n+1)t"+2Pn(005u)
cov(T,Ag) = rjgzz(2n+1)(n*l)—‘t"+2Pn(c05w)
gf(T*)zdSZmin cov(Ag,Ag) = §:0(2n+1)(nwl)zt"+an(c050)
cov(T,Ag) = rj§:2(2n+1)(n-l)t"+2Pn(COSw)
gf(p)zdszmin cov(Ag,Ag) = §=0(2n+1)xﬁt"+an(cosw) Xp=(n-1)/(2n+1)
Krarup: tzrﬁ/rjri (B jerhammar: t=r0/rj)

The last covariance function gives a minimization of the L;-norm of the
single layer density (u) on the embedded sphere. Note the resemblance
between the first and the last covariance function for large n-values.

All these L,-norms solutions are also obtained as limiting wvalues for
condition adjustments with the carrier points at "equal spacing” on the

embedded sphere, if the number of carrier points goes to infinity.

Cf. Krarup (1969), Moritz (1972), Sjoberg (1975), Tscherning (1978a) and Xu
et al (1984).
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