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i 2N-1 i
IM[X,(m)] = X vn (3) sin(mjAk)
3=0
and
i L ij
Yn(3) = Giy Wiy Ry . (4.14)

Xri(m) is still dependent on "n™, while this was not the case in (E.21). Here a

"Hen

latitudinal row "i" of mixed values T, y and Ag 4, without units, is entered in the

IMSL FFTCC subroutine and the same row is reentered‘ in FFTCC for each

i3 N : . non
"n" value of R, . Thus each latitudinal row of data is Fourier transformed "n

times.

Equation (4.12) will be computed in chapter 9. This chapter has shown how
(4.3) solves (3.36). The E,' coefficients are obtained from (4.12) where the

relation between E ;' and E,, and F,, is still the same as (3.5) i.e.

Eg' E20
Eq' E2i
Ep' Foq
Ej’ E2p
Eg' Fop
Es' | =| Esg ) (4.15)
Eg' E3;
Eq' F3i
Eg' E3p
L Ey' L Fnn

The coefficients cp,, and uy in (4.3) are given by (3.34) and (3.35). However

these two relations have not been proven yet in this work and it is not clear from

looking at them what computations they imply. Next chapters 5 and 6 will clarify

these 2 equations. Chapter 7 will show how to compute I,,(0) in (4.14).



CHAPTER V

THE GRAM-SCHMIDT ORTHONORMALIZATION PROCESS
USING SPHERICAL HARMONICS

5.1 The Orthonormalization Process.

Here we want to find a function X, such that it satisfies the following
orthonormal relation

0 n=#qg
1 Xp Xg W dO = (5.1)
4T 1 n=qg
or simply
(Xn,Xq) =0, n#q ;  (Xg,Xy) =IX[P =1 . (5.2

The Gram-Schmidt process can be used to form such orthonormal functions X,
(n=0,1,2,..,m) from a base of linearly independent functions, say L,
(n=0,1,2,..,m)is well known in the literature (Pearson, 1974, pp.958-963),

(Courant and Hilbert, 1953, p.4 and p.50). A first notation often encountered, say

method A, forms the X, as

X, = P Cnp Xp * Lp , n=0,1,2,3,..., (5.3)

Applying the scalar products (5.2) to (5.3), one can develop the following Table to

find the coefficients c .

42
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Table 1 A First Notation for the Gram-Schmidt Process.

X1 = L1 + ¢c10 Xp =>Clo=“—f—1ﬁ=;2<ﬂ%)—
0

— (L2, X0)
[1Xoll2

I

Xz = Lz + Cop XO + Coq Xl = C20

= Cpq = - (T2, X1)
x4 12

X3=L3+C30Xo+c31X1+C32X2=>C30=:4Lﬁ§>—<ﬁ%
0

14112

= C3p = - (L3, X2}
l1%211?

From this Table one finds that the coefficients of method A are given by
Cpp = —(Lin, Xo) ' p<n, n=1,2,3,.. . (5.4)
%lI2

A second notation, say method B, forms the X, as

n-1
X, = un( 2 cpp Xp F LHJ, n=0,1,2,.. (5.5)
p=0

Compared to (5.3), the coefficients u, are added to simplify the computations as

shown below. Applying the scalar products (5.2) to (5.5), one can develop the

following Table to find the coefficients ¢, and up,.
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Table 2 A Second Notation for the Gram-Schmidt Process.

Xp = up
Xy =1y
Xy = up
X3 = u3

Lo = (1/ug)? = [ILyli2
(L1 + cq9 Xp) = Cy19 = = (Ly,Xp)
2
= (1/ug)? = [IL1]I2 - cq
(Ly + cpg Xg + Cp71 X3) = Cyo = —(Lpy,Xp)
= Cp1 = —(Ly,X7)
2 2
= (1/uz)? = [IL2l2 = cp — cp;
(Latczg Xgtczy Xitc3p X5) = C39 = —(Lg,Xp)
= c31 = ~(L3,Xy)
= C33 = — (L3, X5)
2 2 2
= (1/u3)? = |IL3ll2 - c39 - c31 - c3

From this Table the coefficients of method B are given by

and

Cnp = —(Lnlxp) 14

S

Yk
OMI—‘

p<n, n=1,2,..,

n=0,1,2,..

(5.6)

(5.7)
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These coefficients inserted in (5.5) ensure us that the X (6,A) are orthogonal

functions satisfying (5.2) or (5.1). From either method A or B one can expand a

function f into a series of orthogonal functions X, such that

f =2 a, X, (5.8)

where

ap, = (£,%X) (5.9)
because the X, formed in that manner satisfy (5.2) and thus
(£,Xg) = X ap (Xp, Xy = ap X2 = 2y . (5.10)
It appears preferable to use method B because ||L,]|2 in (5.7) is simpler to compute
than [[X, |2 in (5.4). It will also be simpler to organize the computations such that

instead of the (L., XP's in (5.6), the simpler expression (L, L 9 will be required.

This will be shown in the next section.



5.2 The Organization of the Computations.

It is possible to decrease the number of integrals involved in (5.6). To do this
another notation is used, the one on the left side of Table 3. The left parts of Table

3 and 2 are compared to find the right part of Table 3.

Table 3 A Third Notation for the Gram-Schmidt Process

Xo = 900 Lo = goo = Yo
X1 =910 Lo T 911 In = 911 = U1
= J10 = U1 C10 Y00

X2 = 920 Lo * 921 Ln + 922 L2 = 922 T Uy
= g21 = Uz C21 911

= Jgp0 = Uy [c21 910 * C20 Yoo

X3 = 930 Lo * 931 L1 *+ 932 Lz + g33 Ly = g33 = uj
= g3z = U3 C32 922

= g31 = uz [c32 921 * Cc31 J11]

= g3gp = uz [C32 920 * €31 910 * C30 Yool

-46-
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From Table 3, the coefficients gy, are given by

gpp = up I p=0,1,2,...,
and (5.11)
p=1
9pg = U Z Cpi Yiq - gsp, p=1,2,
1=q

Then one inserts the left part of Table 3 in (5.6) to get

c10 = —(L1,Xg) = =ggo (LarLo) (5.12)
coo = —(Lp,Xg) = —gpo(Ly,Lg)

cp1 = —(Lp,Xq) = =g9310(La,Lg) = g11(Lp,Lq)

c3g = —(Lz,Xg) = —gpo (L3, Lg)

c31 = —(Lz,Xy) = -g310(Lz,Lo) - g11(L3,L7)

c32 = —(L3,X3) = -g930(L3,Lg) - g21(L3,L1) - gp2(L3,Ly)

From these last relations one gets

p

Chnp = -~ ZO Ipgq(InrLy) +» P<n . (5.13)
q:

This is an easier way than (5.6) to compute the cp,,. The only integrals to compute
now are (L, Lq) in (5.13), and L, )I? in (5.7). This is much simpler than trying

to compute (L, , X,) and [[X]I in (5.4) by the usual method A.

Equation (5.13) and (5.7) show that one can always simplify the computations

involved in the Gram-Schmidt process to the integrations involving only the starting

base functions L.
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The order of the computations would here be 1st: [ILy||2, uy (.e. ggg) and X,
then ag, 2nd: (Ll’LO) (i.e. Clo), ”L1”2, uq (i.e. gll) and J10> Xq,a1, 3rd:
(LyLg) (ie. cpq), (Lp,Ly) (e, cpq), IL2lI%, up Gee. go5) and 954, 921, Xy

then a,, etc..

These last two sections have shown the usual orthonormalization process and
the organization of the computations for the usual single integral. However our
application, equation (3.31), requires a more complicated orthonormalization
involving two integrals. These sections were included to show clearly what may be

less apparent in the next two sections.



5.3 The Orthonormalization Process on Mixed Domains.

We will here go on using the previous method B with (5.5)

n-1
X, = up [ 2 Cpp Xp t* ILn ) . (5.14)

However the problem will not be to form orthonormal functions X, that satisfy the

conditions (5.1) or (5.2)

0 n#qg
(XnrXg) = _1L Xy (0) Xq(C) W do = (5.15)
4T 1 n=q
9
but the following one
0 n#qg
1 Xp Xg W d6 + _1 Y(Xy) Y(Xy) W do =
ax 4x 1l n=qg
G G2
(5.16)
or simply
0 n#qg
(Xpr¥g)dy + (Y (Xp)  Y(X)o = (5.17)
1 n=qg

-49-



50

This condition is the one previously met at (2.18) and in our solution to the
"altimetry-gravimetry problem" at (3.31). Y (X,) =Y (X,(6,A)) is a function of X,

as shown in section 2.4 and chapter 3, and accordingly one can use (5.14) to write

Y(X,) = uy ( Y cpp Y(Xp) + Y(Lyp) ] . (5.18)

Equation (5.18) shows that the functions Y (X,) are formed with the same

orthonormalization process as the X, in (5.14). Equation (5.17) with the indexes

1 and 2 is the notation used in the following Gram-Schmidt orthonormalization
process on mixed domains. The following also shows the details of what one must

do to produce the previous Table 2 now on mixed domains.
From (5.14) one has forn =0
2 2 2
XO = Ug LO => ”X0”1 = Ug IILO”l (519)
and from (5.18)
2 2 2
Y(Xg) = ug Y(Lg) = [[YXplly = up IX (L)l . (5.20)

One can sum these two equations to get

2 2 2 2 2
[IXoll; + X (X))l = 1 = ugy [lLglly + 1Y (L) ll2] (5.21)
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where we have used (5.17) with n = g = 0. The right side of (5.21) can then be

written as

2 2 2
(/ug) = |melly + Y (@ ll, ) (5.22)

Equation (5.22) can be compared with is equivalent relation in Table 2. We can go

on with the next functions, n = 1, in (5.14) and (5.18) to have

Xl = Uq (Clo X0+ Ll)

and (5.23)

Y(Xl) = U4 [Clo Y(XO) + Y(Ll)]

Again applying the scalar product to (5.23) one gets

2
(X1,Xp)1 = ug cy19 IXolly + uy (L1,Xg)1
and (5.24)

2
(Y(X1) , Y (X))o = uy c1g IY(Xg)ll2 + up(Y(Lq1),Y(Xg)) 2

Summing the two equations in (5.24) results in

(X1,Xp) 1 + (Y(X1),¥Y(Xg))p = 0 =
2 2
u; cig [Xelly + Y (X ll21 +

uy [(L1,Xp)p +(¥Y (L), ¥Y(Xp)) 2]l . (5.25)
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According to (5.17) the first bracket [ . ] in (5.25) equals unity and (5.25) reduces

fo

Clo = - (Ll'xo)l h (Y(Ll)rY(XO))Z . (5.26)

This relation can also be compared with its equivalent in Table 2. Applying

another scalar product on (5.23) results in

2 2
Xl + Y XDl =1 =
(5.27)
2 2 2 2
u; { cyg [Tl + IXpllil + 2 cqp (Ly,Xp)p } +

2 2 2 2
u; { ¢y Y@z + Y (X 2] + 2c39 (Y(L1), Y (X))o }.

Using (5.26), (5.27) reduces to

2 2 2 2
(1/up) = = cyo + |Lyllz + X (Tp) Il : (5.28)

This relation can also be compared to its equivalent in Table 2. Proceeding on for

n =2, 3, ... and comparing to Table 2 one finds the coefficients to be given by

Chp = = (Lp,Xp)y = (Y(Lp),¥(X))2 . (5.29)

and

n-1 2 2 2
1 {==- % cpp + i+ @l . (5.30)
p=0
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One can compare these relations with (5.6) and (5.7). One should also compare the
equivalence of these two relations with the previously mentioned equations (3.32)
and (3.33) which were given without proof. The above notation will be used in
the following discussion. However one should not forget its relation with the
"altimetry-gravimetry problem" and that the integrals 1 and 2 implied in (5.29) and

(5.30), each covers only a fraction of a sphere.



5.4 The Organization of the Computations with Spherical
Harmonics.

The last section left us with equations (5.29) and (5.30). We have used the first
three sections of this chapter to explain the reason for these two relations in our
solution of the "altimetry-gravimetry problem" of chapter 3, equations (3.32) and
(3.33). The computation of these two relations would be practically impossible

without the following organization of the computations.

First the number of integrations required can be simplified as it was done in

section 5.2. Following Table 3 one can write for the mixed case
Xg = 900 Lo +» Y(Xp) = ggg Y(Lp) . (5.31)
Comparing (5.31) to Table 2 one gets
900 = YUp . (5.32)
Again from Table 3
X1 = 910 Lo * 911 L1, Y(X3) = g0 Y(Lg) + g31 Y(Ly)

and comparing it to Table 2 one gets

gq1 = U1 , J10 = U1 C10 Y00 . (5.33)

-54 ~
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Going on, one finds out that (5.11) is still valid for the mixed case. Similarly to

(5.12) one can write

c10== (L1, X)) 1+ (Y (L), Y (X)) 2==ggo [ (L1, L) 1+ (Y (L1) , Y (Lg)) 2]

The relation between Table 3 and (5.13) is established and this for the mixed case,
it is
p

Cnp = ~ ZO 9pg [(nrLgl1 + (Y(Ln)  Y(Lg)2l . (5.34)
q::

To find out about the functions L, we now look back to chapter 3, the
altimetry-gravimetry problem. The functions L, in (5.34) comes from (5.14)
which is (3.19) where L, is defined by (3.20) as the solid spherical harmonics. It
should be remembered from the comments surrounding equations (3.24) and
(3.25) that all the integrals in (3.24), (3.32) and (3.33) are computed near the

earth's surface, r = R. Because r =R we found in (3.25) that

L, = Sp , (5.35)
and thus in (5.34)
(L, L)1 = (SpnrSp)1 (5.36)
and in (5.30)
ol = NSy (5.37)

Thus the integrals in (5.34) involve simply the surface spherical harmonics.
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To discover the functions Y(L,) in (5.34) one must go back to its definition (3.25),

replace X, by L, and use the definition of L, in (3.20) and differentiate, i.e.

Y(Ln)=R[-— oln_ - _2 Ln]

where R, is given by (3.10). As a check we also had from (3.25) and (3.25)

Y (Xy)

R[-_Q&:_-_Z__Xn]
or r

n-1 n-1

=-up R| 2 cpp —OXe - (Rntl) T [2R up| X CppXptly
p=0 dor r r p=0
n-1

= u, X cpp Y(Xp) + (Ry=1) _R_ L, . (5.39)
=0 r

Comparing (5.39) with (5.18) and using (3.20) one finds that

n+2
Y(Ly) = Lp, (Ry-1) _R_. = S, (Ry—-1) (_B__T (5.40)
r

r
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which equals (5.38) as it should. Since the integrals (5.34) and (5.30) must be
computed at r =R, (5.38) or (5.40) becomes

Y (L) = (Rp~1) S, . (5.41)

r=

Thus we have just found out from (5.41) that the scalar products in (5.34) and

(5.30) become simply
(Y(Lp) , Y(Lp) )2 = (Ry=1) (Ry=1) (Sp,Sp)2 (5.42)
and
2 2 2
Y o)l = (Re=1) ISyl : (5.43)

where S, are simply the surface spherical harmonics, R, is given by (3.10) and

the term (R,~1) is equivalent to (n-1) in equation (3.8). Finally (5.34) and

(5.30) are simply
P
Chp = = 2 Ipg | (SniSg)1 + (Rp=1) (Rg=1) (Sp,Sq) 2 (5.44)
g=0
and

2 2 2 2
(_L_T= = X cpp + IShlly + (Ry-1) lISyll; - (5.45)
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The coefficients g are still given by (5.11). While we had no idea of the

computations involved by (3.32) and (3.33) now it is becoming much clearer with

these integrals of surface spherical harmonics S, (6, A). These integrals will be

solved in the next chapter.

To close this chapter we have used (3.5) and (3.8) in (5.44) and (5.45) to show

a table of the relations between the coefficients uy,, ¢y, and the harmonics S, Rnm

and Spp,.

Table 4 The Equivalence Between Different Notations Used With Harmonic
Coefficients.

ug & Sy € Ryp & Azpoo

up & 51 & Ry & Apxip:

u, & Sy & Sy & Baion

uz & S3 & Ryy © Ay

ug & Sy & Syy & Boooz

us & Sz & Rzp & Ajzg30




Table 4 The Equivalence Between Different Notations Used With Harmonic
Coefficients (continued)

c1p € S1Sp © RpiRyo & Ao
Co € SS9 © SpiRyp € Daizg
Cp1 € SpS; © SpRpy & Doing
C30 € S3Sg © RppRyg ©  Agzag
c3; € 8381 © RpyRyy & Agapg
C3z © S35, © RpeSy1 & Caom
Cgo © S4S0 © SpRag & Doz
Cq1 © S4S1 € SpRpy ¢ Dagog
Ciz € 545, © 53521 © Ban
Cg3 € S4S3 © SpRpy & Dagpo
csg & Ss5Sp © SzRzg & Azoz0




CHAPTER VI

THE NEED TO INTEGRATE TWO ASSOCIATED
LEGENDRE FUNCTIONS.

According to the relation in (3.5) between S, (6,A) and the R, (60,A) and

S,m (6,A) the integrals in (5.44) and (5.45) can be written at length as

A cosmh cosgh
izgg _ sinmh| singh
=_1 P (cosB) Pog (cosB) W(B,A) sinBdAdO+
Compg| 4T cosmh singh
Dnmpq 5, sinmh cosgAh
cosmh cosgh
_ sinmA| singh
+_Rop Ppom (cOsB) Poq(cosB) W(B,A) sin® dA d6
4T cosmA singA
sinm\ cosgh
(e2) (6.1)
where
Rpp = (n-1) (p-1) : (6.2)

The weight function Wij is defined by (4.5). Again it has no units for the reason

explained after equation (3.13). Also there is no relation between the indices n, p

and g here and the ones in (5.44) and (5.45). Table 4 shows the relation between

the ¢, and uy, coefficients and the A B C and D Equation

nmpg’ Tnmpq? Tnmpqg nmpq-

(6.1) will be computed using Fast Fourier transform i.e. with the same kind of
development that was performed in appendix E and chapter 4.

-60-
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In practice the area of the sphere is subdivided into a number of blocks (viz.
5°X5°, 1°X1°, 30'X30', see Figures 1 and 2 in Chapter 9) and the weight function

W(B,\) can be assumed constant over any such block and thus, the above integrals

(6.1) can be rewritten as

]

Anmpg Ing (M)
J
B Ko (A)
e N-1 2N-1 _  ij i K
=_1 2 X W;+R I (9) j . (6.3)
—_— . j Tnp “nmpqg
Coampg 47 1=0 3=0 Lpg (M)
J
Dnmpq Mmqo")
In (6.3) we have set
1 if 1,3 € O1
ij
Rpp = (6.4)
(n-1) (p-1) if i,J € oy

In (6.3) we have also gathered together all the terms dependent on 6 as

. 041
1
Tompg(8) = { Pom(cosB) Pyg(cos®) sin® d .  (6.5)

0;
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These integrals involve the integration of two associated Legendre functions and
we will develop in next chapter 7 the recurrence relations that compute them

efficiently. Also in (6.3) we have gathered together all the terms dependent on A as

M AL+ AL
J
Imq cosmA cosgh cos (m-q)A + cos (m+q) A
J
Kmg sinmA singA cos (m~q)A - cos (m+q)A
= dA = _1_ di
J 2
Ling cosmA singh sin(m+q)A - sin (m-q)A
J
Mg sinmA cosgAi sin(m+q)A + sin (m~g)A
J J
Ay JAN
(6.6)

Since in practice we are using blocks of size AA, we have replace the integration

limit ?»j by jAA. The integration of (6.6) is straightforward and gives

Jng = Alm-q) cos(m-q)JAA + B(m-q) sin(m-q) 3AN +
A(nm+qg) cos(m+q) JAL + B(m+q) sin (m+q) JAR
Kiq = A(m-g) cos(m-g)JAA + B(m-g) sin (m~q) jAA +
-A(m+q) cos (mt+qg) AL - B(m+q) sin (m+q) jAA
Liq = B(m-q) cos(m-q)JjAA - A(m-q) sin(m-q)JAA +
-B(m+q) cos(m+q) JAL + A(m+q) sin (m+q) AL
Nﬁq = -B(m-q) cos(m-q)JAL + A(m~q) sin(m-q)JAA +

-B(m+q) cos (m+q)jAN + A(m+q) sin (m+q) JAA
(6.7)
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where A (k) and B (k) are defined as

sin (kAA) if k # 0
2k
A(k)y =
_AA if k = 0
2
cos(kAA) - 1 if k # 0
2k
B (k) =
0 if k = 0
(6.8)
Inserting the first relation of (6.7) in (6.3) gives
N-1 2N-1 i3 i
Anmpg =—1 > X Wis Rup  Inmpq(0) [A(m-q) cos(m-q) JAA +
4t i=0 J=0

B (m-q) sin (m~q) JAA +A (m+q) cos (m+qg) JAA +B (m+q) sin (m+q) JAX]

(6.9)

We can write (6.9) as

N-1 i 2N-1 i
Anmpq =47lc = Tnmpg (0) [A(m-q) 'E Wi Rpp cos (m=q) JAA +
1= :]:

2N-1 i

+ B (m~q) Wij Rop sin (m—-q) JAA +

2N-1 i

+ A(m+q) 'Z Wi Rpp cos (mtq) JAA +

2N-1 17

+ B (m+q) 2 V_\Iij Rl’lp sin (m+q) jA?\'

(6.10)
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Similar to (6.10) one obtains the relations for the other coefficients By,

Cnmpg &1d Dppq by inserting (6.7) in (6.3) to get
Anmpqg A (m—-q)
Bompq N-1 i A(m-q) 2N-1 _ i
=1 2 Toppg(® 2 Wiy Ry, cos(m-q) JAA +
Cnmpq 4 i=0 B(m-qg) J=0
Dnmpg -B(m—-q)
B (m-q)
B(m-q) 2N-1 ij
+ Y Wiy Rpp sin(m-q) JAL +
-A(m~qg) J=0
A(m-q)
A (m+q)
-A(m+qg) 2N-1 _ ij
+ W5 Rpp cos (m+q) JARL +
-B (m+qg) J=0
-B (m+q)
B (m+q)
-B(m+q) 2N-1 ij
+ Wi Rpp sin(m+q) AL |
A(m+qg) j=0
A(mt+q)

(6.11)
As in chapter 4 we can here again use the Fast Fourier transform to compute

(6.11). Because of (E.22) we set

2N-1 4

i
REAL [Xn, (mtq) ] = X yp,(3) cos (mq) JAA
3=0
1 2N-1 4
IMAG [Xpg (mtq) ] = 2 Ynp () sin (m+q) JAA
3=0
2N-1 3

i
REAL{an(m—q)]

i

Y ynpp(3) cos(m-q) AL
=0
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2N-1

i
IMAG [Xpp (m=q)] = X ypp(3) sin(m-q) jAR
3=0
(6.12)
where
i _ 1]
Yap (3) = Wi Rpp - (6.13)

Using the preceding relations one can write (6.11) as

Anmpg A(m—q)
Bnmpq N-1 i A(m—-q) 1
=1 % Tompg(® REAL [ Xpp(m-q) ] +
Cnmpq 4t 1i=0 B (m~q)
Dnmpq -B(m—-q)
B (m-q)
B (m~q) i
+ IMAG [ an(m-q) 1+
-A (m-q)
A (m~-q)
A (m+q)
~A (mtq) 1
+ REAL [ an(m+q) 1+
-B (m+q)
-B (m+qg)
B (m+q)
-B (m+q) i
+ IMAG | an(m+q) ]
A (mt+q)
A {(mt+q)

(6.14)

Here X;p is dependent on n and p. This implies that a latitudinal row "1" of W(G1)



66

and (n-1)(p—-1)W(c,) are entered in the IMSL FFTCC subroutine and the same

row is reentered in FFTCC for each possible value of n and p. More details

concerning the computation of (6.14) will be given in chapters 8 and 9.

This chapter has shown how to use Fast Fourier transform to compute the

coefficients Ay oo Brmpgr Cnmpg 414 Dpppg Which are the elements forming the

symmetric positive definite matrix in equation (3.17). Itis also shown thatto

compute these coefficients it is required to compute Tnmpq(e), the integrals of the

product of two associated Legendre functions. The following chapter 7 will show

how to compute these integralsT nmpq(9) which are defined in (6.5).



CHAPTER VII
INTEGRATING ASSOCIATED LEGENDRE FUNCTIONS.

7.1 Integrating One Associated Legendre Functions.

This section describes how integral (4.17) that we reproduce here

) 041 tn
1
I,,(0)= { Py (cosB) sinf db = J Pon(t) dt= I (tg, ty)
0; ts

(7.1)
is efficiently and stably computed using recurrence relations. These results are
known (Paul, 1978) but they are a required preamble to new developments shown
in the next section regarding the integration of two associated Legendre functions
instead of the one shown here in (7.1). The development of the recurrence relations
of this section is reproduced in appendices B, C and D for reference in developing
the more complicated relations of next section. The notation used in this section is
consistent with the next section and can easily be recognized in the Fortran routines

PNMI and PNMI2 given in appendix H.

We remember having divided the spherical earth into G; 5 blocks for which 6

and 0, are respectively the northern and southern geocentric colatitude of each

block (see chapters 4 and 6, and appendix E). Accordingly we have set in (7.1)

tg=cosOggyry and ty=cosOygrry and also t=cosB with dt=-s1n0db.
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From (Paul, 1978, eq.20a) or our appendix C the fully normalized recurrence

relation solving (7.1) is

Iom(tg ty) = _0=2 _a@mm) I, n(tg,ty)
n+l a(n-1,m)
tn
- a(n,m) l“i;z___ En"l,m(t) ;, MFEND, (72)
n+1l
ts
where
/2
a(n,m) = (2n+1) (2n-1) . (7.3)
(n+m) (n-m)

For m = n, one finds from (Gleason, 1983, p.15) or our appendix C

[BY
Inn(tgrty)= nb(mb(n=1) T, ;5 (tg, ty) + £ Ppy(t)
n+1l n+l
ts
(7.4)

where

/2
b(n) =[ (2n+1) Jl , n>1; Db(l) =32 . (7.5)
2n

The required fully normalized associated Legendre functions P (t) are also
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computed from recurrence relations. These can also be found in (Paul 1978,

eq.13a and 21a)

§nm(t) = a(n,m) t gn-l,m(t) - a(n,m) En_zlm(t), m#n,
a(n-1,m)

(7.6)

and form = n

Pon(t) =Db(n) (1-t2)¥/2 P 4 ,5(t) . (7.7)

The computation of all the above recurrences is simplified because they share the
same coefficients a (n, m) and b (n). The starting values for all these recurrences

are also given in (Paul, 1978, eq.26a) and are

Poo(t) = 1, Pig(t) = 31/2 ¢, Pyq(t) = [3(1-t2)1l/2 ,

_ — 1/2 2 2
IOO(tSftN) = tN“tsr I]_o(tsrtN) = _j.____(tN“ts)z
2
tn
— 1/2
I19(tg,ty) = 3 [t(1-t2)Y/2 - arccos(t)] ,
2
ts

Po(t) =0 and T (t) =0 if m>n . (7.8)
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(Gerstl, 1980) and (Gleason, 1983) show that (7.4) quickly becomes unstable in
polar regions but also that such instability arises at higher degrees and orders in
mid-latitude regions. They show how to overcome this instability problem by

using the backward version of (7.4)

Tnn(tS'tN) = 1 ( (n+3)—fn+2,n+2(tS!tN)
(n+2)b (n+2)b (n+1)

tn
- t §n+2’n+2(t) ] . (7.9)

ts

obtained by directly inverting (7.4). Wherever the forward recurrence (7.4) is
unstable the backward recurrence (7.9) is stable and vice-versa. To use (7.9), the
starting values required are Tyyax,nmax (Esrty) and Tywayx-1, nmax-1(ts, ty)
where NMAX reflects the maximum degrees implemented. These are obtained by

integrating a McLaurin series and the result is given in appendix D as

Ion(tg,ty) = - b(m)b(n-1)...b(1) yo*2 [_1 + _1 y2 +
n+2 2 n+4
YN
+ .13 4 + 135 yb + ... (7.10)
2 4 n+6 2 4 6 n+8

¥Ys

where y1/2 = (1-t2) = s5in0 and b (n) is defined at (7.5). To attain a desired
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accuracy of €, e.g. £ = 10-12, a sufficient number of terms "M" needed in the series

expansion (7.10) is given by (Gerstl, 1980) as

M = 1 + INT(Mp) (7.11)

where

Mg = 1 + 1n(g) , x = sin?( On + 6s ) . (7.12)
In (x) 2

INT denotes the integer part of the argument M,. (Gerstl, 1980) shows that the

condition number

k = NMAX (7.13)
(NMAX+1) (sinbn) <

can determine whether the forward (7.4) or the backward (7.9) is most stable for

any given 0g, 0y and NMAX situation. If k < 1 then the forward sectorial

recurrence should be used and if k > 1 the backward recurrence should be used.

All the algorithms of this section were programmed in Fortran and can be found
in the routine PNMI of appendix G. The first version of this efficient and stable
routine was developed by Gleason (1983). Even if it looked rather complicated to
compute the I, (tg, ty)'s, the integrals of the sectorials P, (cos8), one
should be aware that this problem of instability is due to compute the rather simple
integrals I, =c(n) [ sinn+10 d@, since the P, (cosB)'s are simply equal to

c(n) sinn®. Here c (n) are integer values depending on "n".



7.2 Integrating the Product of Two Associated Legendre Functions.

We will now develop the recurrence relations that solves the integral (6.5) which

we rewrite non-normalized and with t = cosB

tn

ts
We will later need to remember the symmetry in the indices "nm" and "pg".

It might be the first time that these recurrence formulae are developed but only
because it is the first time that they are required in an application. These
derivations are simple and follow the integration of one associated Legendre

function given in appendices B, C and D.

As in appendix B where we derived (7.2), we start with equation (A.4) from

appendix A multiplied by P, (t)

A= J(l—tz)dPngpth= J(n+l)tanqudt— (n=1+1) Tn4i,mpg
dt

(7.15)

-72-
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In this section the two following abbreviations are used to simplify the writing

Pom = Pam(t)  and  Ippo0 = Ippog(tg,ty) (7.16)

and the integration limits t, and tg are omitted as it was done in (7.15).

Integrating by parts the left integral in (7.15) with

u=(1-t?)Pyy, du=-2tP qdt+(1-t?)dPeedt, dv=dPuudt, v=Pp,,
dt dt
(7.17)
one gets
tx
A= (1-t2)PppPrg + J 2tPppPpgdt = J (1-t2)dPpg P, dt
dt
ts
(7.18)
For the right integral in (7.18) equation (A.5) is used;
J (1-t2) dPpeP,dt = J ~PtPugPpgdt + (P+Q) Inm, p-1,q
dt
(7.19)

Inserting (7.19) in (7.18) and then equating (7.18) to the right side of (7.15) one

gets
tn

(1-t2) PppPog

= J (n—p-—l)tanqudt + (pt+q) Inm,p'-l,q B

ts
= (n=m+1) Inig, mpg . (7.20)
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The integral left in (7.20) is taken from equation (A.6)

(2n+l}J;anqudt = (n-m+1) Inyq, mpg * (n+m) Ipo1 mpg

(7.21)
By inserting (7.21) in (7.20) one gets the final result
In+1' = (n-—D"l) (n+m) In—l,m +
P (n+p+2) (n-m+1) Pd
ty
+ _(p+q) (2n+1) Inm,p-1,q = —(2n+1) (1-t2) P Pog
(n+p+2) (n~-m+1) {(n+p+2) (n-m+1)
ts
(7.22)

However this equation must be normalized to not get large numbers unfitted for use

on computers. From equation (B.7) and (7.14) we see that

Inmpq(ts’tN) = Hpm Hpq Inmpq(tSItN) (7.23)

where H_ . is given by (B.8). Inserting (7.23) and (B.7) with (B.8) in (7.22) we

get the final relation

fnmpq(ts,tN) = _a(n,m) (n-p=2) —I—n_z,mpq(ts,tN)+
{(n+p+1) a(n-1,m)

tn
+_(2p+1) Tp 1 m p-1,q(tsrtn) = (1=t2)Py_q, n(t) Ppg(t)
a(p,q)
ts
(7.24)

where m # n and we have used a (n, m) defined in (7.3).
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From the definition of a (n,m), (7.24) is undefined for m =n. This seems to

restrict us to finding for example I,,;,. But because of the symmetry in (7.14),

I and I,,;q can be computed with (7.24) by computing I;4,5.

nmpq = Tpgnm
Following this finding, one can set p =g in (7.24) and rename the indices to
obtain the following result

Innpg(ts/ty) = —2a(p.q) (p=n=2) Ty, o2, q(tsrity) +
(p+n+1) a(p-1,9)

tn
+ (1=t2)Py_q,q () Py () . (7.25)

ts

Thus one finds out that the only integrals which cannot be computed from (7.24)

are the I,

nnpp Kind. One can see the similarity between the development in this

section and the previous section.

Following the idea in appendix C where we derived (7.4), we will now find a

recurrence relation that solves the following integral

En En

I = P, P dt = _(2n)!(2p)! (1-t2) (n+p) /2 4t
nnpp J nn - pp 2001 2Pp ! J
tg tg (7.26)

where we have used equation (A.3). Lets integrate by parts the right side by setting

u=(1-t2)2/2 , du=-zt (1-t2)2z/2-1 gt, dv=dt, v=t, (7.27)



76

where we have put z=n+p. One obtains

ty tn Ly
J (1-t2)2z/2dt = t(1-t2)z/2| + nJ t2(1-t2)z/2-1a¢
tg tg tg
(7.28)
When one has verified that the last term can be written as
£2(1-t2)2/2-1 = (1-t2)2z/2-1 - (1-t2)z/2 (7.29)

then (7.28) becomes

ISY ty ty
(ZH)J (1-t2)2/2 dt= t(1-t2)z/2| + ZJ (1-t2)z/2-1 gt

(7.30)

Again z = n+p thus one can insert (7.26) in (7.30) and use (A.3) to get
tn

(z+1)2°n! I non= £2Pn! Pu,Py,

+ zZn"zgn—Z) ! In_zln_z’pp
(2n) ! (2n) !

(2n-4) !

ts
(7.31)

This can be simplified to the final relation

txn

I 1 [tPpPpp

n+p+l

nnpp= + (n+p) (2n-1) (2n-3) I, 2, n-2,pp!

ts
(7.32)

In the computations we use the normalized relation of (7.32) which is obtained

from (7.23) and (B.7) with (B.8). This results in
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tx
Tnnpp (Esrtw) = n+}1)+l [ t Ppp(t) Ppy(t) +

ts

+ (ntp) b(n) b(n-1) Ipp n-2,pp(tsrty) |

, n#0, n¥l, (7.33)

where again b (n) is defined at (7.5). Since in (7.33), "n" cannot be equal to 0
(zero)in b (n) and "n" cannot be equalto 1 (one) in b (n-1), we have to find

Io000r L1100and Iy1q3.

One will find out that these 3 numbers, Igg00, L1100 and I7711, are the

only required starting values for all three recurrence relations (7.33) and (7.24) and

(7.25). These starting values are

En ty

1
k"—'—\
Q.
r
I
o
Zl
&
0

To000 (tsrty) =J Pgo(t) Pgo(t)dt =

tg tg

£y ty

f1100(tSItN) =J Pqq(t) Eoo(t)dt 31/2J (1-t2)1/2 dt

i

ts tS
i.e.
ty
_ 1/2
T1190(tgrty) = 3 [ t(1-t2)1/2 - arccos(t) ] ,
2
ts

and
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ty tn
Ti111 (g ty) = J Py1(t) Pyp(t)dt = (3t - t3)
tg ts
(7.34)
As described in the previous section 7.1 the forward recurrence relation (7.4) is
unstable and so will be (7.33). The great similarities between both relations is a

sufficient proof and could be seen numerically.

As described in section 7.1 this problem of instability in (7.33) is solved by

using a backward recurrence relation which is directly obtained from (7.33) itself as

Tnnpp (tsrtyn) = 1 [(n+p+3).fn+2’n+2’pp -
(n+p+2)b (n+2)b(n+1)
ty
=t Ppyp, ez (t) Py (t) J (7.35)
ts

To use (7.35) the starting values required are Iyuay,nmax, NMAX, NMAX:
Tamax, nvax, nvax-1,nvax-1 300 Invax-1, NMax-1, NMAX-1,NMAX-1-  These
starting values are obtained from the integration of a McLaurin series as it was done
in appendix D to get (7.10). From (D.4) we have
tn
Tnnpp = b(n)b(n-1)...b(1)b(p)b(p-1)...b(1) J' yZ dt

ts
(7.36)

where z = n+p and y is defined at (D.2). The integration is performed in appendix

D where one can compare (D.5) with (D.8) with (7.36) to find that
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Innpp= —b(n)b(n—l)...b(l)b(p)b(p—l)...b(l)yn+p+2 [ 1 +
n+p+2
ty
+ 1 y? + .13 vyt + ]
2 (n+p+4) 2 4 (n+pt6)

ts
(7.37)
where yg = sinBg and yy = sinfy. This relation is used to find
TNMAX, NMAX, NMAX, NMAX INMAX, NMAX, NMAX-1, NMAX~-1 and

TNMAX-1,NMAX-1,NMAX-1, NMAaX-1- Lhe procedure explained in section 7.1 was

used to decide on the number of terms required in (7.37) and when to use the
forward or the backward recurrence. It is appropriate because the
Innpp (ts,ty)'s are basically the same functions as the I, (tg,ty)'s. By
definition they are both related to the integrals of sine functions (see last paragraph
of section 7.1). It was numerically verified, see below, that this procedure was

appropriate.

Since the above relations are newly developed they must be checked in some
way. While the relations of section 7.1 were checked against a Gaussian
quadrature by Christodoulidius and Katsambalos (1977) this will not be required
for the new relations. We have verified numerically the results of the new
recurrence relation against the following analytical relations:

Inmoo (tsrty) = Eﬁm(tsrtN)

cos0
— _2
Iomnm(cos(m/2), cosQ) = J‘ Pim(t) dt = 2, m#0

cos (1t/2)
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cos0

I,0no(cos(®/2), cosQ)

_2
Poo(t) dt =1

cos (t/2)
(7.38)

We have also verified numerically the following summation

2 Ingpg(cos(8;+40), cosby) = Igpg(cos(n/2), cos0)

(7.39)

which agreed to ten digits. "k" in (7.39) is the number of A6° in the northern
hemisphere i.e. 90° divided by AB°. During these tests we could also verify an
important relation between the values in the northern and southern hemispheres.
Similar to the relation between the associated Legendre functions computed in the

northern and southern hemisphere (Colombo, 1981, p.15, last paragraph) where

Pon(—0) = P (0) when n+m is even
— _ (7.40)
Pom(=6) = = P (6) when n+m is odd
and between the integrals of one Legendre function where
_NH _SH
ITom(tsrty) = Ipplts,ty) when n+m is even
(7.41)
_NH _SH
Iom(ts,ty) = - Ipgn(tg,ty) when n+m is odd

we have found that between the integrals of the product of two Legendre functions

the following relations exist between the northern NH and southern SH hemispheres
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_NH _SH
Inmpg (tsrtn) = Inmpq(tsrtw) when n+m+p+g is even
(7.42)
_NH _SH
Tnmpg (tsrtn) = = Inmpg(ts,ty) when ntm+p+g is odd

These last relations (7.42) like (7.41) and (7.40) permit us to save computer
time by requiring only the values in the northern hemisphere to be computed. The
Fortran routines PNMI and PNMI2 in appendix H compute respectively the Inm(6)
and Tpppq(0) values required in (4.12) and (6.14). These routines PNMI and

PNMI2 can also be incorporated as subroutines into routines that require them.

While the altimetry-gravimetry problem is the first application known to the

author requiring fnmpq(e) values, these could very possibly be required in the
future for other applications such as the one of Sacerdote and Sanso (1985)

regarding the "Overdetermined b.v.p. in Physical Geodesy" where the Tnmpq(e)

are required to compute their equation (A2.A, p.207).

The recurrence relations developed in the first section of this chapter can be used
for the integral computations required in equation (4.12) while the recurrence
relations of the second section can be used for the computations of all the integrals
required in (6.14). This second set of recurrence relations for the integration of two
associated Legendre functions are developed for the first time. Their validity was
obtained by comparing them with other analytical relations (7.38) and numerical
summations (7.39). This chapter completes the relations needed to solve
numerically the altimetry-gravimetry problem. The next chapter will collect all the
final equations and will analyze this theory of the proposed solution to the altimetry-
gravimetry problem. Then chapter 9 will describe the computations and tests done

during this project.



CHAPTER VIII

COMPUTING THE ALTIMETRY-GRAVIMETRY SPHERICAL
HARMONIC POTENTIAL COEFFICIENTS

8.1 Transforming Altimetry-Gravimetry Coefficients into Spherical
Harmonic Ones.

A
We have seen at equation (3.37) that one can express the disturbing potential T

at the earth's surface into the following two series expressions

~ V"4 V"‘4
T(O,A) =_GM E, X,(0,A) =_GM_ ¥ T, S,(0,h) . (8.1)
R n=0 R n=0

In the previous chapters we have shown how the orthonormal base functions

X,(6,A) in (8.1) are used to compute the E,, coefficients, herein called the altimetry-
gravimetry coefficients. These coefficients are the solution to the altimetry-

gravimetry problem. In physical geodesy however, the second expansion in (8.1)

is used where the S_(8,)) are the spherical harmonics, see equations (3.2) to (3.5).

Thus it is desired to retransform the altimetry-gravimetry solution E,, into the T

harmonic coefficients.

-82-
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From table 5.3 and using (3.27) one can write the matrix equation

X0 900 So
0
Xq 910 911 Sy
Xp | = 920 921 922 Sy . (8.2)
X“’ guo a s a guu Su

Equation (8.1) can also be written as a matrix equation

T - [ Bo By Ep ... Byl [ Xo | =0 Tg Ty Ty .. Tyl [ Sp |
X1 S1
X2 S2
X, Su

L L]

(8.3)

where L = v-4. Inserting (8.2) in (8.3) gives

A - g . —
TZ[EOEIEZ ...Eu] goo SO
0
910 911 Sq
920 921 922 Sp
o - 9ou LS“J

(8.4)



84

Comparing (8.4) to (8.3) one gets

[ Tgp Ty Tp...Tyl = [ Eg E3 Ep...Eyl | g .
910 911
920 921 922
guo PR guu
(8.5)

We know that the above comparison is usually not a valid matrix operation.

However since the S,(8,A)'s are linearly independent one can compare each line

independently which makes (8.5) valid. More clearly, comparing (8.3) and (8.4)

we have

TO So+T1 Sl'l‘...: (EO g00+E1 g10+‘“) So+ (El g11+E2 g21+...) Sl'l‘..'

(8.6)

Since S is linearly independent of S; and S, etc., we can write from (8.6)

TO = (EOgOO + Elglo + ... + Euguo) (8.7)

which is the result expressed in (8.5). The matrix relation (8.5) can be simply

written

Tn = X Ep Jpn (8.8)
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where Vv is given by (2.8) and the coefficients g, and E,, respectively by (5.11)

and (4.3).

Relation (8.8) is the result sought. This transformation of the E, coefficients
into the spherical harmonic coefficients T, will permit one to use the existing
efficient software to compute the components of the Earth's gravity field, gravity
anomalies, geoid undulations, deviations of the vertical, etc. Contrarily to the E,

the T, coefficients can be compared with existing earth's gravity field expansion

and better analyzed coefficient by coefficient; this is another advantage of this
transformation. But most importantly this transformation allows one to combine
this solution with "satellite-derived potential coefficients". This combination is very
important because it is well known that the low degree spherical harmonic potential
coefficients are best determined from satellite solutions while the high degree
coefficients are best obtained from one using terrestrial data. Both sets complement
each other and their combination permits one to derive the optimum Earth's gravity
field expansion. This sort of combination was performed by Rapp (1978). We
will now focus our attention to the computation requirements and the numerical

computations of our altimetry-gravimetry problem.



8.2 Gathering All Relations for Computations.

All the equations obtained so far that solve the altimetry-gravimetry problem will

be gathered to clearly see the computations required.

From (4.12) one has

Enm N-1 i A (m) i B (m) 1
=_1 X I, RE [X,(m)] + IM[X, (m) ]
Fnm amm, 1=0 -B (m) A (m)
(8.9)
One can write (8.9) as
i
Enm N-1 i Enm
=_1 X I,.6) i (8.10)
Fom 47N, i=0 Fnm
i i
where E, and F,,,, are the expressions within the brackets of (8.9) i.e.
k
Epm A (m) k B (m) k
kK = RE [X, (m) ] + IM[X,(m)] .  (8.11)
Fom -B (m) A (m)
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Because of (7.41) the computations involved in (8.10) can be reduced in half by

writing it as follows:

i i

Enm Epm (NH) Epm (SH)
N/2 i
= 1 2 I, |1 + (1-2*MOD (n+m,2)) 1
Fom 47N, 1=0 Fom (NH) Fom (SH)
(8.12)

As in (7.41) HN and HS means North and South Hemispheres. And MOD (I,J) is

the remainder of I divided by J.

The same reduction in the computations applies to (6.14), because of (7.42).

We can write (6.14) as

i
Anmpg Anmpq
1
Bnmpg N-1 1 Bam
= 1 3 Toppq(® i (8.13)
i
Dnmpq Dnmpq
where
i
Apmpg  A(m-q) B (m~-q)
1
Bnmpq A{m~-q) i B (m-q) i
i = RE [Xpp (m-q) ] + IM[Xpp (m=q) ] +
CI:Empq B (m-q) -A(m-q)
Dompg ~B(m-q) A(m-q)
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A (m+q) B (m+q)
~A (m+q) i -B (m+q) i
+ RE [Xpp (mtq) ] + IM[Xpp (mtq) ]. (8.14)
-B (m+q) A (m+q)
-B (m+q) A (m+q)

Because of (7.42) the computations involved in (8.14) can be reduced by half by

rewriting it as
i
Anmpqg Anmpq (NH)
i
Bampq N-1 i Bpmpq (NH)
=_1 X Inmpq(e) i +
Chmpg T i= Champq (NH)
i
Dnmpqg Dnmpqg (NH)
i
Apmpq (SH)
i
Bhmpqg (SH)
+ (1 - 2 MOD(n+m+p+q,2)) i . (8.15)
Chmpq (SH)
i
Dimpqg (SH)

These relations (8.12) and (8.15) and their notation can be recognized in the two
FORTRAN routines that computes them, FFTENM for (8.12) and FFTABC for
(8.15) in appendix G.
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Going on in view of gathering all the equations required to compute a solution

we have from (5.11)

from which (4.3) becomes

Ep = gpp[

(5.11) becomes

p-1
Y Cpn Ep * Ep’
n=0

p-1
gpkzgp Z Cpn Ink r k<pl pzl,Z,..
PP k=0,1,2,
(5.44) remains unchanged
In
Con = ~ Z gnq Cpqr n<p, p=1,2,..
ag= n=0,1,2,
and (5.45) becomes

p-1 2
1 = - 2 cCpp t
Ipp n=0

]r p=0,1,2,.

., v-4,

up' ’ p=0,1,2,...

(8.16)

Lo v-4, (8.17)

(8.18)

-,V_S,

,V=4. (8.20)

The E, ' coefficients in (8.17) are given by (8.12). The ¢, ' and u, ' coefficients

in (8.19) and (8.20) are given by (8.15). The relation between the E_ ' and the

Enm and Fpp, is as described in (3.5). The relations between the ¢, ', u, ' and the
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are shown in Table 5.4. Once all the above

A B

nmpq:* -nmpg: Cnmpq and Dnmpq

relations have been computed up to W = v-4=(N+1)2-5, (see (2.8) and the
paragraph before (3.11)), allows one to compute the final harmonic coefficients

with (8.8), i.e.

v-4
T, = 2 Ep gpx » k=0,1,2,...,V-4. (8.21)
p=k

More precisely the computations of (8.17) to (8.20) start as shown in the following

table.

Table 5 Storage Required by the Gram-Schmidt Orthonormalization Process.

We
replace: by: where:
ug ' J00 goo = ug = 1/(ug") /2
Eg' Egp Eq = 900 Eo'
cio' C10 C10 = ~900 Ci10'
up' 911 gi11 = up = 1/(“050 + up")1/2
Ep’ E; E; = 931 (ci9 Eo + E1')
C10 910 910 = 911 €10 900
¢y’ C21 C21 = 910 C20' ~ 911 C21'
c20' C20 C20 = ~900 C20'
2 2
uy' 922 gop = up = 1/(-cpp ~Cp1 + up') /2
Ep' Ep Ey = gp2 (cpp Eg + cp1 Ep + E2')
€20 920 g20 = 922 (€20 900 * C21 J10)
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Table 5 Storage Required by the Gram-Schmidt Orthonormalization Process.

(Continued).
We
replace: by: where:
C21 921 921 = 922 €21 Y11
c32' C32 C32 = —920 C30' 921 C31' ~922 C32'
c31' C31 €31 = ~910 C30' ~911 C31'
c30" C30 €30 = ~900 <30’
2 2 2
usz' 933 g33 = uz = 1/(-c3g -c31 -C3p +uz')1/?
Eg! Ej3 E3 = g33 (c30 Egtcsy Ejtcsy Ep + E3')
€30 930 930 = 933 (C30 900 *C31 910 tC32 I20)
C31 931 931 = 933 (C31 911 *C32 921)
€32 932 932 T 933 €32 922
ETC. ..

From this table one finds out that the storage required is as follow. The ¢, replace
the cp, ' and the g, replace the ¢, ;; also the E replace the E, ' and the T,

replace the E. So a lower triangular matrix g (n, n) and the vector E (n) are the




92

storage required to compute the vector T, as shown with the following matrices

equivalence:
up' 900 900
Ccio' up' C10911 910911
Cpp' Cp1' up' C20C21922 920921922
1= 1=
c3p' c¢31' c32' uz' C30C31C32933 930931932933
S - .. ) .. )
and
[ Eo' | [ Eq | [ T ]
Eq! Eq T,
Ez' > E2 &> T2
: 1

The following table gives the size of the arrays required to store the above vector
E (n) and lower triangular matrix g (n, n) when a maximum degree and order of

surface harmonic coefficients is sought.
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Table 6 Vector Sizes for the Altimetry-Gravimetry Solution.

N = Maximum degree and order of surface harmonic
solution,
L = Vv-3 = (N+1)2-4 = Vector size to store the
above vector E(n),
p(u+l) /2 = (v=-3) (v-2)/2 = Vector size to store the
lower triangular matrix
g(n,n).
E (W) g(l,H) symmetric
N L= v-3 (v=3) (v-2)/2
28 837 350,703
36 1365 932,295
180 32757 536,526,903

The coefficients E,, ' of (8.12) are computed using FFTENM in appendix G. The
Cpp ' and uy ' of (8.15) are computed with FFTABC in appendix G. The results
of FFTENM and FFTABC are entered in ORTHO of appendix G which computes
equations (8.17) to (8.21) as shown in Table 5. The result of ORTHO is T, the
desired spherical harmonic coefficients that solves the altimetry-gravimetry b.v.p..
Geopotential coefficients defined with no units are usually manipulated. Thus by
having previously defined T, Ag and W without units (see around equation

(3.13)) i.e. T(no units)=T(with units)/ (6GM/R) and Ag(no units)=Ag(with
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units)/ (GM/R?2), W(c,)(no units)=W(c;)(with units) (GM/R) 2 and W(C,)(no

units)=W(0,)(with units) (GM/R2) 2, all the coefficients Cop "> Un" (e Apppe

B Crmpg 214 Dpmog)s En ' (€. Epy and Fpp), Cpp, Up, Ep and T, (e Cpp

nmpq?

and S,,) have no units.

Numerical results are presented in the next chapter. The next section shows

how to make the computations cheaper.



8.3 The Cholesky Factorization.

One might have recognized that equations (8.17) to (8.21) are the relations that
involve the inversion of a matrix. This is proven in this section. The Cholesky
factorization enables one to solve a system of equation without having to compute a
matrix inverse. This is much cheaper than computing the matrix inverse. Freeden
(1983) shows the relation between the Cholesky factorization and the Gram-
Schmidt orthonormalization. As suggested by Freeden (1983) we have used the
efficient routines provided by the mathematical package "LINPACK" (Dongarra et
al, 1979). This section shows how the Cholesky factorization is applied to

compute T, when E, ', ¢, ' and u, ' are provided, i.e. to compute equations

(8.17) to (8.21).

The coefficients T, are the solution of the system of linear equations (3.17)
where the matrix is the Gram matrix G which contains the ¢, ' and u, ' given by

(8.15) or (6.1). The right hand side vector of (3.17) contains the E_ ' values given

by (8.9). Since G is symmetric and positive definite G can be decomposed uniquely

in the form

G=CC . (8.22)

-05-
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In (8.22) C is a lower triangular matrix with positive diagonal element. The
splitting of G is known as the Cholesky factorization (Dongarra et al., 1979, p.10-
1). Equation (3.17) can be written as

GT=E' . (8.23)

Inserting (8.22) in (8.23) gives

T
cCcC T=ZE"' (8.24)
or simply
CE=ZE" (8.25)
where we have defined
T
C T =E . (8.26)

Following these last equations we have used the "LINPACK" subroutines;
DPOFA which find C from G because of (8.22), DPOSL to solve for E from
(8.25) and DPOSL again to solve T from (8.26) which is the desired solution.
The "LINPACK" subroutine DCHDC also finds C from G but by pivoting. The
use and cost of pivoting was found unnecessary due to the high stability of the

Gram matrix G.

We can write (8.5) as

T =D E (8.27)
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where we have defined D as the lower triangular matrix of element g,,,,. Replacing

(8.26) into (8.27) one gets

T=D C T or

which is true only if

(8.28)

(8.29)

This proves that the Inp in (8.5) are the elements of the inverse of C, thus

computing (8.17) to (8.21) is computing the inverse of C. In other words the

Gram-Schmidt orthonormalization does not compute the inverse of the Gram matrix

G butof C, the triangular factorization of G. Since from a numerical point of

view the inversion is often not very economical it is preferable to avoid any

inversion, of G or C, and use the Cholesky factorization.

For comparison with equations (8.17) to (8.21) we here give the relations to

compute the solution by the Cholesky factorization.

The triangular decomposition or Cholesky factorization (8.22) is computed with

and

(uo¢)1/2

/ COO

p-1
2 Cp
. p
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p—-1

The forward solution (8.25) is computed with

Eqg = Eo' / COO

And the backward solution (8.26) is computed with

Ty-g4 = Ey_gq / Cy_4

n
T, = (( Ep = X2 Cox Tn ) / Cpp
k=p+1

(8.30)

(8.31)

(8.32)

The solution using the Cholesky factorization is computed by the routine ORTHOC

in appendix G.

It was verified that both the Cholesky factorization using the ORTHOC and the

Gram-Schmidt orthonormalization using the routine ORTHO give the same results.

While it is much more efficient to use the Cholesky than the Gram-Schmidt

solution the Gram-Schmidt equations can be of much more help when analyzing the

solution than the Cholesky equations. With the Cholesky solution one does not see

the base function X,(8,A) and its associated set of coefficients E,. With the Gram-
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Schmidt solution one finds out that each coefficient E,E1,E5, ... is "independent”

since they are defined as a base vector (associated to a base function). As can be
seen from Table 5 the coefficient E, is computed from the previous coefficients E4
and E and the coefficient E3 would be computed from the previous coefficients
E,g to Eg. This shows that each coefficient Egy, Eq1, Ep, ... is "independent” of

the degree and order of the solution sought in the same way the C,pand S,

coefficients are in the single b.v.p. solution; this is desirable.

Also the Gram-Schmidt solution shows that the last computed coefficients T

are "dependent"” of the degree and order of the solution, this is undesirable but
unavoidable. As can be seen from equation (8.5) the coefficient T is computed

from the coefficients Ey,E{,E5, ... ,up to E,,_4 where v-4 again is the rank of the
solution. If v is large the effect of the other coefficients E,,_; up to the ones at
infinity E.,, will be small on Ty and T, etc.. But where ever the solution is
truncated, say to degree and order 180 where v—4 = 32756 then from (8.5) or

(8.22)

T32756 = 932756,32756 E£32756 . (8.33)

This coefficient would better be defined if computed with the other coefficients up

to infinity such as

T32756 = 932756,32756 E32756 + 932757,32756 E32757 +

+ g32758,32756 E32758 * ... . (8.34)
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So we should compute terms higher than E, to compute good T, coefficients. And

this shows why we must expect the last coefficients to be less well defined and
why it would be acceptable to reject the last coefficients of this least-squares
solution. Again we emphasize that this could be found out only when one studies
the Gram-Schmidt orthonormalization equations and not when one tries to analyze

the equations of the Cholesky factorization.

While it is much faster to compute the Cholesky factorization than the Gram-
Schmidt orthonormalization, the same amount of storage is required. Table 6 gives
the size of the two main arrays required during the computations. The last column
gives the number of different elements in the symmetric Gram matrix. Since we
have not tried to use magnetic disk or tape storage to solve the problem due to high
cost, we can see from Table 6 that at least 350K words (double precision values) is
required for a solution up to degree and order 28,28. We can also see from Table 6
that the computer storage and the computation time required increases drastically
with the number of coefficients we want to solve for. To overcome this main
drawback of the solution we have tried to solve the problem by using only the
diagonal of the Gram matrix. The diagonal elements are generally ten times larger
than the other elements. These numerical results and others, with their analysis,

will be given in next chapter.

Finally this chapter has shown that the least-squares solution to a mixed b.v.p.
like the altimetry-gravimetry problem involves the computations of coefficients such
as (8.12) and (8.15) and the solution of a system of linear equations by the

Cholesky factorization (equations (8.30), (8.31) and (8.32)) which can be
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computed using the efficient Fortran routines of the "LINPACK" package or of the

"IMSL" library.



CHAPTER IX
NUMERICAL RESULTS AND ANALYSIS

All calculations were carried out on the Ohio State University's AMDHAL 470
V/8 computer using the IBM's Multiple Virtual Storage (MVS) operating system
and the VS FORTRAN Level 4.0 (Oct 1984) compiler.

The solution to the altimetry-gravimetry problem as proposed here from chapters
2 to 8 was tested using geopotential coefficients, those of GEML2 (Lerch et al.,
1982). They are complete to degree 20 with additional terms to degree 30, order
28. Large matrices can be manipulated by direct access files and magnetic tapes.
By not doing so, for financial reasons, we restricted ourselves to the size of
matrices involved in the solution that would fit the memory available in the
computer. This restricted us to test our solution on recovering the GEML2

coefficients only up to degree 28 and order 28.

Up to degree 28, the GEML2 fully normalized potential coefficients (C,, and
Spm) were used to compute mean gravity anomalies Ag; 5 and mean disturbing
potential values "fij for equiangular blocks G; 4 of size equal to 1 degree of latitude
by 1 degree of longitude. Such values were computed on a regular grid covering
the Earth (spherical unit sphere) using the efficient FFT harmonic synthesis of
(Colombo, 1981). A brief summary of the equations involved to compute such a
grid of mean values is given in appendix F, while the FORTRAN routine used is
FFTDGN in appendix G. All the computations in this volume were done on a

sphere.

-102-
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From the values of the two regular grids (Ag; 4 and T; 5) we have produced one
regular grid of mixed values of Ag;4 and T tosimulate the mixed boundary
value problem. The situation is shown on Figure 1 where Ag 14 aregiven on
continents and T;; on oceans. That mean disturbing potential values T4 be
provided or mean geoid undulations values N 14 be provided is of no concern here
since according to Bruns' formula, N=T /vy (HM, 1967, eq.(2-144) ) and ﬁij

can always be transformed into T ;4 using normal gravity .

Of more concern is the fact that the set of T; 4 obtained from satellite altimetry
might not be consistent with the set of Ag; s obtained from terrestrial gravimeter.
In other words, if one computes the mean of the altimetry data T 15 given over the
oceans G4, this mean value is directly related to the zero degree harmonic T((0;)
which zero degree term defines an ellipsoid different from the mean earth ellipsoid
(HM, Section 2-19). Similarly the mean value of the gravimetry data Ag; 5 alone is
related to a zero degree harmonic Ag(6,) which will most probably define another
ellipsoid. To be consistent, the solution must shift or scale atleast one of the data
sets, the T, 4's orthe Ag,4's, insucha way that the solution defines only one
ellipsoid. To overcome this inconsistency between Ag; 4 and T;4 some authors

like Sacerdote and Sanso (1985) suggest a solution with overlapping areas between

the two sets of T; 5 and Ag; 4. Svensson (1983, p.350) states

"in the spherical case it is shown that the problem has one and only one

solution ..., and provided that the zero degree component is removed.”.
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In response to this statement, Arnold (1984) suggests that the mean square value of
T (67) (i.e. up) and of Ag (0,) (ie. Hg) should be the weight used in his least-
squares solution (Arnold, 1981) which we are developing in this dissertation.

According to Arnold this scaling by the mean square values would remove this

inconsistency between the two sets Ag; 5 and T; 5. Arnold (1984, p.350) states

"In the least-square solution of the mixed b.v.p. the relative residuals T /[y
and Ag /g come to be adjusted and not the heterogeneous residuals T and
Ag. Wy and W are the associated mean square residuals. The mean square

values of T/Wp and Ag/ Hqare both equal to unity.”

As shown later we have used the scaling by the mean square values (see equation
4.5) and it proves to be exact in the sense that this scaling was required to solve the
altimetry-gravimetry problem. However the precise reason for this weight

procedure as suggested by Arnold (1984) is not clear in his paper.

For our numerical solution to be feasible we had to use an efficient way of
performing the calculation. Without the FFT applications of Colombo (1981) it
would not have been financially possible. The FFT application restricts one to use

a regular grid where overlapping is not possible.

To find an FFT harmonic analysis solution with overlapping data (two values,

one Ag; jand one T; 4, for the same block 0 5 ), if at all possible, is a suggestion

j7

for future research.
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Apart from this altimetry-gravimetry problem with different data on continents
and oceans (Figure 1) we have also tried our solution on a mixed b.v.p. which has

a random distribution of Ag; 5 and T, 4 (Figure 2). Results obtained were similar to

the continent/ocean case and are thus not shown.

To later analyze the solution of the mixed b.v.p. we first solved the single
b.v.p. with the same apriori model. That is, the previously derived 1° X 1° mean
values Ag ;5 computed using the GEML2 coefficients, up to degree 28, were input
in the harmonic analysis FFTCNM routine of appendix G to compute back potential

coefficients. These new potential coefficients were input in the harmonic synthesis

FFTDGN routine to compute another set of Ag;. . The agreement of the two sets
p i3 g

of Ag;s, the maximum difference, the RMS difference and the mean of the

difference between the two sets are given on the first line of Table 7.

As we have seen in section 2.2 this solution of the single b.v.p. is a least-
squares solution. We are not performing a least-squares adjustment but as a
solution of the least-squares method the residuals should be minimized. When
computing (E.1) with (E.6) we make approximations. These approximations are
due to the use of mean values and of an approximated de-smoothing operator 1,
sometimes referred to as a noise amplificator. Because of these approximations the
residuals (3.11) and (3.12) are not minimized. When trying to recover a
geopotential model known apriori, as done here, the residuals should be zero.
Similar to the least-squares adjustment where one must iterate because the model
has been linearized we can iterate the solution to minimize the residuals. Thus the
set of differences 6Ag; 4 between the two sets of Ag; 5 are the residuals and these
were entered in the analysis FFTCNM routine to compute corrections to potential

coefficients. These corrections are added to the last set of potential coefficients
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using ADDCNM routine, also in appendix G. These new potential coefficients are

entered into the synthesis FFTDGN routine to compute another set of Ag; ;- The

maximum difference, the RMS difference and the mean of the difference between

this set and the first set of Ag, 4 derived from GEML2 are given in Table 7 as the 1

iteration case. The ADDDGN routine, also in appendix G, computes these statistics
and creates the next set of gravity anomaly differences, SKc}ij for the next
iteration. As seen in Table 7 the RMS differences converge, and it is possible to
recover all the GEML2 coefficients exactly to 7 digits after 5 iterations. The

iteration process is shown on a flow chart in Figure 3.

One important remark should be given at this point. A least-squares solution
where the residuals are minimized after some iterations shall be referred to as an
"iterated" solution. When the mathematical model is not linear it takes some
iterations to minimize the residuals. Here the mathematical model is linear but
because of approximations during the computations it also requires some iterations
to minimize the residuals. However, we will see that in practice, with actual
observed data, an iterated solution may not be desired. Iterating causes all the
frequency information up to infinity to enter into the finite number of coefficients,
thus distorting the coefficients. On the other hand we will also see that one or two
iterations might not yet distort the coefficients. There may be a problem here in
deciding when to stop iterating. This problem might require further studies. In any
case if no iteration is performed then the computation of equation (E.1) with (E.6)
is called a "deterministic" solution. For the same reason as above, a deterministic
solution instead of an iterated solution might be desired for the mixed altimetry-
gravimetry b.v.p.. And we will show that this option is offered by the solution

presented in this dissertation.



Table 7 Statistics on Single b.v.p. solution using GEML?2
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dAg (mgals) ON (metres)

ITERATION| MEAN RMS MAX MIN |MEAN RMS MAX MIN

0 0.0 .06 .07 =-.06{ 0.0 .008 .06 -.0¢6

1 0.0 .00 .00 .00} 0.0 .000 .00 .00

Ag (mgals) (metres)
MEAN RMS MAX MIN |MEAN RMS MAX MIN
0.0 14.06 44.0 -51.6} 0.0 30.31 76.6 —-104.2
SAg (%) ON (%)
Degree | # of ¥ of

n coeff. | iter.: O 1 0 1
2 5 .01 .00 .00 .00
3 7 .01 .00 .01 .00
4 g .01 .00 .01 .00
5 11 .03 .00 .03 .00
6 13 .03 .00 .03 .00
7 15 .04 .00 .05 .00
8 17 .05 .00 .06 .00
9 19 .08 .00 .08 .00
10 21 .06 .00 .07 .00
11 23 .10 .00 .14 .00
12 25 .11 .00 .13 .00
13 27 .11 .00 .15 .00
14 29 .10 .00 .13 .00
15 31 17 .00 .23 .00
16 33 .14 .00 .15 .00
17 35 .22 .00 .30 .00
18 37 .15 .00 .16 .00
19 39 .17 .00 .25 .00
20 41 21 .00 .23 .00
21 31 .28 .00 .39 .00
22 31 .24 .00 .25 .00
23 11 .31 .00 .41 .00
24 11 .43 .00 .48 .00
25 11 .27 .00 .34 .00
26 5 .50 .00 .46 .00
27 9 .31 .00 .31 .00
28 11 .25 .00 .24 .00
29 6 n/a n/a n/a n/a
30 2 n/a n/a n/a n/a
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Figure 3 Flow Chart to Test the Single b.v.p. Solution

(Boxes are FORTRAN routines and curves are data sets).
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The same process of iteration as above was applied using a set of mean geoid

undulations N, . The statistics are also given in Table 7. The deterministic

solution is given as the 0 iteration case.

The same process of iteration can be applied to a larger set of geopotential
coefficients. Those of (Rapp, 1981) known up to degree and order 180 were used
and recovered to produce similar statistics (see Table 8). The iterations converge
and Table 8 indicates that it would be possible to recover all the coefficients exactly.
As in Table 7, in the lower part of Table 8 we give in percentage the disagreement
between the recovered coefficients versus the original coefficients and this by
degree and for each iteration. It is interesting to note how the coefficients converge,
the lowest first and the higher last, as it will be the case for the mixed b.v.p.

solution. Again the deterministic solution is given as the 0 iteration case.

The same process of iteration can be applied without using the de-smoothing

operator 1. In this case the convergence is slower but still converges as shown in
Table 9. This is important since integrals for which the 1, function would not be
known could still be computed accurately. Knowing the 1, function or its
approximation is however useful for faster convergence. Ourresults in Table 8 and
9 show the correctness and effectiveness of the de-smoothing operator 1,,. Without
using 7, it took 4 iterations to recover the 64800 N 5 values with an RMS

difference of 11 cm while using M, it took 2 iterations to recover the 64800 N, ;

values with an RMS difference of 10 cm. The deterministic solution is the case

with no iteration. Comparing the zero iteration case of the last two tables one
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Table 8  Statistics on Single b.v.p. Solution using RAPP81 and the
De-smoothing Operator M.

dAg (mgals) ON (metres)
ITERATION [MEAN RMS MAX MIN |MEAN RMS MAX MIN
0 6.0 2.09 38.5 -26.9} 0.0 .133
1 0.0 .49 8.2 -6.11 0.0 .02¢%
2 0.0 .15 1.8 -1.¢] 0.0 .010 n/a
3 0.0 .06 7 -.71 0.0 .006
4 0.0 .03 6 -.6{ 0.0 .005
Ag (mgals) N (metres)
MEAN RMS MAX MIN |MEAN RMS MAX MIN
0.0 22.5 255 -=229¢ 0.0 30.37 81.7 -106.8
dAg (%)
Degree | # of # of
n coeff.|iter.: 0 1 2 3 4
2 5 .01 .00 .00 +00 .00
3 7 .01 .00 .00 .00 .00
4 9 .01 .00 .00 .00 .00
5 11 .03 .00 .00 .00 .00
6 13 .02 .00 .00 .00 .00
8 15 .05 .00 .00 .00 .00
10 21 .06 .00 .00 .00 .00
20 41 .28 .00 .00 .00 .00
30 61 .47 .01 .00 .00 .00
40 81 .88 .02 .00 .00 .00
50 101 1.21 .04 .00 .00 .00
60 121 1.86 .08 .01 .00 .00
70 141 4.89 .28 .02 .00 .00
80 161 6.89 .53 .04 .00 .00
90 181 8.72 .82 .08 .01 .00
100 201 10.71 1.21 .15 .02 .00
110 221 12.31 1.68 .24 .03 .01
120 241 14.13 2.29 .38 .07 .01
130 261 16.02 3.10 .60 .12 .03
140 281 18.41 4,04 .90 .21 .05
150 301 22.22 5.46 1.43 .37 J11
160 321 24.58 7.02 2.03 .58 .18
170 341 28.57 8.64 2.85 .94 .36
177 355 29.28 9.86 3.43 1.24 .53
178 357 29.76 11.00 5.47 3.98 3.54
179 359 28.51 10.01 4.24 2.31 1.49
180 361 30.5¢6 15.75 12.11 10.77 9.97




Table 9  Statistics on Single b.v.p. Solution using RAPP81 and no
De-smoothing operator 1,
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dAg (mgals)

ON (metres)

ITERATION| MEAN RMS MAX MIN | MEAN RMS MAX MIN

0 3.83 .255

1 1.43 .088
2 n/a .56 n/a n/a; n/a .040 n/a n/a

3 .19 .020

4 .06 .011

Ag (mgals) N (metres)

MEAN RMS MAX MIN |MEAN RMS MAX MIN
0.0 22.5 255 =229 0.0 30.37 81.7 -106.8

dAg (%)

Degree | # of # of

n coeff. iter.: O 1 z 3 4
2 5 .01 .00 .00 .00 .00
3 7 .02 .00 .00 .00 .00
4 9 .04 .00 .00 .00 .00
5 11 .06 .00 .00 .00 .00
6 13 .09 .00 .00 .00 .00
8 15 .16 .00 .00 .00 .00
10 21 .24 .00 .00 .00 .00
20 41 1.00 .01 .00 .00 .00
30 61 2.06 .04 .00 .00 .00
40 81 3.48 .13 .01 .00 .00
50 101 5.59 .33 .02 .00 .00
60 121 7.81 .64 .05 .00 .00
70 141 10.18 1.10 .12 .01 .00
80 161 13.58 1.85 .29 .04 .01
90 181 17.12 3.04 .55 .10 .02
100 201 20.66 4.43 .97 .21 .05
110 221 24.03 6.05 1.55 .40 11
120 241 27.61 8.02 2.38 .72 .22
130 261 31.21 10.36 3.53 1.22 .43
140 281 35.14 13.16 5.05 1.96 .77
150 301 39.94 16.90 7.30 3.20 1.41
160 321 43.88 20.51 9.80 4.74 2.30
170 341 48.60 24.89 12.99 6.85 3.80
177 355 51.14 27.59 15.22 8.50 4.78
178 357 51.31 28.22 16.21 9.84 6.51
17¢ 359 51.76 27.98 15.61 9.01 5.43
180 361 50.91 29.42 19.29 14,55 2.31
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verifies how useful the use of the de-smoothing operator is for the deterministic
solution since it enables us to recover the coefficients two times more accurately,
with an RMS difference of .133 metres (in Table 8) instead of .255 metres (in

Table 9).

The same process of iteration can now be applied to our solution of the mixed

b.v.p.. The same tables will be produced and compared with the preceding ones.

The two sets of Ag:

;15 and T; produced earlier from GEML2 are entered into

the FFTENM routine, with the continent/ocean distribution. This routine computes
the B, i.e. Eyy and F,, coefficients using equation (8.12) (which is also (4.4)).
The FFTABC routine used the same distribution to compute the ¢, ' and u,' ie.

the A B C and D

nmpq’ Bnmpq? coefficients using (8.15) (which is also

nmpqg nmpqgq

(6.1)). These two pieces of software (FFTENM and FFTABC) use FFT but not as
efficiently as the FFTCNM and FFTDGN routines do. This is due to the (n-1)

and (n-1) (p-1) factors in equations (4.4) and (6.1) that must be applied to the
Ag; 5 values while it is not required for the T4 values. This causes the row of
values along one latitude which is entered to FFTCC IMSL subroutine to be

dependent on "n" or "n and p". To visualize the problem we can represent one row

of 45° X 45° mean values as
T11 Tip T3 T4 Tis Ty Ty7 Tig

This latitudinal row of values (without units) is entered into FFTCC and the
frequencies m=0,1,2,3,4 are returned. In the usual harmonic synthesis
FFTCNM case, the task is then completed since we can compute all the coefficients

from these frequency informations, m=0, 1, 2, 3, 4. However in FFTENM and
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FFTABC we have to enter the row again and again in FFTCC for each factor

(n-1) or (n-1) (p-1) like this

Ist time: Ti1 Ti2 T13 T1a Agis Agig Tyg Tig
2nd time: _Tll le T—13 @14 259'—15 25—9:16 '_fl—’z T—IS
and so on: T11 Tiz T13 T1gq 3Ag1s 3Bgie Tyy Tig

To find a solution to this problem is another suggestion for future research that
would improve the efficiency of our solution. Because of this problem FFTENM is
at least 25 times slower than FFTCNM. The computer control processing unit
(cpu) times are given in Table 10. FFTABC suffers from the same problem as
FFTENM but in addition it has to compute many many more coefficients. As
shown in Table 10 FFTCNM or FFTENM computes 2*NENM coefficients
where NENM = (NMAX) (NMAX+1) /2 while FFTABC computes 4 *xNANMPQ
coefficients where NANMPQ = (NENM) (NENM+1) /2, thus is much much more

time consuming than FFTENM.

The two sets of coefficients E,, F,,, and A B C and D

mpq? “nmpqr rnmpg nmpg

representing E,' and ¢, and uy,' are then entered into the ORTHO routine to

perform the Gram-Schmid orthonormalization, equations (8-17) to (8- 21). This

provides us with the final deterministic solution.

The same solution is obtained if instead of ORTHO we use the ORTHOC
routine which performs the Cholesky Factorization, equations (8.30) to (8.32)

(which is also (8.22), (8.25) and (8.26)).



Table 10 Computer Time and Storage.

911

Fortran
routines: PNMI PNMI2 FFTCNM | FFTENM |FFTABC ORTHOC ORTHO
Output 4 s B B .
of . Lnm () Inmpq (6) Chm Enm Anmpq Com Com
routines _ Bhmpq _ _
Snm Frm Cnmpq Snam Shm
Dnmpg
Upto
degree
and
order
!
CPU TIMES:
10 1 sec 6 sec 2 sec 40 sec 4 min 2 sec 4 sec
28 2 sec 98 sec 5 sec 2 min 32 min 4 min 10 min
180 20 sec =1 hr 43 sec 12min  |=20 hres =10 days =30 days
STORAGE (IN WORDS):
28 90*435 90+*94,830 2%435 2%435 4*94 830 841*%841 837%837
180 90%16,471]90%135,655,156|2%16,471 | 2*16,471 (4*135,655,156|32761*32761| 32757*32757

/ /1 /1 /
These values need not be These coefficients can always be These are problematic since
stored since they can be computed by parts since each degrees  they require solving a very
computed with a are independent. large system of equations.
subroutine.
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It was verified that both routines, ORTHO and ORTHOC, give the same
solution but the second routine is, as expected, much faster. The cpu times are
given in Table 10. The output of this ORTHOC routine is our final solution to the

altimetry-gravimetry b.v.p. given as spherical harmonic potential coefficients.

From these coefficients a 1° X 1° regular grid of 64800 mean Ag 14 values were
computed. Another 64800 mean T, values covering the Earth were also

computed. These two sets can be compared to the original two sets Ag; 5 and T, 4

derived earlier from GEML?2. The statistics are given in Table 11. The zero (0)
iteration case is the deterministic solution just obtained. This table shows the result

where the weight function was set to one (unity). We will later be able to

appreciate the improvement brought by using the mean square values of T (C;)

and Ag (03).

As previously noted we can iterate the solution and look at the convergence.
Figure 4 shows the flow chart of the computations involved and of the iteration
process. The one (1) and two (2) iteration cases in Table 11 show that it is
converging, which shows the correctness of the theory and of the numerical
computations (routines) in this dissertation. However one can see in the lower part
of the table how strange the first degrees 2, 3, 4 and 5 converge with the agreement
decreasing after 1 iteration and then increasing. Also the zero (0) iteration case does
not show an as good agreement as in the single b.v.p. solution. This is seen by
comparing the first line of Table 11 with the first line of Table 7. A root mean

square value of 1.02 mgals is obtained instead of 0.06 mgals. On the same line we

can notice that the mean value of the 64800 Ag; 5 recovered is no longer zero. The
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Table 11 Statistics on Mixed b.v.p. Solution using GEML2 with Unity as

Weight.
dAg (mgals) ON (metres)

ITERATION| MEAN RMS MAX MIN | MEAN RMS MAX MIN

0 -.06 1.02 6.2 -5.570.40 2.08 5.0 -4.5

1 -.02 .39 2.7 =2.41-.10 .80 2.3 -2.5

2 -.01 .11 .7 - -.06 .38 9 -.8

Ag (mgals) N (metres)
MEAN RMS MAX MIN | MEAN RMS MAX MIN
0.00 14.06 44.0 -51.6} 0.0 30.31 76.6 =-104.2
0Ag (%)
Degree | # of ¥ of

n coeff. | iter.: O 1 2
2 5 .17 1.63 .76
3 7 .43 1.35 .44
4 9 .81 1.83 .48
5 11 .87 2.20 .49
6 13 1.71 1.56 .47
7 15 2.20 .78 .35
8 17 3.35 1.82 .65
9 19 3.96 2.16 .66
10 21 3.04 2.79 .75
11 23 4.89 2.95 .87
12 25 5.80 3.53 .93
13 27 5.20 2.29 .70
14 29 6.92 3.67 1.05
15 31 9.77 4.08 1.21
16 33 10.26 5.11 1.47
17 35 12.49 5.44 1.73
18 37 9.66 4.51 1.25
19 39 12.82 5.1¢9 1.40
20 41 11.39 4.64 1.44
21 31 19.91 5.43 1.64
22 31 15.86 4.79 1.84
23 11 15.31 7.76 2.19
24 11 14 .35 4.77 1.48
25 11 15.69 5.22 1.66
26 5 24.74 5.82 1.37
27 9 19.18 4,24 1.17
28 11 19.00 3.61 1.10
29 6 n/a n/a n/a
30 2 n/a n/a n/a
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14

I and T around the world
{ FFT_DG_N | [FFTDGN]

GEML2 The distribution of Ag>

0
s<,_«_glj ros (723))-[ FFT_ABC ]
1 1 1 Anmpq’ Bnmpq
CEnm’ Fam (= EH‘D Cnmpap Pampq
(— un 5 Cnp )
] - J
ORTHO_C (Cholesky)
1  _1
cnm' Snm
> C 1
| FFT_DG_N | FFT_DG_N
| ADD DG_N ; | ADD_DG_N |
l
_1 —0
(S—glj (= Aglj Ang (8"1’1] = Tys - TifD
1
FPT,ENM b@MS(Aglj) . RMS(Tl:D—— FFT_ABC
I
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k.

]
ORTHO_C (Cholesky)

1 —1
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|

2 1 1 —2 1 1
(cnm (= Com * OChm) s+ Spm (= Spm + BS@D

- I

Figure 4 Flow Chart to Test the Mixed b.v.p. Solution. (Boxes are FORTRAN
routines and curves are data sets).
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solution is obviously wrong when no weight is used. The following test corrected

the situation.

Table 12 shows the same computations with the Ag; 4 and T; 4 now scaled by

their mean square values as computed by (4.5). Now the convergence is almost as

fast as in the single b.v.p. solution (compare Table 12 with Table 7). And now the

mean value of the 64800 Ag. -

15 computed from the recovered coefficients is zero.

And the mean value of the 64800 mean T, 4 values computed from the recovered

coefficients is also zero. The improvement obtained here, with a convergence in
only 3 iterations, proves undoubtedly that it is mandatory to use some kind of
weight in the solution. The use of the mean square values is one possibility.
However it is not understood how this scaling affects the mean value (and the zero
degree harmonic). As mentionned earlier it is not clear why Arnold (1984, p.350)
suggested this weight. Further research would be required to find out if
the mean square values are the only weights that would solve the problem. The

mean value in Table 12 was computed from the 64800 mean Ag, 4 values derived

from the coefficients of the solution. The mean value being zero should indicate

that the Cqo harmonic of the solution is zero. However the Cy, term was not
directly computed here since the software was developed to compute the
coefficients starting at C,q. In the future it would be more appropriate, specially
with real data, to compute the Cq coefficient through the Cholesky solution and
verify how close to zero Cgq really is. Inany case the results in Table 12 prove
that we have a viable solution to the mixed b.v.p.. For the deterministic solution
i.e. without iteration the 64800 Ag; s are recovered with a RMS difference of

0.48 mgals and the N 15 with a RMS difference of 0.18 metre (Table 12).
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Table 12 Statistics on Mixed b.v.p. Solution using GEML.2 with the Mean

Square Values as Weight.
0Ag (mgals) ON (metres)

ITERATION| MEAN RMS MAX MIN|MEAN RMS MAX MIN

0 0.0 .48 2.21 -2.63} 0.0 .182 .91 -1.17

1 0.0 .01 .0 ~-.04, 0.0 .002 .02 -.02

2 0.0 .00 .00 .00] 0.0 .000 .00 .00

Ag (mgals) N (metres)
MEAN RMS MAX MIN | MEAN RMS MAX MIN
0.00 14.06 44.0 -51.6} 0.0 30.31 76.6 -104.2
6Ag (%)
Degree | # of # of

n coeff. | iter.: O 1 2
2 5 .07 .00 .00
3 7 .14 .00 .00
4 9 .32 .00 .00
5 11 .37 .00 .00
6 13 .64 .01 .00
7 15 1.00 .01 .00
8 17 1.42 .01 .00
S 18 1.65 .01 .00
10 21 1.50 .01 .00
11 23 2.32 .03 .00
12 25 2.53 .03 .00
13 27 2.42 .04 .00
14 29 2.80 .04 .00
15 31 3.83 .05 .00
16 33 4.48 .07 .00
17 35 4,86 .05 .00
18 37 4,03 .06 .00
19 39 4,63 .06 .00
20 41 4,94 .07 .00
21 31 8.09 .10 .00
22 31 5.97 .10 .00
23 11 5.06 .09 .00
24 11 5.29 .09 .00
25 11 6.24 .12 .00
26 5 8.83 12 .00
27 9 10.82 .16 .00
28 11 12 .37 .13 .00
29 6 n/a n/a n/a
30 2 n/a n/a n/a
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As a check, the software developed here that solve the mixed b.v.p. must also

solve the single b.v.p.. First we entered only the Ag ;14 1n FFTENM to compute
the E,, and F,, coefficients. As seenin (4.4) these coefficients are multiplied by
(n-1) instead of being divided by (n-1) as in the familiar equation (E.1). But
FFTABC computes for this single b.v.p. case a Gram matrix (left matrix of
equation 3.17) which is diagonal and with terms in the diagonal which are equal to
(n-1) (n-1) coming from the factor (n-1) (p-1). After having solved the
system of equations using ORTHOC the results were exactly the same as the output
from FFTCNM i.e. of the single b.v.p.. This was demonstrated analytically in

chapter 3 just before equation (3.17).

All the software mentioned here can be found in appendix G; they are: PNMI,
FFTDGN, FFTCNM, ADDDGN, ADDCNM, PNMI2, FFTENM, FFTABC,
ORTHO and ORTHOC.

As was mentioned at the end of chapter 8 and as also seen from the cpu times in
Table 10 the main drawback of the solution is the large system of equations to
solve. To overcome this problem we have tried to solve the system by inverting
only the diagonal. This possibility is very attractive since it would make the
solution applicable with the existing mainframe computers and for high degree

solution. Inverting the diagonal is no cost compared to solving a system of

equations. Inverting the diagonal also means that only the integrals I, . (6)
and the coefficients A, and B,y (instead of Inpoq(0), Appog Brmpe

C and Dp,ppq) are required to be computed which reduces drastically the

nmpq

number of coefficients to be computed. Table 13 shows the results of 5 iterations
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Table 13 Statistics on Mixed b.v.p. Solution using GEML2 with the Mean Square
Values as Weight and using only the Diagonal of the Gram Matrix

0Ag (mgals) ON (metres)
ITERATION | MEAN RMS MAX MIN |{MEAN RMS MAX MIN
0 0.0 17.0 ©90.3 =105} 0.0 12.2 56.6 -69.1
1 0.0 7.0 47.8 -341 0.0 5.9 36.6 =-27.0
2 0.0 4.2 27.9 -261 0.0 3.8 22.2 -17.8
3 0.0 3.1 17.¢9 -171 0.0 3.0 19.3 =-13.9
4 0.0 2.7 15.6 -191 0.0 2.6 17.0 =13.7
5 0.0 2.5 14.9 -207 0.0 2.3 15.7 =13.5
Ag (mgals) N (metres)
MEAN RMS MAX MIN |MEAN RMS MAX MIN
0.00 14.06 44.0 -51.6} 0.0 30.31 76.6 -104.2
8Ag (%)
Degree| # of # of
n coeff.|iter.: O 1 2 3 4 5
2 5 11 6 3 3 2 2
3 7 18 10 7 5 4 4
4 9 34 20 16 12 11 10
5 11 62 33 23 18 15 14
6 13 60 43 26 21 17 15
7 15 79 36 20 16 13 12
8 17 81 44 26 22 19 18
9 19 147 64 38 32 27 25
10 21 150 62 42 35 31 28
11 23 156 49 33 26 24 22
12 25 204 67 38 30 25 22
13 27 177 55 35 30 27 25
14 29 222 52 35 30 27 25
15 31 160 54 30 26 22 20
16 33 233 47 31 30 27 27
17 35 261 63 36 35 33 32
18 37 179 54 28 22 20 19
1% 39 201 71 38 30 27 25
20 41 210 84 42 28 25 24
21 31 260 112 53 28 26 26
22 31 193 86 47 26 26 26
23 11 8% 96 48 25 23 22
24 11 154 110 57 19 20 21
25 11 148 S0 6l 14 14 13
26 5 259 138 108 8 17 22
27 S 139 82 53 13 14 13
28 11 132 82 44 11 10 10
29 6 n/a n/a n/a n/a n/a n/a
30 2 n/a n/a n/a n/a n/a n/a
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where we are trying to recover the GEML2 coefficients. It is converging but if we
compare the RMS with the ones of Table 12 the convergence is rather slow. In fact
it does not dispose one to try solving for higher degree solution. Some way to
accelerate the convergence should be assessed. This is another suggestion for
further research. The use of a banded matrix (Wenzel, 1985) could be a possible
compromise between the use of the diagonal and a full matrix which could improve
the convergence and reduce the cpu time. Only for an iterated solution is that option
possible. For a deterministic solution no iteration is permitted and one must solve
the system of equations with the full Gram matrix; unless one accepts that few
iterations do not distort the coefficients. Only further testing will answer this

question.

Meanwhile, it is easy to be convinced that this solution is to the mixed b.v.p.
what the harmonic orthogonal relationship is to the classical single b.v.p. in
physical geodesy. It is certainly the most equivalent solution. Thus we can do all
the testing with the single b.v.p. and the results and understanding will apply to the
mixed b.v.p. as well. This is why we did other testing with the single b.v.p.
which can be done with a set of coefficients of higher degree and at lower cost than

the mixed solution.

As shown by Colombo (1981) the computation of the spherical harmonic
coefficients is contaminated by the sampling error. The "sampling error"
(Colombo, 1981, p.13) includes two errors, the "aliasing error” and the
"quadrature error”. The aliasing error is commonly encountered in Fourier
analysis. It is the error resulting from frequencies in the data to analyse, being

mixed with other frequencies. To have mixed frequencies is to have frequencies
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added or subtracted with other frequencies. It is then said to have "aliased
frequencies”. The quadrature error is the error resulting from the numerical
integration. Some integrals satisfy the mean-value theorem for integrals and their
numerical integration is performed exactly without quadrature error. This is the
case in Fourier analysis where the Fourier integral formulas can be computed
exactly using finite discrete Fourier formulas dependent on some regular grid
(Colombo, 1981, p.10). In spherical harmonic analysis the second theorem of the
mean for integrals (Gerald and Wheatley, 1984, p.A.3) could be satisfied if a
special grid was used where the parallels are situated at the same latitudes as the
zeros of Py 1 (cosB) (Colombo, 1981, p.12) (Payne, 1971). Because an equal
angular grid is used, for practical reasons, the second theorem of the mean for
integrals is not satisfied and the numerical integration gives rise to a numerical
integration error, the quadrature error. Note that even if the quadrature error was
eliminated using the special grid we would still be left with the aliasing error. The
de-smoothing operator is used to attenuate the sampling error, it does not eliminate

it completely.

During numerical simulations the aliasing error can be made totally absent and
the quadrature error can then be eliminated completely. These simulations are very
instructive and the results will be shown below. In practice however the quadrature
error and the aliasing error can no longer be separated and we refer to them by the

sampling error.

The fact that the iterative process permits one to recover the coefficients exactly
is true only when there is no aliased frequency in the data to analyse. In this case

the recovered coefficients have no aliasing error and the quadrature error can be
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eliminated by iterations. Such regular grid of data (point or mean gravity
anomalies) which does not contain aliased frequencies can always be computed
using the harmonic synthesis (appendix F). When N is the maximum degree at
which an apriori geopotential model is used, the rule to compute a regular grid of
values without aliasing the frequencies is to compute point values at every A8° <
180°/N or mean values of size AB° <180°/N . If this rule is not respected the
grid values will contain aliased frequencies. This will be numerically demonstrated
below. This rule is in accordance with the Nyquist frequency in Fourier analysis.
It can be shown that "k ** values regularly spaced on a circle where k = 180/A6°
can contain only N non-aliased frequencies where N <k ie. N <180°/A6°.

This rule has important implications on real data. A grid of "observed" gravity
anomalies or geoid undulations of size AB° contains an infinite number of
frequencies, and thus N > 180°/A8°, and the grid contains aliased frequencies.
In that case the coefficients obtained from the harmonic analysis will be tainted with
the aliasing error, in addition to the quadrature error, and the iterative process under
the effect of the aliasing error will produce distorted coefficients. This will be
simulated below. However the simulation will show that it takes more than one

iteration to distort the solution and that one iteration can improve the solution.

There is also another very important advantage of the iteration process. We

know that if the Pellinen-Meissl smoothing operator B, or the de-smoothing

operator 1, would not be known we would not be able to recover as well the

coefficients. This is true for the case of the single b.v.p. as well as for the case of
the mixed b.v.p.. The de-smoothing operator is known for these two cases on the
sphere only. With the iteration process it is not required to know the smoothing

operator. Hence in cases where we are unable to derive the smoothing operator as
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for the complicated cases involving the ellipsoid or the topography the iteration

process would enable us to recover acceptably well the coefficients.

The following simulations were done to sustain these facts. We have seen that
using the iteration process we can recover all the coefficients of the RAPPS81 set, up
to degree 180, from 1° X 1° mean anomalies (Table 8). This time only the first
coefficients up to degree 36 will be recovered from the same set of 1° X 1° mean
anomalies computed from the coefficients up to degree 180 of RAPP81. The
calculations are, however, difficult to follow when one iterates the solution. One
should follow the iterative computations using the flow chart in Figure 3. From
RAPPS]1 to degree 180, 1° X 1° mean anomalies are computed. From these mean
anomalies, a first set of coefficients up to degree 36 are recovered . From these
coefficients, a new set of 1° X 1° mean anomalies are computed. This set of mean
anomalies is subtracted from the initial set of 1° X 1° mean anomalies computed
from RAPP81 coefficients to degree 180. Here the residuals of equation (3.12)
have just been computed and these are being minimized in the iteration process.
They are large as expected with a RMS of 16.76 mgals (Table 14) compared to the
RMS of 22.54 mgals (Table 14) for the true set of 1° X 1° mean anomalies
computed from the RAPP81 coefficients to degree 180 and compared to the RMS
of 15.07 mgals (Table 14) of the true set of 1° X 1° mean anomalies computed
from the coefficients up to degree 36 of RAPP81. The set of 1° X 1° mean
residuals computed above is entered as shown in Figure 3 in the harmonic
"analysis" software to compute corrections to the previously recovered coefficients
up to degree 36. From these improved coefficients up to degree 36 another set of
1° X 1° mean anomalies are computed and their subtraction with the true set of

1° X 1°mean anomalies computed from RAPP81 to degree 180 gives the new
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Table 14 Statistics on Single b.v.p. Solution using RAPP81 and Recovering up
to Degree 36 From 1 Degree Mean Anomalies.

8Ag (mgals) (36-36)* | 8Ag (mgals) (36-180)**

ITERATION| MEAN RMS MAX MIN| MEAN RMS MAX MIN

0 0.0 .03 .2 -.2} 0.0 16.76 235.7 -203.1

1 0.0 .01 .1 -.1] 0.0 16.76 235.7 =-203.1

true residuals 0.0 16.77 235.8 -203.7
i

Ag (mgals) (36)*** Ag (mgals) (180)****

MEAN RMS MAX MIN| MEAN RMS MAX MIN

0.0 15.07 64.4 -59.31 0.0 22.54 255 -229

Table 15 Statistics on Single b.v.p. Solution using RAPP81 and Recovering up
to Degree 36 From 2 Degree Mean Anomalies.

8Ag (mgals) (36-36)*| 8Ag (mgals) (36-180)**

ITERATION} MEAN RMS MAX MIN| MEAN RMS MAX MIN
0 0.0 .42 4,2 =-3.4/ 0.0 11.99 89.7 =-116.2

1 0.0 .37 4,1 ~-3.3] 0.0 11.99 89.4 -116.2

2 0.0 .37 4.1 3.4, 0.0 11.99 89.4 -116.2

true resi?uals 0.0 12.00 89.4 -117.6
Ag (mgals) (36)*** Ag (mgals) (180)****

MEAN RMS MAX MIN{ MEAN RMS MAX MIN

0.0 14.68 4.0 -58.2, 0.0 18.98 128.5 -130.7

* Statistics between the Ag ; 4 computed from the recovered coefficients up to
degree 36 and the apriori Ag, 5 computed from RAPP81 up to degree 36.
** Statistics between the Ag ; 4 computed from the recovered coefficients up to

degree 36 and the apriori Ag; 4 computed from RAPP81 up to degree 180.

*okk

ke stk ok

Statistics of the apriori Ag; 5 computed from RAPP81 up to degree 36.
Statistics of the apriori Ag; 5 computed from RAPP81 up to degree 180.
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residuals. The RMS of these residuals is shown as the 1 iteration case in Table 14
and they are being minimized at 16.76 mgals, as they should since the true residual
should be 16.77 mgals. The agreement between the coefficients up to degree 36
recovered after each iteration with the RAPP81 coefficients up to degree 36 were
computed. The agreement is given on the left side of Table 14 in terms of RMS
difference values which were derived using the 1° X 1° mean anomalies computed
from the recovered coefficients and the RAPP81 coefficients to degree 36. These
RMS difference values on the left side of Table 14 show that a set of coefficients up
to degree 36 can be recovered exactly by iterations from a set of 64800 mean Ag i3
containing RAPP81 information up to degree 180. One must realize that this result
was not evident because the iterations are processed with large residuals of 16.76
mgals. How come the frequencies information from degree 37 to 180 did not
contaminate the solution during the iterations? These residuals must contain clean
information, i.e. very specific frequencies from degree 37 to degree 180 which
were not aliased with the lower frequencies. And it is so because the 1° X 1° grid
used could contained all the frequencies up to degree 180 according to the above
rule of the Nyquist frequency. We must assume this is why the gravity information
above degree 36 was not mixed with the first 36 degree. In conclusion, with the
iterations the sampling error was reduced to zero. However it is really just the
quadrature error which has been reduced to zero since there was no aliased
frequencies in the data to produce the aliasing error. In the same way we have been
able to recover exactly different set of coefficients to degree 45, 90, 120 and 160
with few iterations and large residuals. In addition we have been able to recover
exactly the coefficients up to degree 90 from a grid of 2° X 2° mean anomalies
computed with RAPP81 up to degree 90. This shows the validity of the above rule

to compute a regular grid without aliasing the frequencies. As long as the grid
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values do not contain aliased frequencies the coefficients can be recovered exactly
after few iterations. But we will see that it is not the case when we use a grid of

data which contains aliased frequencies.

We have computed a set of 2° X 2° mean anomalies from the same RAPP§1
coefficients to degree 180. When computing these 2° X 2° mean anomalies the
frequencies are being aliased. When the harmonic synthesis is performed with the
FFT algorithm it is easy to see that the aliasing of the frequencies occurs when
computing equation (F.21) of appendix F (or Colombo, 1981, p.10 and 106).
With other algorithms such as the efficient trigonometric algorithm in (Rizos, 1979)
or the usual computation on a point-by-point basis, the aliasing of the frequencies is
not as apparent but certainely present since all these algorithms give the same
numerical result. Following the flow chart in Figure 3 we tried to recover a set of
coefficients to degree 36 from this set of 2° X 2° mean anomalies. Table 15 shows
that with the iteration process the residuals converge (right column) to an RMS of
11.99 mgals. But we are unable to recover the coefficients up to degree 36 exactly.
By computing a 2° X 2° grid of mean anomalies from the recovered coefficients up
to degree 36 and subtracting these values from a 2° X 2° grid of mean anomalies
computed using RAPP81 to degree 36 the RMS differences in the left column of
Table 15 were obtained. These RMS differences of .42, .37 and .37 mgals do not
converge to zero. This is at first glance surprising since we would have thought
that according to the rule of the Nyquist frequency we can recover exactly the
coefficients up to the frequency N = 180/A8° from a grid of AB° X AB°. We
should have been able to recover exactly the coefficients up to degree 90 from a set
of 2° X 2° mean anomalies. However as it is shown here even the frequency

information up to degree 36 is no longer contained in the 2° X 2° mean anomalies
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and this is because the frequencies in the set of 2° X 2° mean anomalies were mixed
i.e. aliased by forcing into the grid all the RAPP81 frequency information up to
degree 180. Here we can no longer differentiate between the aliasing error and the
quadrature error, and the RMS differences of .42 and .37 mgal must be referred to

as the sampling error.

Table 16 shows the results when trying to recover a set of coefficients to degree
90 from the same grid of 2° X 2° mean anomalies generated from the RAPPS81
coefficients to degree 180. Here again the iterations converge (right column), but
we are unable to recover the anomalies from the coefficients up to degree 90 (left
column). We see two possible explanations. The grid of 2° X 2° mean anomalies
has "lost" some information about the frequencies lower than 90 degrees, possibly
when they were aliased with higher frequencies. Or the solutions in Table 15 and
16 have "added" information from the higher frequencies into the recovered
coefficients. If this is true, then even the deterministic solution has already
distorted the solution with the higher frequencies. This is supported by the RMS
value of the residuals of the deterministic solution (the O iteration case) in Table 16
which is 6.21 mgals, smaller than the true residuals of 6.67 mgals (Table 16)
between the 2° X 2° mean anomalies computed with RAPP81 to degree 90 and to

degree 180.

Table 17 shows the same test but without using the de-smoothing operator

Nn. Without the de-smoothing operator we knew the deterministic solution would

not recover the coefficients as well; compare the RMS value 3.41 mgals (Table 17)

with 2.80 mgals (Table 16). But with one iteration the RMS value (the sampling
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Table 16 Statistics on Single b.v.p. Solution using RAPP81 and Recovering up
to Degree 90 From 2° Mean Anomalies with the De-smoothing Operator

Nn-
0Ag (mgals) (90-90)*| B&Ag (mgals) (90-180)**
ITERATION|MEAN RMS MAX MIN |MEAN RMS MAX MIN
0 0.0 2.80 22.0 -35.7| 0.0 6.21 55.5 =-54.5
1 0.0 2.85 23.7 -40.5| 0.0 5.96 54.6 -54.2
2 0.0 2.97 27.7 -42.0] 0.0 5.93 54.7 =53.9
true residuals 0.0 6.67 57.3 -54.0

Ag (mgals) (90)*** Ag (mgals) (180)****

MEAN RMS MAX MIN |MEAN RMS MAX MIN

0.0 17.75 131 -111} 0.0 18.99%9 128.5 -130.7

* Statistics between the Ag ; 3 computed from the recovered coefficients up to
degree 90 and the apriori Ag 1 3 computed from RAPP81 up to degree 90.
** Statistics between the Ag 5 computed from the recovered coefficients up to
degree 90 and the apriori Ag 1 3 computed from RAPP81 up to degree 180.
okskeok

Statistics of the apriori Ag 1 3 computed from RAPP81 up to degree 90.
**** Statistics of the apriori Ag 1 5 computed from RAPP81 up to degree 180.
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Table 17 Statistics on Single b.v.p. Solution using RAPP81 and Recovering up
to Degree 90 From 2° Mean Anomalies without the De-smoothing

Operator 1.

0Ag (mgals) (90-90)* | 8Ag (mgals) (90-180)**

ITERATION| MEAN RMS MAX MIN| MEAN RMS MAX MIN

0 0.0 3.41 35.4 -31.3{ 0.0 6.78 58.7 -66.4

1 0.0 2.69 19.8 -38.0} 0.0 6.09 54.8 =57.0

2 0.0 2.79 22.0 -39.8f 0.0 5.97 54.7 -54.8

3 0. 2.89 25.8 ~-41.2] 0.0 5.94 54.8 -54.2

true resiquals 0.0 6.67 54.0 -=57.3

Ag (mgals) (90)*** Ag (mgals) (180)****

MEAN RMS MAX MIN|MEAN RMS MAX MIN

0.0 17.75 131 =-~111} 0.0 18.9%9 128.5 -130.7

dAg (%)
Degree | # of ¥ of

n coeff.| iter.: O 1 2 3
2 5 .06 .04 .04 .04
3 7 .11 .04 .04 .04
4 9 .20 .12 12 .12
5 11 .27 .07 .07 .07
6 13 .44 .22 22 .22
7 15 .43 .21 .21 .21
8 17 77 .31 . 3 .30
10 21 1.18 .49 .49 .49
20 41 4,95 3.18 3.19 3.1¢9
30 61l 11.81 7.26 7.07 7.05
40 81 16.67 11.28 11.29 11.31
50 101 24.29 15.29 15.06 15.11
60 121 31.33 22.29 22.91 23.43
70 141 43.21 35.89 37.01 38.00
80 161l 50.68 41.84 43.15 44,97
87 175 53.57 44 .51 46.77 49,81
88 177 60.53 51.55 52.71 55.24
89 179 57.81 50.41 53.24 56.68
50 181 54.28 49.05 53.74 58.12
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error) in Table 17 is now 2.69 mgals, compared to 2.80 mgals, with the
deterministic solution in Table 16. At this point we should agree that the solution
with one iteration without the de-smoothing operator is as acceptable as the
deterministic solution with the de-smoothing operator. It is however dangerous to
iterate too many times as it can distort the solution as shown in Table 17. There are
two important messages one should remember from the above discussion. A set of
1°X 1° "observed" mean gravity anomalies like those of Rapp (1983) is a set in
which the frequencies are "aliased"”. This is so because a set of "observed" 1° X 1°
mean anomalies contains an infinite number of frequencies of the earth gravity field
but not all the frequencies can be recovered exactly, like the simulated data set with
aliased frequencies. This is very important to remember becaﬁse if we try to
compute a set of coefficients up to degree 180 from this set of "observed” 1° X 1°
mean anomalies the iteration process will not converge to zero but it will converge
in the same manner as given in Tables 16 and 17. And because of this the second

important message of all this is that Table 17 shows that if the de-smoothing

operator 1M, or B, was not known, one iteration would enable us to obtain as good
or better a solution than using the de-smoothing operator n,. And thus, other
single or mixed b.v.p. involving the ellipsoid or the topography for which the
smoothing operator is not known could be solved. Similar tests but involving few
degrees set of coefficients showed that the solution to the mixed b.v.p. obtained in

this dissertation reacts in the same way as the above tests for the single b.v.p..

In conclusion, it was seen that the coefficients cannot be recovered exactly after
some iterations when using observed gravity anomalies because the frequencies in it
are aliased. We have seen the rule to create a simulated set of anomalies containing

aliased frequencies. And the conclusion is that any test to look at how well
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coefficients can be recovered using any method such as least-squares collocation or
least-squares adjustment or integral formula should be done using such sets of

values containing aliased frequencies.

This chapter has shown numerically a solution to the altimetry-gravimetry
problem. It showed the equivalence between the solution to this mixed b.v.p. and
the classical solution to the single b.v.p. in physical geodesy. It also showed how
an iterative process can improve existing solution and it suggests that this iterative

process could help solve other single and mixed b.v.p. involving ellipsoid or

topography.



CONCLUSION

A solution to the altimetry-gravimetry problem, a mixed boundary value

problem, has been developed and tested numerically. The solution is a set of

spherical harmonic coefficients. These coefficients are here denoted [Cpp, Spml-

The test was made to recover a set of 837 geopotential coefficients known apriori

up to degree and order 28. The solution established and solved the matrix equation

(3.17) in which the array [T, ]=[Cphp Snml are the unknown coefficients to

estimate.

The elements of the right hand side array of (3.17) are given by equation (4.4).

These elements are denoted [E, ., Fj,J. Already one can see in (4.4) the similarity

between this solution and the usual solution of the single b.v.p. given by the

integration over the sphere of the gravity anomalies to compute the spherical

harmonic coefficients [C_,, S,n] (see equation (E.1) in appendix E).

The left hand side matrix in (3.17) is called the Gram matrix, and its elements

are given by equation (6.1). These elements are denoted [A B

nmpq’  “nmpq’

C D ]. The Gram matrix is positive definite and thus the Cholesky

nmpq’  “nmpg

factorization can be used to solve this system of equation (3.17). This we have
done and we could recover the coefficients as accurately as we could do it to solve
the single b.v.p. using the usual orthogonality relationship.

-136-
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This solution to the altimetry-gravimetry problem was given by Brillouin (1916)
and Arnold (1978). It is the solution of a least-squares method but again the usual
integration to compute the spherical harmonic coefficients that solves the single
b.v.p. is based on the same least-squares method (Brillouin, 1916). In the single
b.v.p. case the Gram matrix in (3.17) is a diagonal matrix for which the inverse is
simply obtained by taking the inverse of each element in the diagonal. The solution
(3.17) is to the altimetry-gravimetry problem what the usual solution (E.1) is to the
single b.v.p.. It is the most natural solution and perhaps the simplest solution to
the mixed b.v.p. if one considers (E.1) to be the simplest solution for the single

b.v.p..

The problematic part of this solution is the Cholesky factorization since the
system of equation to solve is terribly large when the high degree coefficient are
sought for. This is why we were restricted to test numerically the solution with a
smaller set of coefficients than we usually carry out for the single b.v.p.. One good
aspect during the factorization is the high stability of the Gram matrix due to the

structure we gave it, by ordering the unknown coefficients by degree, from the

largest coefficients to the smallest coefficients C5 ¢, C51, S21, Co2, So2, C3g, eLC.

The most efficient way we found to compute the elements of the Gram matrix
and of the right hand side array in (3.17) was the fast Fourier transform. The fast
Fourier applications used are mostly based on the spherical harmonic "analysis" and
"synthesis” of Colombo (1981). These are described in here respectively in
appendix E and F. By using the fast Fourier technique we restricted us to use a
regular equiangular grid covering globally the earth. On such a regular grid no

overlapping of data (2 values in the same block) is permissible. Nevertheless the
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mixed coverage of mean gravity anomaly and mean disturbing potential values can
be distributed very randomly like figure 9.2, as well as by oceans and continents
like figure 9.1. Because of the mixture of gravity anomaly and disturbing potential
data on the same row of latitude, the efficiency of the fast Fourier technique is
partially destroyed making the computations for the elements in (3.17) more time

consuming then the usual spherical harmonic analysis or synthesis. However the

computation of the coefficients [E,,, F ] which are the elements of the right hand

side array of (3.17) and the computation of the coefficients [A B

nmpq’ “nmpq’

C Dnmpgl Which are the coefficients of the Gram matrix in (3.17) are

nmpq’
independent by degree like the [Cpp, S, coefficients computed from the usual

integration (E.1) is. Thus the computation of these coefficients can always be
performed independently, thus by small jobs or on a super computer having parallel

Processors.

In this solution to the altimetry-gravimetry problem the input observations differ

from the input in the single b.v.p. in that they must be scaled. The input must be

T/Ur and Ag/Ug where Wt and L are respectively the mean square values of
T on the domain 6 and Ag on the domain 6. The mean square values of T/t

and Ag/Ug are both equal to unity. The use of these mean squares as weight in

this least-squares solution is a necessary weighting scheme which takes out the

inconsistency between the zero order harmonic of both group of data, the T and

Ag.

When solving the single b.v.p. by the usual integration over the sphere of
"point" gravity anomalies, recurrence relations are required to compute "associated

Legendre functions". When only "mean"” gravity anomalies over some block size
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are available then the integration requires recurrence relations to compute the
"integral over some block size of one associated Legendre function” denoted
[/F,nd0]. To solve the altimetry-gravimetry problem with "mean" gravity
anomalies and "mean" geoid undulations it requires recurrence relations which
computes the "integral of two associated Legendre functions”, i.e. [fﬁnmﬁpqdc].
These recurrence relations were here derived for the first time in chapter 7. While
it is the first time that an application requires these new recurrences other solutions
to the mixed b.v.p. might require them in the future. It would appear that already
the proposed solution by (Sacerdote and Sanso, 1985) could use these newly

developed recurrence relations.

Because it is a least-squares solution we have shown an iterative process which
can be used to improve the mixed b.v.p. solution as well as the single b.v.p.
solution. This iteration process permits us to recover the coefficients even in
situations where the smoothing operator like the Pellinen/Meissl operator n would
be unknown. Such situation could occur when trying to solve the single b.v.p. on

the ellipsoid or when taking into account the topography and the sea-surface

topography.

What is left is to compute this solution to a higher degree, to use real altimetry
data and to compare such solution with the existing single b.v.p. solutions; not

before would we have solved the real problem of altimetry-gravimetry.
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APPENDIX A. Recurrence Relations for Associated Legendre
Functions.

The purpose of this appendix is to have an easy and consistent reference list of

recurrence relations for the functions P n(). From (Gradshteyn and Ryzhik, 1965,

€q.8.810) here abbreviated as (GR-8.810) we have

Pom(t) = _(=1)™ (1-t2)m/2 gmpp () . (A.1)
2n n! dem

In (HM,(1-60)), in (Paul, 1978, eq.10) and in most geodetic references the

definition of P, (t) used does not include the (-1)™ term like in (A.1). We shall

also follow the geodetic definition and use the following definition

Pom(t) = _(1-t2)m/2  gmpy (t) . (A.2)
2n n! dtm

All our recurrence relations are taken from (Gradshteyn and Ryzhik, 1965). From
(GR-8.812) withm =n we have
Pon(t) = _(2n)! (1-t2)n/2 (A.3)

20 n!

where the (-1)™ term was taken out to satisfy the definition in (A.2).
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From (GR-8.733.1a) and (GR- 8.733.1b) we have

(1-t2)dPx1 (£)
dt

(k+1)tPp (t) = (k=1+1)Ppyp 1(t), (A.4)

From (GR-8.733.2) we have

(2k+1)tPyy (£) = (k-1+1)Pyyp 1 (t) + (k+1)Py_y 1(t). (A.6)

From (GR-8.733.4) we have

Py-1,1 () = Pryp,1(t) = =(2k+1) (1-t2)1/2 py 1 (k) (A.7)

to which we have added a sign correction to satisfy the definition (A.2). And from

(GR-8.753) we have

Pei(t) =0 for 1>k : (A.8)



APPENDIX B. Derivation of Equation (7.2).

The purpose of this appendix is not as much to show the derivation of equation
(7.2) which solves (7.1) as to show a model to follow in deriving the more

complicated equation (7.24).

The derivation of (7.2) is shown in (Paul, 1978), (Gerstl,1980) and (Gleason,
1983) and the idea is as followed.

Similar to (7.1), let define the non-normalized integral I,

En
Tom = Inm(tsrty) = J‘ Poa(t) dt . (B.1)
ts

From equation (A.4) of appendix A we have

En tN N
J}l—tz)gggmLLLdt = J}n+1)tpnm(t)dt— J}n—m+l)Pn+l'm(t)dt
tg o tg tg
(B.2)
Let integrate by parts the left side by setting
u=1-t2, du=-2tdt, dv=dPan(t)dt, v=P,,(t). (B.3)

dt
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The result is
tx
(1-t2)P (L) = (n-1) I tPp,(t) dt - (n-m+l) Ipgq,p
ts
(B.4)
From (A.6) we have
En
(2n+1) (tan(t) dt = (n-m+l) Ip4q,pm + (O4m) I g p
Jts (B.5)

where we have again used the definition (B.1). Replacing the integral in (B.4) by

(B.5) gives
ty
Tn+i,m = —(n=1) (n+m) Tp-1,m — £20+1) (1=t2) P, (t)
(n+2) (n-m+1) (n+2) (n-m+1)
ts
(B.6)

This is the final result which must however be normalized to not get large numbers
unfitted for use in computers. Following (Heiskanen and Moritz, 1967, equation
(1-73)) the fully normalized associated Legendre functions and their integrals are

defined by

gnm(t) = Hpm Ppm(t), Enm(tSItN) = Hom ITam(tsrty) (B.7)

where

/2
Hpo = |2(2n+1) (n-m) ! , m#0; Hyg=(2n+1)1/2. (B.8)
(n+m) !

Finally (7.2) is obtained by introducing (B.7) in (B.6).



APPENDIX C. Derivation of Equation (7.4).

The purpose of this appendix is not as much to show the derivation of equation
(7.4) which solves (7.1) as to show a model to follow in deriving the more

complicated equation (7.32).

Similar to (7.1), let define the non-normalized integral Inn

tn
Ton = Inp(tgrty) = J P, (t) dt . (C.1)
ts
From (A.3) we have
Pon(t) = (2n)! (1-t2)n/2 . (C.2)

20 n!
As required in (C.1) let integrate by parts the right side of (B.2) by setting

u=(1-t2)n/2, du=-nt (1-t2)n/2-1 gt, dv=dt, v=t. (C.3)

One obtains
Ex tx tn
J (1-t2)n/2dt = t(1-t2)n/2| + n ft2(1—t2)n/2-1 dt
ts ts ts

(C.4)
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‘When one verifies that the last term can be written as

t2(1__t2)n/2—1 = (l_tZ)n/Z—l _ (1__t2)n/2 (C.5)
then (C.4) becomes
tn tn Ex
(n+l)J.(l—t2)n/2dt= t(1-t2)n/2| 4 nJ.(l—tZ)n/2-1 dt
ts ts ts
(C.06)
Inserting (C.2) in (C.6) gives
T Ty tN

(n+1)28n! J Popdt= t2%n! P, + n2n-2(n-2) ! JPn—Zn—zdt
(2n) ! (2n) ! (2n—-4)!
tg tg tg
(C.7)

which with (C.1) simplifies to the final relation

tn

Tpp = 1 [ tP,(t)

n+1

+ n(2n-1) (2n-3) I, n-2] . (C.8)

ts

The desired normalized equation (7.4) is obtained after the insertion of (B.7) with

(B.8) in (C.8).



APPENDIX D. Derivation of Equation (7.10).

The purpose of this appendix is not as much to show the derivation of equation

(7.10) which solves (7.1) as to show a model to follow in deriving the more

complicated equation (7.36).

The derivation of (7.10) is shown in (Paul, 1978), (Gerstl,1980) and (Gleason,

1983) and the idea is as followed.

From equation (A.7) with u = n and v = n-1 and using (A.8) we have

Pnn(t) = (Zn—l) Y Pnn—l,n—l(t) (D.1)

where
y = (1-t2)1/2, dy = -t/y dt . (D.2)

We will already normalized (D.1) by inserting (B.7) with (B.8) in (D.1) to get

Pon(t) = b(n) y Pyg g (t) (D.3)

where b (n) is defined at (7.5). Inserting many times (D.3) into itself we get

Pop(t) = b(n)b(n-1)b(n-2)...b(1) y" . (D.4)
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Following (C.1) the integration of (D.4) gives

tn
inn(tS'tN) = b(n)b(n-1)...b(1) J yo dt (D.5)
ts
and
YN
Inn(tg,ty) = -b(n)b(n-1)...b(1) J yn+l (1-y2) -1/24dy
Ys (D.6)

where we have used (D.2). The McLaurin's series of the last term is

(1-y2)~1/2 = 1 + _y2_+ _9oy4 + ... . (D.7)
2 41

Inserting (D.7) in (D.6) and integrating term by term one gets the final result

I, (ts,rty) = =b(n)b(n-1)...b(1) y?*2[_1 +_ 1 y2 +

n+2 2 n+4

YN

+ 13 v4& + ...] ) (D.8)
4 n+6 yS



APPENDIX E. The Spherical Harmonics Analysis using Fast
Fourier Transform.

The purpose of this appendix is to describe a known application of the Fast
Fourier Transform (FFT) technique to Spherical Harmonics Analysis (Colombo,
1981), (Gleason, 1985) to which we are required to refer in chapters 4 and 6. Here
we apply the FFT to the single boundary value problem (b.v.p.) which can help

understand the application of the FFT to the mixed b.v.p. in chapters 4 and 6.

In the single b.v.p. where a continuous set of point gravity anomalies is given

everywhere on the surface of a unit sphere ¢ the corresponding set of fully

normalized geopotential coefficients are given by

~C-nm CcOs m;\, .
_ = 1 Ag(8,1) P, (cosB) do. (E.1)

sin
G

We are always using the same polar spherical coordinates of chapter 2 and y =

GM/R? is the mean value of normal gravity associated with the reference ellipsoid

employed.
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In practice we are provided with a set of discrete mean gravity anomalies
covering all the surface of the earth. Thus to compute (E.1) the sphere is
partitioned into a finite number of discrete equiangular blocks of the size of the data
available, here 1°X1° mean values of Ag. Thus we divide the spherical Earth into a

regular grid of meridians and parallels which defines blocks G 4

Oi < 6 < 9i+1

Oij = (E.2)
where
6, = iA8 , i=0,1,2,..,N-1
(E.3)
Ay = JAL 3=0,1,2,..,2N-1

N is equal to T/AB = /AM and, as in (2.6), N is also the highest degree at which
one can wish to compute a complete set of potential coefficients. The harmonic
coefficients up to infinity, are all independent when one is dealing with the
continuous case. It is said that the set of harmonic coefficients is complete. But in
the discrete case like here we are dealing with N independent latitudes and thus the
harmonic coefficients are said to be complete (i.e. linearly independent) only up to
degree and order N. Trying to solve for more coefficients then up to degree N
would result in getting a sampling error (Colombo, 1981, pp.11-13). Also in
(E.3), A6 and AA define the dimension of the blocks in latitude and longitude
respectively, and we will herein use blocks of size AB X AA = 1°X1°. The area of a

block on the unit sphere is

Ajy = JJ do = AL [ cos(8;) - cos(8;41) 1 . (E.4)

Gij
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For blocks of area A; 4 we can define block mean values of gravity anomalies as
Agij(e,k). If Ag(8,L) was constant within each block ¢ ;4 then every point

gravity anomaly Ag(6,L) inside the ijth block would equal its mean value

Ag; 5(8,1) and one could take Ag ij(e,x) out of the integral (E.1) as follows

Crm N-1 2N-1 _ cosmi
= 1 X X Agyy P,y (cosB) s1nBdAd0
4w y (n-1) i=0 3=0 sinmA

~S-nm
i3
(E.5)

The integral (E.5) might become applicable in the future when the block size used

will be smaller then we will use herein. However it is obvious that usually every

point value Ag(8,A) in the ijth block is different then the mean value Ag ij(G,K)

and thus this integral is not exact. Pellinen (1966) and Katsambalos (1979) has

shown that for circular blocks of radius W, a smoothing operator 3, must be used

to get a better approximation. Colombo (1981, p.76, €q.(3.9)) has shown that the

de-smoothing operator 1, was more appropriated. Thus a better approximation is

obtained by using instead of (E.5) the following

Com N-1 2N-1 _ cosmA
=__ 1 X X Agyy P, (cos0) sinBdAdO

Spm  ATY(n-1)7M, i=0 3=0 sinmA
Gi4
(E.6)
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where
2
B, if 0 <n <N/3 ,
n, = Bp if N/3 <n<N ,
1 if n > N
and
By, = 1 1 [Ph-1(cosY ) = Poiq(cosyy)] (E.7)

l-cosyy 2n+1

The Legendre polynomials in (E.7) are computed from the recurrence relation

P,(cosyy) = _2n-1 cosY, Pp_j(cosyy) - _n=1 P, _»(cosVyy)
n n

(E.8)

The starting values for (E.8) are Po(cosyg) = 1 and P1(cosy,) = cosVy.

As we have said, equiangular square blocks are employed in practice and not

circular blocks. Thus one must find the \, radius of the circular cap on the sphere
whose area is approximately equal to the area of the equiangular square block o, 4

at the latitude 0.

Although the areas of the blocks will vary with latitude Katsambalos (1979) has

shown that if A@ = AA is in radians then one can use

Vo = 2 ARCSIN [( AB sin A8 /2} (E.9)
am

on a global basis in (E.7) and (E.8) for most applications.
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Equation (E.6) can be written as

_ ]
Chm T ()
N-1 i 2N-1
— =1 by Inm(e) )y Agij (E.10)
Spm  4WYy(n-1)m, 1i=0 §=0 3
Kp (M)
where we have set
. 8i41
..._l —
Iom(6) =J Pom(cosB) sinB dé . (E.11)
0,

The solution of (E.11) is given in chapter 7. In (E.10) we have also set

) JAL + AA
J
Jp(A) = J cosmh dA = _1_ (sinm})

m
Kj JAA
(E.12)
J
Ky (M) =J sinmA dA = _1 _ (~cosmAd)
m
2.
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Since we are using a regular grid of blocks of size AX, we have replace the

integration limit A by JAA as defined in (E.3). The integration of (E.12) gives

+ B(m) sin (mjAd)

| M1
J
Jn(A) = J cosmA dA = A(m) cos (mjAR)
A
Asea
J
Ky (A) = J sinmA dA = -B(m) cos(mjAA)
A
where
sin (mAA) if m#0
m
A(m) =
AA if m=0
cos (mAA) ~ 1 if m#0
m
B(m) =
0 if m=0
Inserting (E.13) in (E.10) results in
Crm N-1 i A(m) 2N-1
=1 X I, [ >
Spm 4Wy(n-1)mM, i=0 ~B(m) 3=0
B(m) 2N-1
+ 2
A(m) 3=0

(E.13)

+ A(m) sin (mjAA)

(E.14)

Ag;y cosmjAd +

.A—éij sinmjA?& )

(E.15)
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To evaluate this last equation the Fast Fourier transform has been proven to be very

efficient (Colombo, 1981), (Goad and al., 1984).

By definition, the discrete complex Fourier transform sequence X of an input
sequence y of P complex numbers is given (Gleason, 1985) and (I.M.S.L., routine

FFTCC)

p-1 i 2 k1)
X(k) = X y(l) e P (k=0,1,2...,P-1) . (E.16)
1=0

Here i' = (-1)1/2 and P is the number of given complex numbers in the sequence y
to be transformed. In Fourier Analysis textbooks the index k is referred to as a
Frequency Domain Counter. The value of k =P /2 is called the Nyquist
Frequency. The Nyquist Frequency P/2 is the highest frequency counter that can
be properly recovered from a given input sequence y of P complex number to be

transformed.
From elementary complex variable theory it follows that for any complex
number z = x+i'y

eZ = eX*ti'V = eX (cosy + i' siny) . (E.17)

Substituting (E.17) in (E.16) with x = 0 yields
P-1
X(k) = X

y(1) [cos(_2m k 1) + i' sin( 2x k 1)].(E.18)
1=0 P P
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This can also be written

X(k) = REAL[X(k)] + i' IMAG[X (k)]

where
P-1
REAL[X(k)] = 2 vy(l) cos(_ 28 k 1)
1=0 P
and (E.19)

p-1
Y y(l) sin(2m k 1)
1=0 P

IMAG[X (k) ]

Comparing the elements in (E.19) and (E.15) we find the following equivalence

P & 2N L
yv(l) & Aglj + 0 i' = Aglj(j) + 0 1
1 =
k =2
28 & AL
P
We can thus write (E.15) as
Com N-1 i A(m) 1 B (m) i
_o=_1 2 Inn(9) REAL([X (m)]+ IMAG[X (m)]
Spm (n-1)M, i=0 ~B (m) A(m)
(E.20)
where
1 2N-1 i
REAL[X (m)] = 2 y (j) cos (mjAX)
3=0
(E.21)
i 2N-1 i
IMAG[X (m)] = X y (3) sin(mjAk)
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in which

i —
y (3) = _1_ Agzy . (E.22)
amy

The REAL[.] and IMAG[.] parts are obtained from the complex Fourier
transform sequence X1 (m), output of the routine FFTCC (IMSL Library of
FORTRAN 77) after the input of the complex sequence of gravity anomalies
y1 (j) along a parallel (i). Since 2N Ag ;4 are input, the output recovers X1 (m)
up to the Nyquist frequency here m = N. The subroutine FFTCNM in appendix G

computes the algorithms contained in this appendix.



APPENDIX F. The Spherical Harmonics Synthesis Using Fast
Fourier Transform.

To numerically test the solution of the mixed b.v.p. gravity anomaly and
disturbing potential values covering globally the Earth are required. Such values
can be computed from geopotential models given by spherical harmonic series.
When such values are computed on a regular grid it is called synthesis and fast

Fourier transform (FFT) is well suited to perform efficiently this task.

The purpose of this appendix is to describe this known application of the FFT
technique to "spherical harmonics synthesis" (Colombo, 1981) and (Gleason,

1985) which we are required to refer in chapter 9.

Let us divide the spherical Earth into the same regular grid of equiangular blocks

G; 4 as described in appendix E. From equation (3.7) in chapter 3 the fully

normalized spherical harmonic representation of the "point" gravity anomaly for the

ijth block is given by
= n+2 o _« — _
Ag;y = GM X (n-1)(a 2 (ChpcosmAy+S, sinmds) Py (cosB;)
a2 n=2 R m=0

(F.1)

where R, 6, Xj are the polar spherical coordinates of the southwest corner of the

block G, 5 and the gravity anomaly is given at the surface of the sphere i.e. r = R.
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In (F.1) "a" is the semi-major axis of the reference ellipsoid employed. For the

ijth "mean" gravity anomaly (F.1) becomes

Oi41 Mna
— ho n+2 0 _* _
Ag;5 = _GM > (n-1)(a > J J (CupCOSMA+S psinmA) e
a? A;s n=2 R m=0

e P..(cosB) sinB db dA . (F.2)

In (F.2) A, 4 is the surface area of the ijth equiangular block as given by (E.4) and

the term a /R is constant at the surface of the sphere. Making use of (E.11) and
(E.12) one can write (F.2) as
. o n+2 0 _1 _* ] — ]
Aglj = M 2 (n"'l) a 2 Inm(e) (Cnm Jm(x) +Snm Km(x) ]
a? Ajy n=2 R m=0
(F.3)

One can verify that we can interchange the order of summation in (F.1) and (F.3).

This and denoting as before the maximum degree and order attained as N yields

N N n+2 _x __
Ag;y = GM ¥ |cosmhy X (n-1)(a Cpm Pam(cos8y) +
a? m=0 n=m R
N +2
+ sinmhy I (n—-l)(_a_)n Spm Pom (cos8;) ) (F.4)
n=m R
and
- N J N n+2 _* _1
Agss = g X | oM X (n-1)fa Com Inm(0) +
a2 Ajy m=0 n=m R

] N n+2 _ _i
+ KpM) X (n—l)(i) Som I ® |, (F.5)

n=m R
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We can simplify the writing and the computations by defining the coefficients alpha

i N

n+2 _* _
oy = X (n-—l)(g) Cnm Pnm(cosBy)
n= R
and beta (F.6)
i N n+2 _ -
Bn = X (n-—l)(_a.) Sam Pom(cos6;)
n=m R

These coefficients allow one to write (F.4) as

N i i
Agjy = _GM_ X [ Oy cosmAy + By sinmAy ] . (F.7)
a? m=0
Similarly by letting
__.i N n+2 _* ___i
Oy = X (n-1) (,a_) Com Ipm (0)
n=m R
and (F.8)
i N n+2 _ _i
Ba= £ (n-1) (@) Som Tam(0)
n=m R
allows one to write (F.5) as
_ N i3 i 3
Agiy = _GM_ X [ 0y Ju(d) + By Ku(M) 1. (F.9)

aZz Aj: m=0
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Substituting equations (E.13) for Tu(A) and K2(A) in (E.9) gives

— N i i
Agiy = Y| [0 A(m) - By B(m)] cosmiAL +

a2 Alj m=0

i i
+ [0 B(m) - Bn 2(m)] sinmjA?L} (F.10)

If we want to compute a set of NLON equally spaced gravity anomaly values going
completely around a constant colatitude band "i" starting at the zero meridian, then

it follows from elementary trigonometry that

cos (mky) = cos (mjAA) = cos(mj 2% )

NLON
(F.11)
sin (mAy) = sin(mjAA) = sin(mj_2x
NLON
where
AN = Asqq - Ay i=0,1,2,..,NLON-1,
thus (F.12)
AL = __2%;
NLON

Inserting (F.11) in (F.7) and (F.10) gives

N i i
Agjy = _GM X O, cos(mj_2& ) + sin(mj_2%;
a2 m=0 NLON NLON
(F.13)
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and

N i i
Agjy =_GM 3| [0y A(m) - By B(m)] cos(mj_2m ) +
a? Aj5 m=0 NLON

i i
+ [0, B(m) - By A(m)] sin(mj 2% )J

NLON
(F.14)

(F.13) can be written using complex numbers with 1' = (-1)1/2 as

*

N i i
Agiy = GM REAL[ 2 (o=1i' By) [cos(mj_zﬂ_ i sin(mj on ) ])

a2 =0 NLON NLON
(F.15)
or simply
N i i 1 1mi—2L
Agy 5 = GM_ REAL 2 (0=i' By e NLON . (F.16)
a m=0

To use the fast Fourier tansform we can compare (F.16) with (E.16) and one finds
out that instead of a summation up to N we must have a summation up to NLON-1

1.e.

(F.17)

LON-1 i 1 'my—2L
m=0

N
Ag; 5 =_§I§_REAL( > C (m) e NLON
a
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For (F.17) to be equivalent to (F.16) one can verify that when 2N = NLON the

coefficients C1 (m) are related to the coefficients o, 1 and Bt by

i i
C (0) = o for m=0,
i i i
C (m) = _1 (o, = 1" By for m=1,2,..,N-1,
2
(F.18)
i i i
C (N) = oy — i' By for m=N.
and also
i i i
C (m) = _1 (ot + 1' Bp) for m=N+1,N+2,..,NLON-1.
2
(F.19)

This is the case where we compute a grid of values say at 1°X1° spacing from an

harmonic expansion up to degree 180, then N = 180 and 2N = NLON = 360.

When 2N < NLON, this is the case where we compute a grid say at 1°X1°
spacing, NLON = 360, from an expansion up to degree 36, N = 36, then (F.18) is

still valid but we must also have

C(m) =0+ 41" 0 =0 for m=N+1,N+2, .., NLON-N
and (F.20)

i i T
C (m) = _1 (Oyron-m T 1 BNLON—m)
2

for m=NLON-(N-1), NLON-(N-2),.., NLON-2, NLON-1.
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When 2N > NLON, thisis the case where we compute a grid say at 5°X5° spacing,
NLON = 72, from an expansion up to degree 180, N = 180, then the coefficients
alpha and beta must be aliased (Colombo, 1981, p.10 and p.106). For this
example where we want to compute a grid at 5°X5° from a set of coefficient up to
degree 180, the 180 coefficients alpha and beta must be aliased i.e. reduced in
quantity and merged into 36 coefficients (180°/A0° = 180°/5° according to the
rule of the Nyquist frequency). When the coefficients have been aliased to degree
N, where now 2N = NLON, then the relations (F.18) and (F.19) can be used to find

the coefficients C1 (m).

It was numerically verified that aliasing the coefficients alpha and beta (same as
aliasing the frequencies) from degree 180 to degree 36 and computing a grid of
5°X5° mean anomalies and on the other hand, computing a grid of 1°X1° mean
anomalies from the set of degree 180 and then taking the average of the 1°x1°
mean anomalies to obtain 5°X5° mean anomalies, we obtained the same mean

values. The "aliased coefficients" alpha hat and beta hat are computed as

A

i i Mooi i
Oy = Oy + 'EO Ont+iNtoN T O4NLON-m
l:
" (F.21)
~1 i i i
B = B + ‘zo Br+inzon + Binpon-m
l:

where m= 0, 1, .., NLON/2 and M is a large enough integer like "N". Here the
coefficients alpha and beta without hat are defined by (F.6) i.e. to compute point

values.
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All what has been said from (F.15) to here is also applicable to compute "mean"”
gravity anomalies. Comparing (F.14) to (F.13), (F.13) would provide us with

mean values if its alpha and beta coefficients would be defined as

i _i i
Oy = 1 [ 0, A(m) - By B(m) 1
Aij
(F.22)
i _i i
Bp=_1 [ 0y B(m) - By A(m) ]
i3

The coefficients alpha and beta with bar are defined by (F.8). Then all the relations
(F.15) to (F.21) are still valid but to compute mean values. Hence (F.14) for mean
values and (F.13) for point values are computed in a very similar way using fast

Fourier transform.

Having computed the sequence C* (m) containing complex numbers for point or
mean values this sequence for a colatitude band " 1" is entered in the IMSL routine
FFTCC which according to equation (E.16) returns the discrete Fourier transform
x1(4), a vector of complex numbers. The real part of it, REAL[ . ], contains
according to (F.17) the NLON gridded gravity anomaly values desired along the

colatitude band "i". (F.17) is computed for each colatitude band i, i =

1,2, .., NLON/2.

Because of the relation between the associated Legendre functions in the
northern and southern hemispheres, equations (7.40), or (7.41) for their integrals,

the computations are carried out with both hemispheres at the same time, for
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efficiency. The subroutine FFTDGN in appendix G computes the theory contained

in this appendix.

This subroutine computes mean and point values. By convention, the grid
employed when the input geopotential coefficients were generated, starts at the zero
meridian. To compute point gravity anomalies at the "center" of each square,
instead of the southwest corner as was derived in this appendix, the reference grid

must be rotated by AL/2 eastward from the zero meridian. Colombo (1981,

p.106) shows that this can be accomplished by modifying the input coefficients as

follow

~% _x _
Com = Cpm cos_mAA  + S, sin_mAA

2 2

(F.23)

~ _ K ;
Sam = Spm cos_mAk - C., sin_mAk

2 2

This rotation is accomplished in this routine FFTDGN of appendix G. Should
point anomalies be desired at the grid intersections instead of the center of the

squares then the input coefficients should remain unchanged.



APPENDIX G. Listing of Computer Routines.

Routine Page
PNMIL L e e 171
FETDGN . .o e e e 174
FETCNM . i i 178
ADDDGN. . . 182
ADDCNM. . . e 183
PNMI 2 185
FETENM . @ i 191
FETABC. . . e 195
ORTHO . . .. 199
ORTHOC . . . e 201
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00001
00002
00003
00004
00005
00006
00007
00008
00009
00010
00011
00012
00013
00014
00015
00016
00017
00018
00019
00020
00021
00022
00023
00024
00025
00026
00027
00028
00028
00030
00031
00032
00033
00034
00035
00036
00037
00038
00039
00040
00041
00042
00043
00044
00045
00046
00047
00048
00049
00050
00051
00052
00053
00054
00055

PROGRAM PNMI

c

c

¢ PPPPPPPRP NN NN MM MM TITITRITHY
[ PPPPPPPPPP  NNN NN MMMM  MMMM TTIIXIIIII
c PP PP NN N NN MM HMMM MM I

c PP PP NN NN NN MM MM MM 1

c PPRPPPPPPP NN NN NN MM MM MM I

c PPPPPRPRP NN NN NN MM MM 11

c PP NN NN NN MM MM &

€ PP NN N NN MM MM I1

c PP NN NNN MM MM TTIIIIIIILL
c PP NN NN MM MM TIITIIIILI
c

c

Cxwsokexk THIS IS A DRIVER TO RUN PNMIS SUBROUTINE.

Cxxexasr JTS COMPUTES EFFICIENTLY THE ASSOCIATED LEGENDRE

Ceernnrx FUNCTIONS (PHM) OR THEIR INTEGRALS (PINM} OVER THE

Crwxrrrw NORTHERN HEMISPHERE {AND SOUTHERN IF DESIRED).

Crwukrnn

Cx#xwsxx A BACKWARD RECURRENCE IS USED TO COMPUTE THE INTEGRALS
CHxsxrssx OF THE SECTORIALS EXCEPT NEAR THE EQUATOR WHERE THE FORWARD
Craxnxnx RECURRENCE IS USED

€

Cxexwwr IPNN = 1.0R. 0, TO COMPUTE PNM. OR. PINM

Crwwrxnx JGEOD = 1.0R. 0, TO COMPUTE AT GEODETIC. OR. GEOCENTRIC LAT.
Crwwuxns NMAX = MAXIMUM DEGREE AND ORDER WANTED FOR PNM OR PNMI
Crsxsrns BLKSIZ = BLOCK SIZE {LATITUDINAL BANDWITH) IN DEG. WANTED
Crsxrxtx NBANDS = NBR. OF BANDS IN NORTHERN HEMISPHERE (=30/BLKSIZ
Cossrxnx NBAND2 = NBR. OF BANDS FROM NORTH POLE 1O SOUTH POLE

c
PARAMETER (IPNM=0, IGEOD=0, NMAX=28, BLKSIZ=1. OEQ
PARAMETER (NBAND5=90/BLKSIZ+1t. E-7, NBAND2=2+NBANDS)
C
OPEN (B, FILE=' DUTPUTPNMIY)
OPEN (11, FILE=' QUTPNMI')
c

Cewwnxxx ASSIGH PRESCRIBED ACCURACY
CHarrxns HOWEVER THE USE OF REAL+8 PERMITS AN ACCURACY OF 1.E-7 ONLY
c

EPSLON=1. E-20

c

c THS AND THN ARE THE SOUTHERN AND NORTHERN COLATITUDE,
C WHEN TH5=90 DEG, THE FORWARD RECURRENCE IS ALWAYS USED
c WHEN THN=0 DEG, THE BACKWARD RECURRENCE 1S ALWAYS USED
c

INIT=0

PI1=ACOS (-1. EO)

RDDG=P11/180. EO
€
Cossrnnx DETERMINE THE MAX NBR OF TERMS REQUIRED FOR THE MOST
Casrrrns SOUTHERN BAND THAT NEEDS THE BACKWARD SECTORIAL RECURRENCE
Cewssexx USING EQUATIONS (7. 111 AND (7.12).

Coawswenx HERE IT ONLY CHECKS IF SOME DIMENSIONS HAVE 7O BE INCREASED

C

00056
00057
00058
00058
00060
00061
00062
00063
00064
000865
00066
000867
00068
00069
00070
00071
00072
00073
00074
00075
00076
00077
00078
00078
00080
00081
00082
00083
00084
00085
00086
00087
00088
00089
00030
00091
00092
00093
00094
00085
00096
00087
00098
00099
00100
00101
00102
00103
00104
00105
00106
00107
00108
00108
00110

TF (IPNM. EG. 0) THEN
THS=80. EQ-BLKSIZ
THN=THS5-BLKSIZ

©

DO 5 [=2, NBANDS
S2=5IN (THN+RODG) #»2
IF {ABS(52) . L7. 1. E-B)GOTO 3
RK=FLOAT (NMAX) / (FLOAT (NMAX+1) %52
TF(RK. LE. 1. E0)GOTO 4

3 THM=, SEO* (THN+THS) «RDDG
RNZ=1 EO+ALOG (EPSLON
RD2=ALOG (SIN {THM) *%2
BRG=RN2/RD2
NTERMS=1+INT (ARG)
WRITE 16, 12) NTERMS

c IF (NTERMS. GT. 2870) 570P
IF {NTERMS. GT. 7296) STOP
GOTO 6

4 CONTINUE
THS=THN
THN=THN-BLKSIZ

5 CONTINUE

c
6 THN=0. EO
C
ELSE IF {IPNM EQ. 1) THEN
THN=-BLKSIZ/2
ENDIF
€

Coservsxx SET #x DD 10 I=1, NBAND2 =+ TQ SEE THE RESULTS
Crweeres IN THE SOUTHERN HEMISPHERE.  ONE FINDS OUT THAT
Crrrrert PNM(-LAT) =-PHM (LAT) TF N+M 15 0ODD
Crrwrrrs PNM{-LAT) = PNM(LAT) IF N+M IS EVEN
Crxxxrrx AND A SIMILAR RELATION FOR THE INTEGRALS OF PNM: T (N, M
Crxsrrrx INMLATY, LAT2) =-INM{LAT2, LATY) IF N+M IS ODD
Cowwmnex INM{LATY LAT2) = INM{LAT2, LATH) IF N+#M IS EVEN
c
THS=THN+BLKSIZ

c
c
c DO 10 I=1, NBAND2
DO 10 I=1, NBANDS
WRITE (6, 13) SECOND (
WRITE (6, 14) THN, THS
c
CALL PNMIS (IPNM, IGEOD, NMAX, THN, THS, RN2, NTERMS, INIT)
c

Corxsnnrr THE RESULTS ARE PRINTED OUT IN SUBROUTINE PNMIS
c
THN=THS
THS=THS*BLKS1Z
10 CONTINUE

WRITE (6, 13) SECOND {
12 FORMAT(* NBR OF TERMS SHOULD WOT EXCEED 7296, NTERMS =/, 110}

LT



00111
00112
00113
00114
00115
00116
00117
00118
00119
00120
00121
00122
00123
00124
00125
00126
00127
00128
00129
00130
00131
00132
00133
00134
00135
00136
00137
00138
00139
00140
00141
00142
00143
00144
00145
00146
00147
00148
00149
00150
00151
00152
00153
00154
00155
001586
00157
00158
00159
00160
00161
00162
00183
00164
00165

13 fOR
14 FOR
c

MAT {SX, ' CPU TIME =" F10.5)

MAT (30X, ' THN =/, F10.5, " THS =, F10.5}

sTop
END
SUBROUTINE PNMIS (IPNM, IGEOD, NMAX, THDEGN, THDEGS, RN2. NTMAX, INIT

c

Cxtrrrses
CHtrrnnn
LR ELT]
MR R T
Ceprrsnxk
Crsxtrrxn
[ FEY

IPN
IGE
NMA
THD
THD
P
pi
RN2

INI

FRO

MOOoOOCOOMOOOOCC0O0

PAR
C
Crsesopsn
Corteseokson
LT EEEY
EETEEEES
c
Cmdorss sk
EEETEEEY
Crssrtrn
Cmkt wox
Cremassr
Crsomrsos

c

c DIM
DIn

c DIM
DIM
DIM
DIM
DIM
EQU

C

C _——

c

ITS COMPUTES EFFICIENTLY THE ASSOCIATED LEGENDRE
FUNCTIONS (PNM) OR THEIR INTEGRALS (PINM) OVER THE
NORTHERN HEMISPHERE

A BACKWARD RECURRENCE IS USED TO COMPUTE THE INTEGRALS
OF THE SECTORIALS EXCEPT NEAR THE EQUATOR WHERE THE FURWARD
RECURRENCE IS USED.

M : 1.OR O, TO COMPUTE PNM.OR. PINM
0D : 1.0R.0, TO COMPUTE AT GEODETIC, OR. GEDCENTRIC LAT.
X MAXIMUM DEGREE AND ORDER 7O COMPUTE PNM OR INM
EGS : GEOD. POLAR ANGLE IN DEG. OF LOWER LIMIT OF INTEGRAL
EGN . GEOD. POLAR ANGLE IN DEG. OF UPPER LIMIT OF INTEGRAL
© THE MATRIX THAT WILL CONTAIN THE PNM VALUES
THE MATRIX THAT WILL CONTAIN THE INM VALUES
f.E0 + ALOG(EPSLON

NTHAX ; NUMBER OF TERMS REQUIRED IN MOST SOUTHERN BANO THAT

NEEDS BACKWARD SECTORIAL SCHEME
T MUST BE INITIALIZED AT ZERO (=0) IN MAIN PROGRAM

IN COMMENT STATEMENTS, ALL EQUATION NUMBERS ARE REFERENCED
M DISSERTATION ---

AMETER (MNN=28, NNN2=NNN#2+1 NCOEFF= (NNN+1) = (NNN+2) /2)
THE ARRAYS SER3Z AND SER4 ARE DIMENSIONED TO ACCOMODATE

A PRESCRIBED ACCURACY OF 1.E-20, IF MODIFIED CHANGE ALSO
THE DIMENSIONS IN SUBROUTINE SERIES

HOWEVER THE USE OF REAL+8 PERMITS AN ACCURACY OF 1 E-7 ONLY

AN, M) IS STORED IN AN, M)
LN, M) IS STORED IN PL (M N

I LOWER TRIANG. PART OF A=PI

I
PNM OF TS IS IH PN I.

i

I

UPPER TRIANG. PART OF Pl=A
LOWER TRIANG., PART OF P
DIAGONAL PART OF P

UPPER TRIANG. PART Of P

PN, N} OF TS IS IN PN N
PN, M) OF TN IS IN P(MN
PN, N} OF TN IS IN PHN)

Mmoo om

ENSION SER3(2870), SER4 {2870), DIV (NNN), SQROOT {NNN2
ENSION SER3 (7206), SER4 (72961, DIV (NNN), SQROOT (KNN2
ENSION SER3(12066), SER4 (12066}, DIV (NNN), SQROOT (NNN2)
ENSION A {O: NNN, O: NNNJ . B (NNN

ENSION PI{0: NNN, O: NNN

ENSION P {0: NNN, O: NNNI, PN (O: NNN

ENSION OUT (NCOEFF). IDTAG (0: NNN

IVALENCE (A(0,0),P1(0,0)

£E2 OF GRS80 ---

00166
00167
00168
00169
00170
Q0171
00172
00173
00174
00175
00176
00177
00178
00179
00180
00181
00182
00183
00184
00185
00186
00187
00188
00189
00130
00191
00192
00193
00194
00195
00196
001397
00198
00199
00200
00201
00202
00203
00204
00205
00206
00207
00208
00209
00210
00211
00212
00213
00214
00215
00216
00217
00218
00219
00220

DATA £2 /. 0066943800229E0/

LF (NMAX, NE, NNN} THEN
WRITE (6, 1000)
1000 FORMAT (1 CHECK INPUT PARAMETER'
sTop
ENDIF

NHAXMI=NMAX-1
NMAXM2=NMAX-2
HMAXP1=NMAX+1
NMAXP2=NMAX+2
TR {INIT.NE,. 0) GOTO 50
INIT=1

c

Casornswr | OAD ARRAYS THAT WILL BE USED REPEATEDLY

c
SQRODT (1) =1. EO
DO 1 =2 NNNZ
Di=1

1 SQROOT (1) =SQRT (D1}

--- COMPUTE BNl FROM EQUATION (7.5) ---
-~~~ SER1 CONTAINS B (NMAX)B(NMAX-1)...B{1} OF (7.10) ---
--- SERZ CONTAINS B (NMAX-1)BINMAX-21. . B(1) OF (7.10) -

oMo m

B (1) =SGROGT (3

SER1=B (1)

DO 2 N=2, NMAX

N2=2+N

B (N) =SQROOT (N2+1) /SQROOT (N2
2 SER1=SER1+B (N)

SERZ=SER1T/B {NMAX]

C -~~~ COMPUTE A (N, M} FROM EQUATION (7.3) ---

DO 3 N=1, NMAX
N2=2+N
DUH=SQROOT tN2+1) »SQRODT (N2- 1)
DO 3 M=0, (N-1)
3 & (N, ¥) =DUM/ (SQRODT {N+M) »SQROOT (N-M)

c o

DO 4 N=0, NMAX
4 IDIAG (N) = {NxN+N) /2+1

DO 5 N=1, NMAX

N1=N+1
5 DIV (Nl =1 EO/NY

FOR THE BACKWARD RECURRENCES ---

MO

DIV AND IDIAG WILL BE USED TO SIMPLIFY COMPUTATIONS ---

--~ SER3 AND SER4 HELP BUILD THE 3RD FACTOR OF EQ. (7. 10
1 (NMAX, NMAX) AND I (NMAX-1, NMAX-1) ARE THE INITIAL CONDITIONS

Ll



00221
00222
00223
00224
00225
00226
00227
00228
00228
00230
00231
00232
00233
00234
00235
00236
00237
00238
00239
00240
00241
00242
00243
00244
00245
00246
00247
00248
00249
00250
00251
00252
00253
00254
00255
00258
00257
00258
00258
00260
00261
00262
00263
00264
00265
00266
00267
00268
00269
00270
00271
00272
00273
00274
00275

c

CHwswaorx CONVERT GEODETIC COLATITUDES TO GEOCENTRIC COLATITUDES

D1=NMAX+2
D2=NMAXM1+2
SERI (1) =1, E0/Dt
SER4 (1) =1. £E0/D2
FRACT=1, EO

D1=1. EQ

D2=2.EQ
D3=NMAX+4
Da=NMAXM1+4

DO 6 =2, NTMAX
FRACT=FRACT*D1/D2
SER3 {4} =FRACT/D3
SER4 (4} =FRACT/DA
Di=D1+2. EQ
D2=p2+2. EO
D3=D3+2. EO
D4=D4+2. EO
CONTINUE

PI1=ACOS (1. EO
RODG=PI1/180. EO
PI2=P11/2. EO

Cxxnwwxs PHI = GEODETIC LATITUDE, PSI

c

50

IF (IGEOD. EQ. 1) THEN

PHIS=(90. EO-THDEGS) *RDDG

PHIN= (30, EO-THDEGN) *RDDG

IF (ABS (PHIS+PI2). LT. 1. E-5) THEN
PSIS=-PI12

ELSE
PSIS=ATAN ({1. EO-E2) *TAN (PHIS)
ENDIF

LF (ABS (PHIN-P12). L7. 1. E-5) THEN
PSIN=P12

ELSE
PSIN=ATAN ( (1. EO-E2) +TAN (PHIN)
ENDIF

THS=PI2-PSIS

THN=P12-P5IN

ELSE IF (IGEOD. EQ. 0) THEN
THS=THDEGS*RDDG
THN=THDEGN*RDDG

ENDIF

15$=€0$ (THS)
YS=SIN(THS)
TH=COS (THN)
YN=SIN (THN)
Y52=Y5#YS
YN2=YN*YN

IF (IPNM. £Q. 1) GOTQ 70

= GEQCENTRIC LATITUDE

00276
00277
00278
00279
00280
00281
00282
00283
00284
00285
00286
00287
00288
00288
00230
00291
00292
00293
00294
00295
00296
00297
00298
00299
00300
00301
00302
00303
00304
00305
00306
00307
00308
00309
00310
00311
00312
00313
00314
00315
00316
00317
00318
00319
00320
00321
00322
00323
00324
00325
00326
00327
00328
00329
00330

[

Comasnkr COMPUTE THWE CURRENT CONDITION NUMBER RK FROM (7.13)

c

c

IF {ABS(YS-1.E0). LT. 1. E-5) THEN
RK=. 5EQ

GoTo 70

ENDIF

IF (ABS (YN}, LT. 1. E-5) THEN

RK=1.8EQ

GOTO 60

ENDIF

RK=FLOAT (NMAX) / {FLOAT (NMAXP 1) xYN2
IF(RK. LE. 1. EQ) GOTO 70

Crsrrrny COMPUTE NUMBER OF TERMS NEEDED FOR CURRENT TASK

c

MO

DOOOO

60

THETAM=. 5EQ* (THDEGS+« THDEGN) *RDDG
RD2=ALOG (SIN (THETAM) *x2)

ARG=RN2/RD2

NTERMS=1+INT (ARG

WRITE {6, 101) NTERMS

FORMAT (40X, *BY BACKWARD RECURRENCE, NTERMS =’ 110)

--- USE EQUATION (7. 10} TO DETERMINE I {NMAX, NMAX) AND
T {NMAX -1, NMAX-1) ---

CALL SERIES (YS2, SERS, SER3, NTERMS)
CALL SERIES (YN2, SERG, SER3, NTERMS
CALL SERIES (YS$2, SER7, SER4. NTERMS
CALL SERIES {YN2, SERB, SER4, NTERNMS)

PL(NMAX, NMAXY =SER1* (YS+xNMAXP2#SERG-YNx=NMAXP2+5ERB
PI(NMBXM1, NMBXM 1) =SER2# (YS*#NMAXP 1#SERT - YN+ +NMAXP1+SERS

1F (THDEGN. GT. 90. £O) THEN
PLNMAX, NHAX) =-P1 (NMAX, NMAX
PLNMAXMT, NMAXMT) =-P1 (NMAXMT, NMAXMT)
ENDIF

~-~ INITIALIZE P(N.M) AND I (N,M) FROM (0,0) THRU {1, 1)
EQUATION (7.8) ---

P(0,0) =1 EO

P(1,0) =B (1) »TS

P (1, 1) =B (1) #YS

PN (0) =1. EO

PN (1) =B {1) =YN

PO, 1) =B (1) *TN

P10, 0) =TH-TS

PI{0, 1) =B (1) * (TN#TN-TSTS) . 5€0

PLL 1) =B (1) = {TN#YH+THS- (TS*YS+THNY ) » SEQ

~=~ DOMPUTE FORWARD OR BACKWARD ---

€Ll



00331
00332
00333
00334
00335
00336
00337
00338
00339
00340
00341
00342
00343
00344
00345
00346
00347
00348
00349
00350
00351
00352
00353
00354
00355
00356
00357
00358
00359
00360
00361
00362
00363
00364
00365
00366
00367
00368
00389
00370
00371
00372
00373
00374
00375
00376
00377
00378
00379
00380
00381
00382
00383
00384
00385

c

200

250
300

350

400

500

510

520

c

€

B0 100 N=2, NMAX
N1=N-1

--- COMPUTE (7.4) OR (7.9) USING (7.7} ---

PN, N) =B (M) =YS=P (N1, ND)

PN N) =B (N) «YN*PN (N1)

LF {IPNM. EQ. 1) GOTO 350

IF (RK. LE. 1. EO)GOTO 250

00 200 N=NMAXM2, 0, -1

N2=N+2

PIAN, NY = (PT (N2, N2) = (N+3) +TS#P (N2, N2) -TN+PN (N2} ) / (N2+B {N2) *
1 BN+1))

GOTO 350

DO 300 N=2, NMAX

PN, N) = (N2B (N) #B (N-1) «PL (N-2, N-2} s TN+PN (N} TSP (N, N} } DIV (N}
DO 500 N=2, NMAX

Nt=N-1

N2=N-2

DO 400 ¥=0, {N-3

-~~~ COMPUTE {7.2) USING (7.6) ---

PN, M) = (TS#P (N1, M) -P (N2, M) /A (N1, M) ) *A (N, M)

P (M, N) = (TN*P M, N1) -P (M. N2) /8 (N1, M) ) #A (N, M)

PL (M, N) = ((N2) «PT (M, N2) /B (N1, M) +YS2+P (N1 M) -

1 YN2#P (M, N1)) =8 (N, M) DIV (N)

P (N, N2) = {TS*P (N1, N2} -P (N2, N2) /A (N1, N2) ) =& (N, N2)

P N2, N) = (TN«P (N2, N1) PN (N2) /A (N1, N2) ) %A (N, N2)
PINZ, N) = {(N2) *PT (N2, N2) /A (N1, N2) +YS2P (N1, N2) -

1 YN2#+P (N2, N1} ) A (N, N2) DIV (N

PN NTY =TSP (N1, N1} »A (N NT)

PANT, N) =TN*PN (N1) *A (N, N1)

PLNT, NY = (YS2«P N, N1 -YN2#PN (N1 ] A (N N1 #DIV (N}

LF (IPNM. EQ. 1) THEN

DO 510 N=0, NMAX

D0 510 M=0, N

OUT (IDIAG (N) +M) =P (N, M

WRITE (6, 15) NMAX, NMAX, P (NMAX, NMAX]

ELSE IF (IPNM. EQ. 0) THEN

DO 520 N=0, NMAX

DO 520 M=0,N

OUT (IDIAG (N) +M) =PT (M, N

WRITE {6, 15) NMAX, NMAX, PI (NMAX, NMAX
ENDIF

WRITE (11) ouT

00386
00387
00388
00389
00330
00391
00392
00393
00334
003395
00396
00397
00398
00388
00400
00401
00402
00403
00404
00405
00406
00407
00408
00409
00410
00411
00412
00413
00414
00415
00416
00417
00418
00419
00420
00421
00422
00423
00424
00425
00426
00427
00428
00429
00430
00431
00432
00433
00434
00435
00436
00437
00438
00439
00440

COOMOOOO0ON00

15
102

€300 ¢TI

CIMMMOMNOOONOOOMNomOaOOno

[=NMAX
IF (NMAX. GT. 4) 1=4

WRITE (B, 18) (N, M, P (N, M), M=0, N) , N=

WRITE (B, 102

WRITE {6, 15) (N, M, P (M, N), M=0, N}, N=

WRITE (6, 102}
WRITE (B, 15) (N, N, PR N}, N=0, I}
HRITE (B, 102)

¢ D

o

WRITE (6, 150 (1N, M, PL (M, N}, M=0, N} N=0, I}

WRITE (6, 102}

IF (NMAX. GT. 4) WRITE (6, 15) (NMAX, M, PT (M, NMAX), M=0, NMAX

FORMAT {215, E27. 16)
FORMAT (//)

RETURN
END

SUBROUTINE SERIES (Y2, SER, SERI, NTERMS)

-=- THIS SUBROUTINE DETERMINES THE 3RD FACTOR OF EQ
OR {7.37) FOR 1 (NMAX, NMAX) AND I (NMAX-1, NMAX-1)
I (NMAX-1, NMAX-1, NMAX-1, NMAX-1) A

OR T (NMAX, NMAX, NMAX, NMAX) ,
T (NMAX, NMAX, NMAX-1, NMAX-1) AT Y5

DIMENSION SERI {7296
SER=SERI (1)

LF (ABS (Y2} . LT. 1. E-B) RETURN
YY=Y2

DO 10 1=2, NTERMS
SER=SER+SERT {1} »YY
YY=YY%Y2

CONTINUE

RETURN

END

PROGRAM FFTDGN

FEEFEFFEFF FFFEFFFFFF TTTTTTITIT
FFEFFFFFFF FFFFFFFEFF TTTTTITTTT
FF FF 18]
FF FF T
FEFFFF FFFFFF 11
FFFFFF FFFFFF 7T
FF FF T
FF FF T
FF FF 1T
FF FF 17

AND YN ---

DBDODBDOD

DDDODODDDD
DD bo
DO ob
oo bb
DD DD
DD DD
Db bp
0opopobndD
DboDRDDDD

GGGGGGGE
GGGGGGGRGG
GG G
GG
GG GGGGG
GG GGGGRGG
GG GG
GG GG
GGGGGGGGGE

GGGGGGGE

(7.10)
AT YS AND YN

NN
NNN
NN N
NN N
NN
HN
NN
NN
NN
NN

THIS PROGRAM COMPUTES A GLOBAL SET OF CENTER POINT OR MEAN
BLKSIZ BY BLKSIZ (=1 DEG X 1 DEG) GRAVITY ANOMALIES OR
GEOID UNDULATIONS FROM A GIVEN SET OF CNM & SNM GEOPOTENTIAL

COEFFICIENTS

- FOR MEAN VALUES

ND

N NN

YLl



00441
00442
00443
00444
00445
00448
00447
00448
00449
00450
00451
00452
00453
00454
00455
00456
00457
00458
00459
004860
00461
00462
00463
00464
00465
00466
00467
00468
00469
00470
00471
00472
00473
00474
00475
00476
00477
00478
00479
00480
00481
00482
00483
00484
00485
00486
00487
00488
00439
00430
00491
00492
00493
00494
00495

N+2
GM NMAX A N INTEGRAL OF
DG = - SUM (N-T) - SUM (CNM COS+SNM SIN) PNM
A=x2 AREA N=2 R M=0
N+1
GM NMAX A N INTEGRAL OF
N = mmmmmeeee suM - SUM (CNM COS+SNM SIN) PNM
A G AREA N=2 R M=0
IF TELL.EQ. 0, THEN COMPUTE ON THE SPHERE WITH R=A
IF THARM. EQ. 1. THEN HARMONIC COEFFICIENTS ARE INPUT, AND
1 NMAX N
OUT & -=memeem SUM  SUM INTEGRAL OF  (CNM COS+SHM SIN) PNM
AREA N=0 M=0

- FOR POINT VALUES: AREA = 1 AND THERE IS HO INTEGRATION

- FAST FOURLER TRANSFORM IS USED THROUGH THE IMSL SUBR. FFTCC
- ASS LEG FUNCT OR THEIR INTEGRATION COME FROM PROGRAM PNMI

COMPUTATIONS WITH 8 BYTES IS EQUIVALENT 7O RETAINING THE FIRST
SEVEN (7) SIGNIFICANT FIGURES IN ALL ARITHMETIC OPERATIONS.

OO OOOOOOOOO000OOONCGoCoOOOAMOOO0o

Crrsrrasr NMAX
Craxxxss NCOEFF
Crxorierns BLKSTZ
Cxsnkni NLON
Cerrrnrr NLAT
Cxrarxrs NBANDS
Crsrrrrs NSQ

MAXIMUM DEGREE AND ORDER OF INPUT COEFFICIENTS
NUMBER OF CNM OR SNM COEFFICIENTS

BLOCK SIZE (LATITUBINAL BANDWITH) IN DEG. WANTED
NBR. OF BLKSIZ SQUARES AROUND EACH BAND WANTED
180/BLKS1Z = NYQUIST FREQUENCY

NBR. OF BANDS IN NORTHERN HEMISPHERE (=90/BLKSIZ)
GLOBAL NUMBER OF BLKSIZ X BLKSIZ SQUARES

TR R T R T TR A TR T T ]

Crmmrernr NHK NEEDED DIMENSION FOR IMSL FFT ARRAYS
Coowesornmsr [HARM 1.0R. 0, FOR HARMONIC. OR. GEOPOTENTIAL COEFF INPUT
Commarsonn [HEAN 1.0R. 0, TO COMPUTE MEAN.OR. POINT VALUES
Coroesensnr [ANOM 1.0R. 0, TO COMPUTE ANOMALIES. OR. UNDULATIONS
Crxxryonx [J2d4 1.0R. 0, TO SUBSTRACT OR NOT J2, J4 & dJb
CHxxnxrs TELL 1.0R. 0, TO COMPUTE ON THE ELLIPSQID QR THE SPHERE
c
PARAMETER (NMAX=28, BLKS1Z=1, OEO
PARAMETER (NLON=360/BLKSIZ+1 E-7, NLAT=NLON/2
PARAMETER (NMAXP1=NMAX+1, NMAXP2=NMAX+2, NCOEFF=NMAXP 1 *NMAXP2/2)
PARAMETER (NBANDS=NLAT/2, NSQ=2+NLAT*NLAT, NHK=6+NLON+ 150
PARAMETER (IHARM=0, 1J2J4=1, IMEAN=1, [ELL=0, IANON=0
¢
Corvernxr QUT TORES THE QUTPUT OF ANOMBLIES OR UNDULATIONS

=5
Crkstrxnx CNM, SNM = STORE THE INPUT SET OF COEFFICIENTS

Caxrrenx PNM] = STORES THE ASS. LEG. FUNCT. OR THEIR INTEGRATION
Caxsxxxs [DIAG = IS A LOCATING ARRAY FOR CNM, SNM AND PNMI
Craxwrex TWK, WK = ARE REQUIRED BY THE IMSL FFT SUBROUTINE

00436
00497
00438
00498
00500
00501
00502
00503
00504
00505
Q0506
00507
00508
00509
00510
00511
00512
00513
00514
00515
00518
00517
00518
00519
00520
00521
00522
00523
00524
00525
00526
00527
00528
00529
00530
00531
00532
00533
00534
00535
00536
00537
00538
00539
00540
00541
00542
00543
00544
00545
00546
00547
00548
00549
00550

Corwrsnn AM, BM = STORE SINES AND COSINES REQUIRED

Crexrexs A1 A2 = STORE INPUT. AND. OUTPUT OF THE IMSL FFT SUBR. FOR
Lt THE NORTHERN AND SOUTHERN HEMISPHERE RESPECTIVELY
Crsrnrns RY, Ct & R2,C2 = STORE THE REAL AND COMPLEX PARTS OF A1 & A2

c
DIMENSION CHMINCOEFF), SNM(NCOEFF), PNMI (NCOEFFI, OUT (NSQ
DIMENSION  IDIAG (O: HMAX) . THK (NWK) , WK (NWK
DIMENSION  AM (0: NMAX) . BM (0: NMAX)
DIMENSION R1{0: NMAX), C1{0: NMAX), R2 (0: NMAX), C2 (0: NMAX)
COMPLEX AT (NLON), A2 (NLON

c

Crrwrrrx GRSBO GRAVITY MODEL VALUES ARE USED

c
DATA A/6378137.E0/, E2/5. 6943800229E-3/, F/298. 257222101E0/
DATA GM/3. 986005E14/, OMEGA/T. 292115E-5/, XK/1. 93 1851353E-3/
DATA GE/9. 7803267715E0/, XJ2/1. 08263E-3/
DATA GN/9. 797644656E0/, RMEAN/B371008. 7714/
F=1 EO/F

c
P1=ACOS (1. EO)
PI2=P1/2. EQ
DGRB=PI/180. EQ
BLKSZ=BLKSTZ*DGRD

c
TIMEQ=SECOND (

c
DO 10 N=0, NMAX

10 IDIAGIN) = (N+R+N) /2+1
c

Crrwraxs READ IN COEFFICIENTS (NO UNITS AND OF THE ORDER OF E-6)
Cexnsrre THE SN, O ARE INCLUDED THOUGH THEY ARE ALL ZERC
CHxaerxx FOR GEOPOTENTIAL COEFF: €(0.0),C(1,0),C(1, 11,5(0,0),5(1,0)

Crsoxesrr AND S (1, 1} ARE INCLUDED BUT ARE ZERO
[
OPEN (14, FILE="GEML2")
OPEN (12, FILE=" DUTPNMIY )
OPEN (6, FILE="QUTPUTFFTDGN')
OPEN (11, FILE=' QUTNOY)
c
READ {14) CNM
READ (14) SNM
c
TIME1=SECOND {
HRITE {6, 1)/ NMAX = NHAX, ’CPU TIME =', (TIME1-TINEO
WRITE (6, 1) *NCOEFF =’ NCOEFF,”CO0 TO S117, CNM (1), SKM (1), CNM(2)
1 SNM {2}, CNM{3), SNH (3)
c
Cosrwssx MODIFY CNM(2,0), CNM (4,0} AND CNM{G, 0) COEFFS
c
LF (THARM. EQ. 0) THEN
XUN2=XJ2/SQRT (5. EQ)
XUN4=- (E2#+2/35. EOQ) = (10, EO»XJ2/E2-1. EQ
XJINB= (E2##3/21. EO) + (15, EO*Xy2/E2-2, EO) /SQRT {13. EO

SLI

AM=OMEGA++2+A%%3% (1. EO-F) /GM



00551
00552
00553
00554
00555
00556
00557
00558
00559
00560
00561
00562
00563
00564
00565
00566
00567
00568
00583
00570
00571
00572
00573
00574
00575
00576
00577
00578
00579
00580
00581
00582
00583
00584
00585
005886
00587
00588
00589
00590
00591
00592
00593
00594
00585
00586
00587
00598
00599
00600
00601
00602
00603
00804
00605

XUNN2= (2. EO/3. EQ» (Fx (1. EO-F/2. EQ) ~XM/2. EO* (1, EQ~2. EQ/T. EO+F
1 +11. EO%F=F/49. E0)) ) /SQRT (5. EO

XJNN4= (-4, E0/35. EOxF* (1. EO-F/2, EQ) (7. EQ»F= (1. EO-F/2. EQ

1 -5, BQ«XM% {1, E0~2, EQO*F/7.E0)}) /3. EO

XUNNG= (4, EOxF#x2% (6. EQO*F-5. EO*XM) /21, £0) /SQRT (13. EO

IF {14244, EQ. O) THEN
XJN2=0, EO
XdNa=0. EQ
XyNG=0. EO

ENDIF

CNM (4) =CNM {4) +XuN2
CNM(11) =CNM {11} +XJN4
CNM (22) =CNM (22) + XJNB

TIMEZ=SECOND ()

WRITE (6, 1) *NLAT =’ NLAT,'CPU TIME =, {TIME2-TIMED)

WRITE (B, 1} "NLON =' NLON, *J2 J4 J6=', XdN2, XJN4, XJUNG

1 XJNN2, XJNN4, XJINNG
ENDIF

c
Crxwrrnx COMPUTE THE REQUIRED SINES AND COSINES ARRAYS AM & BM
C

IF {IMEAN. EQ. 1) THEN

CALL TRIGO (NMAX, BLKSZ, AM, BM

DO 20 M=1, NMAX
AN (M) =AM (M) /M
20 BMM) =(BM(M) -1 EQ) /M
AM (0} =BLKSZ
BM (0) =0. EO
¢
Cxrrnxx FOR POINT VALUES: AM & BM CONTAINS SINE & COSINE TO ROTATE
Coxxxxax THE GRID BY HALF BLOCK SIZE IN LONGITUDE.
C
ELSE IF {IMEAN. EQ. O) THEN
CALL TRIGO (NMAX, BLKSZ+ SEQ.BM, AM
€
DO 30 M=0, NMAX
30 BM(M)=-BM (M)
ENDIF
TIME3=SECOND (
HRITE (B, 1} 'NSQ =' NSQ, 'CPU TIME =’ (TIME3-TIME2
C
Cxrrrxsx SET FACTORS FOR HARMONIC, ANOMALIES (MGAL) OR UNDULATIONS (M)
C
1F (IHARM. EQ. 1) THEN

FACTOR=1. EB
c
ELSE If (IANOM. EQ. 1) THEN
TEXPON=2
FACTOR=1. ES#GM/A**2
c

ELSE IF (IANOM. EQ. 0) THEN

008606
00607
00608
00609
00610
00611
00612
00613
00614
00615
00816
00617
00618
00619
00620
00621
00622
00623
00824
00625
00626
00627
00628
00629
00630
00631
00632
00633
00834
00635
00636
00637
00638
00639
00640
00641
00642
00643
00644
00645
00646
00647
00648
00649
00650
00651
00652
00653
00854
00655
00656
00657
00658
006583
00650

TEXPON=1
FACTOR=GM/A
ENDIF
c
Comrrrsr MAIN OUTER LOOP WHERE "OQUT" IS COMPUTED WITH 2 EQUATORIALLY

Coeserss SYMMETRICALLY BANDS AT A TIME TAKING ADVANTAGE OF THE FACT
Cosxwenr THAT ALL ASSOCIATED LEGENDRE FUNCTIONS (AND THEIR

Cowxswnx INTEGRALS) ARE EITHER EVEN OR 00D WITH RESPECT T0 EQUATOR
Coxxrexn THIS 1S WHY THE SIZE OF THE BLOCKS MUST BE AN EXACT
Cossxxrx DIVIDER OF 90 DEGREES SO THERE 1S NO EQUATORIAL BAND
Coawswnex (1 E. LATITUDE = 0}, AND "NBANDS" IN ONE HEMISPHERE 1S
Coxsorren EVEN AND EQUAL TO 90/"BLKSIZ"

Cacentnts

Cowxwsxn (PHI: GEODETIC LATITUDE, PSI: GEOCENTRIC LATITUDE)

Crwxswrx (PHI: ELLIPSOID OR SPHERICAL LATITUDE DEPENDING ON IELL)
N
PHI1=P12
PSI1=PHI
PHI2=PHI1-BLKSZ
SPARSE=0. EO
SUMECRS=0. EO
AREA=1. EO
GAMMA=1. E0
c
DO 100 I=1, NBANDS
€
Crxexies COMPUTE GEOCENTRIC DISTANCE FOR CURRENT CENTER POINY
Cxwxsanx RAPP GEOMETRY 1, EQ. (3. 56)
¥
PHIM= (PHI 1+PHI2) *, 5E0
SIN2=SIN (PHIM} +x2
W=SQRT (1. EO-E2xSIN2)
RD=SQRT (1. EO+E2x* (E2-2. E0) xSIN2) *A/H
ARD=R/RD
€
Cawxnrwr [OMPUTE NORMAL GRAVITY FOR CURRENT CENTER POINT

Crxwndwn GRSBO, P.403
C
TF (IANOM. EQ. O) THEN
IF (IELL. EQ. 1) GAMMA= (1. EO+XKxSIN2) *GE/W
IF{IELL. EQ. O) GAMMA=T 79EQ
ENDIF
€
Cxwexrxex CONVERT TO GEOCENTRIC LATITUDE FOR MEAN CASE
Crrsrrex RAPP GEOMETRY I, EQ. (3.62)
c
If (IMEAN. EQ. 1) THEN
IF {PHI1. EQ. P12) GUTO 35
PSI1=PHI
TF(IELL. EQ. 1) PSI1=ATAN { (1. EO~E2) xTAN (PHI 1)}
35  PSI2=PHI2
TFAIELL. EQ. DY PSIZ=ATAN( (1. E0-E2) #TAN (PH12})
c
Cowsorsnx COMPUTE THE CURRENT BLOCK’S AREA
€

9LI



00661
00662
00663
00664
00665
00666
00867
00668
00669
00670
00671

AREA= (SIN(PST1) -SIN(PS12)) *BLKSZ

ENDIF
c
Crsxesse THE FACTOR . 5E0Q 1S INCLUDED HERE BECAUSE LATER THE
Coxxxsnx ALPHA & BETA ARE TWICE THERE VALUES.
c

FACT=. GEO*FACTOR/ (AREA*GAMMA
c
Ceexersx READ IN APPLICABLE LEGENDRE OR INTEGRATED LEGENDRE VALUES
Cewrwwyx NORMALIZED AND STORED BY BAND FROM NORTH POLE TO EQUATOR
Crxxrews THE PROGRAM PNMI PROVIDES THESE VALUES

Q08672 Crtorrnn

00673 Cax2xsxx FOR POINT VALUES: PNM MUST BE GIVEN AT LAT. OF CENTER BLK
00874 Cxxxewsx FOR HARM COEFF: PNM AND PNMI MUST BE COMPUTED WITH GECC LAT
00675 Carexrxx FOR GEOP COEFF: PNM AND PNMI MUST BE COMPUTED WITH GEOD LAT
00678 Crwwssns OR GEOC LAT DEPENDING ON IELL
00677 C

00678 READ {12) PNMI

00679 €

00680 Cx=xx++x [OMPUTE THE ALPHA (R1, R2) AND BETA ARRAYS (L1, €2
00681 Crxxsxxs AND ORGANIZED THEM INTOG COMPLEX SEQUENCES

00682 Crxwxirs

00683 Cxwxxrxs (1) FOR NORTH AND (2) FOR SOUTH PARTS

00684 Cxsxxxkx (R) FOR REAL AND (C) FOR IMAGINARY PARTS

00685 C

00686 DO 50 M=0, NMAX

00687 SUMR1=0. EQ

00688 SUMC1=0. EQ

00689 SUMR2=0. EQ

006390 SUMC2=0, EQ

00691 C

00692 Crexxwxx IF [ELL.EQ 1 COMPUTE THE FACTOR FACTN = (A/R) *x» (N~ 1)
00693 €

00694 FACTN=1. EO

00635 TF(IELL. EQ. 1) FACTN=ARD*= (M+ [EXPON)

00696 C

00697 DO 40 N=M, NMAX

00638 NM=1DIAG (N} +M

00699 C

00700 R=PNMI (NM

00701 IF (IANOM. EQ. 1) R=R* (N-1)

00702 TF(IELL. EQ. 1) R=R+FACTN

00703 FACTN=FACTN*ARD

00704 C=R+CNM (NM

00705 S=R*SNM (NM

00706 SUMR1=SUMR1+C

00707 SUMC1=SUMC1+S

00708 IF (MOD {N+M, 2) EQ. 1) GOTO 45

00709 C

00710 Crsxtsss WHEN N+M IS EVEN, PNM(-LAT) =PNM{LAT

00711 Crxmersr AND PINM(-LATY, -LAT2) =PINR(LAT2, LATY)
00712 €

00713 SUMR2=SUMR2+C

00714 SUMC2=SUMC2+S

00715 GOT0 49

00716

c

00717 Certtews WHEN N+M 1S 0DD, PNM(-LAT) =-PNM(LAT)

00718 Crrtwxnr AND

00719
00720
00721
00722
00723
00724
00725
00726
00727
00728
00729
00730
00731
00732
00733
00734
00735
00736
00737
00738
00739
00740
0741
00742
00743
00744
00745
00748
00747
00748
00749
00750
00751
00752
00753
00754
00755
00756
00757
00758
00759
00760
00761
00762
00763
00764
00765
00766
00767
00768
00769
00770

c

C

c

45

40

50

SUMR2=SUMR2-C
SUMC2=SUMC2-S
CONTINUE

R1 (M) =SUMR1%AM (M) -

PINM(-

LATY, ~LAT2) =-PNM(LAT2, LATY)

SUMC1+BM (M

C1{M) =SUMC1+AM (M) + SUMR1+BM (M

R2 (M) =SUMR2 =AM {#1) -

SUMC2+BM (M)

C2 (M) =SUMC2#AM (M) + SUMR2 +BM (M)

Cexerexn DOUBLE R1(0), R2 (0}, R1(NMAX), C1 (NMAX), R2 {NMAX)

c

c

R1{0) =2. EO*R1 {0)
R2{0) =2. EO*R2 {0}
C1(0) =0. EO
€2 (0)=0. EO

IF (NLAT. GE. NMAX) THEN
R1(NMAX) =2, EO#R1 (NMAX)
C1(MMAX) =2, EO=CT (NMAX)

R2 (NMAX) =2, EO*R2 (NMAX)

C2 (NMAX) =2. EQ=C2 (NMAX)
ELSE TF{NLAT. LT. NMAX) THEN

Coxerrrs ALTASE THE COEFFICIENTS WHEN NLAT. LT. NMAX,

Cesrxnx COLOMBO,

c

¢

55

60
65

1981,

DO 65 M=0, NLAT
M=K

M2=-M

DO 60 K=0, NMAX
M1=M1+NLON
M2=M2+NLON

0SU REPORT NO. 310, P. 106 & P. 10

IF (M2. GT. NMAX) GOTO 65
IF (M1 GT. NMAX) GOTO 55

R1(M) =R (M) +R1 (M1}
C1 M =C1 (M +CT(H1)
R2 (M) =R2 (M) +R2 {M1)
C2{M) =C2 (M) +C2 (M)
GOTO 60

RT (M) =RT (M) +RY (M2
CrHM =Ct (M -C1(M2)
R2 (M) =R2 (M) +R2 (M2}
C2 (M) =02 (M} -C2 (M2)
CONTINUE

CONTINUE

ENDIF

+R1 (M2}
-C1(M2)
+R2 (M2}
-C2 (M2}

Crasnxes FORM THE COMPLEX SEQUENCES 10 BE FFT

c

NNN=NMAX

IF (NLAT. LT. NMAX) NNN=NLAT

DO 70 M=0, NNN

& C2 (NMAX)

LL1



00771
00772
00773
00774
00775
00776
00777
00778
00779
00780
00781
00782
00783
00784
00785
00786
00787
00788
00789
00790
00781
00792
007383
00794
00785
00798
00797
00738
00798
00800
00801
00802
00803
00804
00805
008086
00807
00808
00809
00810
00811
00812
00813
00814
00815
00816
00817
00818
00819
00820
00821
00822
00823
00824
00825

70
c

75
C

80
C

Casxxrxx TRANSFORM THE NORTHERN

c

C

Hi=M+1
AT (MY) =CMPLX (RT (M), -C1 (M)
AZ (M1} =CHMPLX (R2 M), -C2 (M)

J=NLON-NNN
DO 75 M= (NNN+1), J
Mi=pM+

A1 (M1)=CMPLX {0. EO, 0. EQ
A2 (M1) =CMPLX (0. EQ, 0. EO

DO 80 M= {NLON- (NNN-1)}, (NLON-1)

M1=M+1

M2=NLON-M

A1 (M1) =CHPLX (R1(M2), C1 (M2}

A2 (M1) =CHMPLX (R2 (M2), C2 (M2))

(1) & SOUTHERN (2) COMPLEX SEQUENCES
CALL FFTCC (At NLON, IWK, WK

CALL FFTCC (A2, NLON, IHK, WK

Crswxorss COMPUTE VALUES FOR CURRENT NORTH AND SOUTH LATITUDES

C

0

100

C

dN=(1-1) +«NLON

J5=NSQ~ (UN+NLON

DO 90 =1 NLON

IN=dN+1

JS=ds+1

OUT {dN) =REAL (A1 (J)) «FALT
OUT (JS) =REAL (A2 (J) ) *FACT

PHI1=PHI1-BLKSZ
PHI2=PHI2-BLKSZ

WRITE (6, 1] NMAX =', NMAX

TIME4=SECOND (
WRITE (B, 1) * THARM =" IHARM,’CPU TIME =', (TIMEA-TIME3)

CHesner PRINT OUYT THE RESULTING SET OF ANOMALIES OR UNDULATIONS

c

130

d=NsQ
IF (NSQ. GT. 600) y=500
WRITE (6, 2) (1, QUT (1), I=1,4)

TIME5=SECOND (
WRITE (B, 1) F IMEAN =’ IMEAN,’CPU TIME =' (TIMES-TIME4

DO 130 I=1, NLAT
L={1-1) tNLON+1
M=L+NLON-1

HRITE (11) (OUT (9), J=L, M)

TIMEB=SECOND ()

WRITE (6, 117 TANOM =' TANOM, ' CPU TIME =, (TIMEB-TINMEO

00826
00827
00828
00829
00830
00831
00832
00833
00834
00835
00836
00837
00838
00839
00840
00841
00842
00843
00844
00845
00846
00847
00848
00849
00850
00851
00852
00853
00854
00855
00856
00857
00858
00859
00860
00861
00862
00863
00864
00865
00866
00867
Q0868
00869
00870
00871
00872
00873
00874
00875
00878
00877
00878
00879
60880

¥
1
2

DO oo

20

POODOCOOOCoOOOOOOOOOOOMOODONMO0O00

FORMAT (1X, A10, 17, 3X, A10, 6F15. 10
FORMAT {10 (14, F8. 2))

sTOP

END

SUBROUTINE TRIGO (NMAX, TETA, SINE, COSINE

THIS SUBROUTINE COMPUTES EFFICIENTLY SINE (M) =SIN (M+TETA) AND
COSINE (M) =COS {M*TETA), FOR M=0, NMAX

DIMENSION SINE (0: NMAX). COSINE (07 NMAX

SINE (0} =0.EO

COSINE (0) =1. EO

SINLON=SIN (TETA

COSLON=COS (TETA

DO 20 I=1, NMAX

I1=1-1

COSINE (I) =COSINE (11) *COSLON-SINE (11} *SINLON
SINE (1) =SINE  (11) *COSLON+COSINE (11) »SINLON
RETURN

END

PROGRAM FFTLCNM

FEFFFFFFFF FFFFFFFFFF TTTTTTTITYT CCCCCCC NN NN MM

MM

FFFFFFFFFF FFFFFFFFFF TTTTTTTTTT CCCCCCCCC NNN NN MMMM MMMM

FF FF 17 cc C NN N NN MM MMMM
FF FF T cc NN NN NN MM MH
FEFFFF FFFFFF TY ce NN NN NN MM MM
FFFFFF FEFFFF 17 ce NN NN NN MM
FF FF 17 cC NN NN NN MM
FF FF 17 cC C NN N NN MM
FF FF 17 CCCCOCCCC NN NNN MM
FF FF T CCCCCCC NN NN MM

THIS PROGRAM COMPUTES GEOPOTENTIAL COEFFICIENTS CNM & SNM
UP TO NMAX (=180) FROM A GLOBAL SET OF BLKSIZ BY BLKSIZ
(= 1 DEG X 1 DEG) MEAN GRAVITY ANOMALIES OR GEQID UNDULATIONS

BECAUSE FFT IS HEREIN USED, NMAX & BLKSIZ ARE DEPENDANT
ON EACH OTHER BY THE RELATION NMAX=180/BLKSIZ.

N.B.:

FOR GRAVITY ANOGMALIES

NM 1 cas
R INTEGRAL OF { DG PNM )
SNM 4 PL G (N-1) BIN)*x2 SIN
FOR GEDID UNDULATIONS:
] i €os
T INTEGRAL OF { UND PNM }
SNM 4 PL RMEAN B (N} %2 SIN

MM
MM
MM
iy
MM
MM
il
MM

LI



00881 C 00936 DATA A/6378137. EQ/, GM/3. 986005E14/

00882 C WHERE G = GM/A»=2 BND RMEAN = GM/ (GAMMA (1) #A) 00937 DATA E2/6. 6943800228E-3/, XK/ 1. 831851353£-3/
00883 C 00938 DATA GE/9.7803267715E0/

00884 C IF IHARM. EQ. 1, THEN HARMONIC COEFFICIENTS ARE COMPUTED 00939 €

00885 € 00840 IF (NMAX. GT. NLAT) THEN

00886 € CNM 1 £os 00941 WRITE (6, 4)

00887 C T omrmmemem e INTEGRAL OF ( VALUE PAM ) 00842 4 FORMAT {//,* =% STOP, BECAUSE NMAX MUST BE . LE. TO NLAT'
00888 € SHM 4 PL B(N) ##2 SIN 00943 ENDIF

00889 € 00944 C

00890 C - FAST FOURIER TRANSFORM IS USED THROUGH THE IMSL SUBR. FFTCC 00845 DO 5 I=1, NCOEFF

00881 C 00346 CNM (1) =0. EO

00892 ¢ - INTEGRALS OF ASS. LEG. FUNCT. COME FROM THE PROGRAM PNMI 00947 5 SNMA{D) =0. EO

00883 C 00948 €

00894 C - PELLINEN/MEISSL SMOOTHING OPERATOR BETA(N) IS USED HEREIN 00948 TIMEO=SECOND {

00885 € 00850 C

00836 C 00951 PI=ACOS (-1. EO

00887 Crwwwxsw BLKSIZ = BLOCK SIZE (LATITUDINAL BANDHITH) IN DEG. INPUT 00952 P12=P1/2. EC

00898 Crxxxixx NMAX = MAXIMUM DEGREE AND ORDER WANTED 00953 DGRD=P1/180. EO

00889 Caxwaxssx NLAT = 180/BLKSIZ = NYQUIST FREQUENCY 00854 BLKSZ=BLKSIZ*DGRD

00800 Ca#=xxxx NBANDS = NBR. OF BANDS IN NORTHERN HEMISPHERE {=90/BLKSIZ} 00855 €

00901 Cxxsrrax NSQ = GLOBAL NUMBER OF BLKSIZ X BLKSIZ SQUARES 00956 DO 10 N=0, NMAX

00902 Cawwewrsx NLON = NUMBER OF BLKSIZ SQUARES ARCUND EACH BAND 00957 10 IDIAGIN} =Ms (N+1) /2+1

00903 Cxxsxxx NCOEFF = NUMBER OF CNM OR SNM COEFFICIENTS 00958 €

00904 Crsorwass NHK = NEEDED DIMENSION FOR IMSL FFT ARRAYS 00959 Cwwxssns COMPUTE THE REQUIRED NOURMAL GRAVITY
00905 Cexxxxxx [HARM = 1.0R. 0, TO COMPUTE HARMONIC. OR. GEOPOTENTIAL COEFFS 00960 €

00906 Cx#xswxx JBETA = 1.0R. 0, TO USE OR NOT THE PELLINEN/MEISSL 00961 CALL ELAREA {0, NBANDS, BLKSZ, P12, E2. GE, XK, AREA, GAMHA
Q0807 Crokrsmxnn SMOGTHING OPERATOR BETA(N) 00962 €

00908 Crsaxsxx TANOM = 1.0R. 0, WHEN INPUT IS ANOMALIES. OR. UNDULATIONS 00963 Cwewkaxx READ IN GRAVITY ANOMALIES (MGAL) OR GEOID UNDULATIONS (M)
00909 C 00964 C

00810 PARAMETER (NMAX=28, BLKSIZ=1.EO, NLAT=180/BLKSIZ+1. E-7) 00965 OPEN (11, FILE=’ QUTNO")

009 11 PARAMETER (NMAXP1=NMAX+1, NMAXP2=NMAX+2, NCOEFF=NMAXP1*NMAXP2/2) 00966 OPEN (12, FILE=' OUTPNMI’)

00912 PARAMETER (NBANDS=NLAT/2, NLON=2*NLAT, NSQ=NLAT*NLON) 00967 OPEN (6, FILE=" OUTPUTFFTCNM )

00913 PARAMETER (NWK=6+NLON+150) 00968 OPEN {14, FILE=" OUTCNMO")

00914 PARAMETER (IHARM=0, IRETA=1, [ANOM=0) 00969 €

00915 C 00870 € READ (11) UNDG

00816 Cwrsxrsx [NM SNM = STORE THE DUTPUT SET OF COEFFICIENTS 00371 C

00917 Ckersnnx PINM = STORES THE INTEGRALS OF THE ASS. LEG. FUNCT. 00872 DO 20 1=1,NLAT

00818 Coxsxxax YNDG = STORES THE INPUT SET OF MEAN GRAVITY ANOMALIES 00873 L= {1~ 1) =NLON+1

00919 Cxxrxeex AREA = STORE AREAS OF BLOCKS 00974 M=L+NLON-1

00920 Crxssxxx GAMMA = STORE NORMAL GRAVITY AT CENTER OF BLOCKS 00975 20  READ(11) (UNDG (J)}, d=L, M)

00921 C##satxx IDIAG = IS A LOCATING ARRAY FOR CNM, SKM AND PINM 00976 C

00922 Chxwwwxx TWK, WK = ARE REQUIRED BY THE IMSL FFT SUBROUTINE 00977 €

00923 Crwsxwwx AM, BM = STORE SINES AND COSINES REQUIRED 00978 TIME1=SECOND{

00924 Cexrraxx BETA = STORES THE SMOOTHING OPERATOR BETA () 00979 WRITE (6, 1) *NSQ =',NSQ,’CPU TIME = TIMEY,
00925 Crwrsrnx A1, A2 = STORE INPUT. AND. QUTPUT OF THE IMSL FFT SUBR. FOR 00880 1 *UNDG (1) =*, UNDG (1), * UNDG (NSQ) =*, UNDG (NSQ
00926 Crxewrwn THE NORTHERN AND SOUTHERN HEMISPHERE RESPECTIVELY 00981 C

00927 € 00982 Cawssxex COMPYUTE THE REQUIRED SINES AND COSINES ARRAYS AM & BM
00928 DIMENSION CNM(NCOEFF), SNM (NCOEFF), PINM (NCOEFF) 00983 €

00928 DIMENSION  UNDG (NSQ), AREA INBANDS) . GAMMA (NBANDS) 00984 CALL TRIGD (NMAX, BLKSZ, AM, BM

00930 DIMENSION IDIAG (0: NMAX), TWK (NWK), WK (NWK) 00985 C

00931 DIMENSION AM(0: NLAT). BM (0: NLAT), BETA {0: NMAX) 00986 DO 30 M=1, NMAX

00932 COMPLEX A1 (NLON), A2 (NLON) 00987 AN (M) =AM (M) /M

00933 € 00988 30  BM(M) = (BM(M) -1. EO) /M

00934 Cxwxsxxx GRS80 GRAVITY MODEL VALUES ARE USED 00989 AN (0) =BLKSZ

00935 C 00990 BM(0) =0. EO
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00991
00992
00993
00994
00995
00996
00997
00998
00999
01000
01001
01002
01003
01004
01005
01006
01007
01008
01009
01010
01011
01012
01013
01014
01015
01016
01017
01018
01019
01020
01021
01022
01023
01024
01025
01026
01027
01028
01029
01030
01031
01032
01033
01034
01035
01036
01037
01038
01039
01040
01041
01042
01043
01044
01045

¢
TIME2=SECOND {
WRITE {8, 1) *NMAX =* NMAX, 'CPU TIME =’ TIME2
¢
Crerresx COMPUTE THE SMOOTHING OPERATOR BETA(N
C
TF (IBETA. EQ. 0) THEN
DO 40 N=0, NMAX
40 BETA{N)=1.EO
C
ELSE IF (IBETA. EQ. 1) THEN
CALL BETAN (NMAX, NLAT, BLKSZ, DGRD, BETA
ENDIF
C
TIME3=SECOND (
WRITE (G, 1) " IBETA = IBETA, 'CPU TIME =* TIME3
c
DO 45 N=0, NMAX
45  HRITE(S, 1)'N =' N ‘BETAN) =’ BETAN
c

Cxwrrxwn PREPARE THE FACTORS FOR GEOPOTENTIAL OR HARMONIL COEFF.
c

TF (IHARM, EQ. O) THEN

IF (IANOM. EQ. O) THEN

DO 50 N=2, NMAX
50  BETA(N) =1 EO/BETA(N)

F=1. EQ/ (4. EO*PL= {GH/A)

DO 55 I=1, NBANDS

WRITE(6, ' =*, 1,7 AREA(I)} =’ AREA(D),’ GAMMA(I) =" GAMMA(D)
55  GAMMA (1) =GAMMA (1) »F

ELSE IF (IANOM. EQ. 1) THEN
DO 60 N=2, NMAX
60 BETAN)=1.EQ/((N-1) +BETA (M)

F=1 E-5/ {4 EO*=PL* (GM/Ax*2))
DO 65 1=1, NBANDS
WRITE(B, 1 '1 =, I, " AREA(L) =', AREA{L), ' GAMMA (1) =7, GAMMA (D)
65  GAMMA (1) =F
ENDIF
C
Cxaorwxxr BY SETTING HERE BETA (0) =BETA (1) =0, WILL ASSURE US TQ
Camrwwne OBTAIN GEOPOTENTIAL COEFFICIENTS €O0=C10=C11=511=0
C
C BETA (0) =0. EO
C BETA (1) =0. EO
C

ELSE IF (IHARM. EQ. 1] THEN
F=1. EQ/ (4. EO*PT)
DO 70 N=0, NMAX
70 BETA(N) =F/BETA(N
ENDIF
3
Crxxxxee MAIN QUTER LOOP

01046
01047
01048
01049
01050
01051
01052
01053
01054
01055
01056
01057
01058
41059
01060
01061
01062
01063
01064
010865
01066
01067
01068
01069
01070
01071
01072
01073
01074
01075
01076
01077
01078
01079
01080
01081
01082
01083
01084
01085
01086
01087
01088
01089
010380
01091
01092
01093
01094
01095
01086
01097
01098
01089
01100

I —h
DO 160 T=1, NBANDS o0

c [}

Crxsrsas READ IN THE INTEGRATED LEGENDRE VALUES

¢

READ (12) PINM

c
Coawrrrwn ORGANIZED THE UNDG INTO COMPLEX SEQUENCES TO BE FFT
c
dN= (1-1) #NLON
JS=NSQ- {IN+NLDN)
DO 80 J=1, NLON
dN=dN+1
JS=ds+1
A1 (J) =CMPLX { (UNDG (JN) *GAMMA (1)), 0. EO
80 A2 (J) =CMPLX ({UNDG (4S) +GAMMA(L)), 0. EO

TIME3=SECOND (
WRITE (B, 1) 'BAND NO =, 1, “CPU TIME =" TIME3
TIME2=TIME3

€
Corxwxnsx TRANSFORM THE NORTHERN (1) & SOUTHERN {2) COMPLEX SEQUENCES
C
CALL FFTCC (A1, NLON, IWK, WK
CALL FFTCC (A2, NLON, IWK, WK
C
€
Caswwrrox COMPUTE CURRENT CONTRIBUTION TO POTENTIAL COEFFICIENTS
Crerorrxe MAIN INNER LOOP

¢
DO 100 M=0, NMAX
Mi=M+1
R1=REAL (A1 {M1))
C1=BIMAG (AT (M1))
R2=REAL (AZ (M1))
C2=ATMAG (B2 (M1))
CTH=AM (M)} #»R1+BM (W) »(}
SST=AM (M) «C1-BM (M) +R1
CC2=AM (M) +R2+BM (M) »C2
$S2=AM {M) #C2-BM (M) *RZ
C
Coawwrrons WHEN N+M IS EVEN, PINM(-LAT1, -LATZ) =PINM(LAT2, LATY
¢
EVENC=CC1+CC2
EVENS=551+552
C
Crerxtsr WHEN N+M IS ODD, PINM(-LAT1, -LAT2)=-PINM(LAT2 LAT1)
C

0DbC=Cce1-Le2
0DB5=551-552

DO 100 N=M, NMAX
NM=1DIAG (N) +4
F=BETA (N} *PINM (NM
TF{HOD (N+M, 2} £Q. 1) GOTOD 8¢



01101
01102
01103
01104
01105
01106
01107
01108
01109
0tt10
011114
01112
01113
01114
01115
01116
01117
01118
[ARR]
01120
01121
01122
01123
01124
01125
01126
01127
01128
01129
01130
01131
01132
01133
01134
01135
01138
01137
01138
01139
01140
01141
01142
01143
01144
01145
01146
01147
01148
01148
01150
01151
01152
01153
01154
01155

30
100

C

CNM (NM) =CNM (NM) +F+EVENC
SNM (NM) =SNM (NM) + FEVENS
GOTO 100

CNM (NM) =CNM (NM) +F*0DDC

SNM (NM) =SNM (NM) +F =0DDS

CONTINUE

TIMEA=SECOND (
WRITE (B, 1) *NCOEFF =' NCOEFF,’ CPU TIME =', TIME4

Cousexex PRINT QUT THE RESULTING COEFFICIENTS

c

OO0

J=NCOEFF
[F (NCOEFF. GT. 500} J=300
DO 110 1=1.4

HRITE (6, 3) *COEFF NO =’ 1, "CNM =', CNM (I}, *SNM =" SNM(I)

IF (NCOEFF. GT. 600) THEN

Do 120 1=300,0, -1

J=NCOEFF-1

WRITE (6, 3) * COEFF NO =", J,*CNM =*, CNM(J), " SNM =’, SNM (J)
ENDIF

FORMAT (1X, 410, 17, 3 (3X, A10, F20. 10))
FORMAT (1X, 410, 17, 2 (3X, A10, E20. 10})

TIMES=SECOND (
WRITE (6, 1) *NWK =", NWK, *CPU TIME =", TIMES

HRITE (14) CNM
WRITE (14) SNM

TIMEG=SECOND (
WRITE (6, 1) * ITHARM =’ THARM, ' CPU TIME =', TIMEG

TIME7=SECOND (
WRITE (6, 1) * TANOM =' [ANOM,’CPU TIME =’ TIME7

STOP
END
SUBROUTINE BETAN (NMAX, NLAT, TETA, DGRD, B)

THIS SUBROUTINE COMPUTES THE VECTOR B(N)
WHICH IS THE PELLINEN/MEISSL'S SMOOTHING COEFFICIENTS.

HOWEVER SOME MODIFICATIONS SHOWN BELOW ARE DONE TO GET THE
DE-SMOOTHING OPERATOR OF COLOMBO, 1981, OSU REPORT NO. 310

DIMENSION B (0: NMAX), P (0: 361)

P12=DGRD*360. EO
COSPSI=1. EO~ (TETA*SIN (TETA) /P12
NMBXP 1=NMAX+1

NLAT3=NLAT/3

CALL LEGPOL (NMAXP1, COSPSI, P)

01156
01157
01158
01159
01160
01161
01162
01183
01164
01165
01166
01167
01168
01169
o170
01171
01172
01173
01174
01175
01176
01177
01178
01179
01180
011814
01182
01183
01184
01185
01186
01187
01188
01189
01180
o119
01192
01193
011384
011385
01186
01197
01198
01199
01200
01201
01202
01203
01204
01205
012086
01207
01208
01209
01210

F=1.EQ/ (1. EO-COSPSI)

B{0)=1.E0

DO 10 N=1, NMAX

BN} =F/ (2#N*+1) « (P (N~ 1) -P (N+1))

SQUARE THE LOWEST DEGREE, L£OLOMBO, 1981, P 76

oo

TF(N.LE.NLAT3) B (N) =B (N) »*2
10 CONTINUE

PUtT B{1)=1, COLOMBO, 1981, P.76

oo

BN =1.E0

RETURN

END

SUBROUTINE LEGPOL (NMAX, T,P

THIS SUBROUTINE COMPUTES THE LEGENDRE POLYNOMIALS USING THE
RECURSION FORMULAE (HM, 1367, EQ. (1-59)}

L E=NaNy

DIMENSION P (0: NMAX)

P{O)=1.EO

P{t) =1

DO 10 N=2, NMAX

10 PN)= (- (N-1) «P (N-2) + (2#N~1) «T«P (N~ 1) ) /N

RETURN

END

SUBROUTINE ELAREA ({IELL, NBANDS, BLKSZ, P12, E2, GE, XK, AREA, GAMMA
C
Crwrxeer THIS SUBROUTINE COMPUTES THE AREA OF EQUIANGULAR BLOCKS
Crxrsrsn OF SIZE "BLKSZ" (IN RADIANS) FOR “NBANDS® BLOCKS FROM
Cwxrrrxx POLE TO EQUATOR. IT ALSO COMPUTES THE NORMAL GRAVITY AT
Crwwsxxx THE CENTER OF THESE BLOCK WHICH ARE ON AN ELLIPSOID WITH
Cxexrrs DARAMETERS E2, GE, XK
¢
Crrsrsxr IF IELL. EQ. 0, THE COMPUTATIONS ARE DONE ON THE SPHERE.
€

DIMENSION AREA (NBANDS). GAMMA (NBANDS)
C
Cawrersr (PHI: GEQDETIC LATITUDE, PSI: GEOCENTRIC LATITUDE)
C

PHI1=PT2

PSI1=PHI

PHI2=PHI1-BLKSZ

DO 40 1=1, NBANDS
PHIM= (PHI1+PHI2) = 5E0
SIN2=SIN (PHINM) %»2
WeSQRT (1 EG-E2+5IN2)
c
Cr##wrrx COMPUTE NORMAL GRAVITY FOR CURRENT CENTER POINT
Crakenns GRSBO, P. 403
C
GAMMA (1) = (1. EO+XK*SIN2) *GE/W
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01211
01212
01213
01214
01215
01216
01217
01218
01218
01220
01221
01222
01223
01224
01225
01228
01227
01228
01229
01230
01231
01232
01233
01234
01235
01236
01237
01238
01239
01240
01241
01242
01243
01244
01245
01246
01247
01248
01249
01250
01251
01252
01253
01254
01255
01256
01257
01258
01253
01260
01261
01262
01263
01264
01265

c

IF{IELL. EQ. O) GAMMA (1) =9, 79E0

Corxexwxxx CONVERT TO GEOCENTRIC LATITUDE

Crxxxxss RAPP GEOMETRY I,

c

20
¢

Eg. 3.62)

IF {PHI1. EQ. P12) GOTO 10
PSI1=PHI1

PSI2=PHI2

IF(IELL. EQ. 0) GOTO 30

IF {PHI 1. EQ. PI2) GOTO 20
PSI1=ATAN ({1 EO-E2) *TAN{PHI 1))
PSI2=ATAN ({1 EO-E2} =TAN {PH12)

Crexwnnx COMPUTE THE CURRENT BLOCK'S AREA

C
30
¢

40
c

OO o

20

CICOOOOOMOOONOO0eo

AREA (1) = (SIN (PSI 1) -SIN{PS12)) *BLKSZ

PHI1=PHI 1-BLKSZ
PHI2=PH12-BLKSZ

RETURN
END
SUBROUTINE TRIGD (NMAX, TETA, SINE, COSINE)

THIS SUBROUTINE COMPUTES EFFICIENTLY SINE M) =SIN{M+TETA) AND
COSINE (M) =COS {MxTETA), FOR M=0, NMAX

DIMENSION SINE (0: NMAX), COSINE (01 NMAX)

SINE (0)=0. EO
COSINE (0} =1, EO
SINLON=SIN(TETA
COSLON=COS{TETA
DO 20 I=1, NMAX

I1=1-1

COSINE (1) =COSINE (I1) »COSLON-SINE  (I1) «SINLON
SINE (1) =SINE (I1) »COSLON+COSINE (I1) «SINLON
RETURN

END

PROGRAM ADDUOGN

AAAAAAAA  DDDDDDDDD DODDDDDDDD DDDDDDDDD  GGGGGGGG NN
AAAAAAAAAA DDDDDDDDDD DDDDDDDDDD DDBDDDDDDD GGGGGGHGEG NNH
AA AA DD DD DD bb DD DD GG G NN N
AR Ap DD bb DD pD DD DD GG NN NN
AA AA DD DD DD DD DD DD 66 GGGGG NN N
AAARAAAAAA DD DD DD bb DD DD GG GGGGGG NN N
ARRAAAAARA DD BD DD DD DD bD GG GG NN
AR AA DD DD DD Bb DD DD GG GG NN
AR AA DDDDDDDDDD DDDDDDDDDD DDDDDDDDDD GGGGGGGGGG NN
AR AA DDDDDDDOD DDDDODDDD  DDDDDDDDD  GGGGGGGG KN

THIS PROGRAM SUBSTRACS TWO REGULAR GRIDS OF N OR DG AND COMP

NN
NN
NN
NN
N NN
N NN
NN NN
N NN
NNN
NN

UTES

01266
01267
01268
01269
01270
01271
01272
01273
01274
01275
01276
01277
01278
01279
01280
01281
01282
01283
01284
01285
01286
01287
01288
01289
01280
01291
01282
01283
01294
01285
01296
01297
01298
01299
01300
01301
01302
01303
01304
01305
01306
01307
01308
01309
01310
01311
01312
01313
01314
01315
01316
01317
01318
01319
01320

C
C
c
C

Crxrrrnx BLKSIZ =
Cossrsve NLAT = 180/BLKSIZ = NYQUIST FREQUENCY
Cressorrr NLON =
Cxwsorxrr JELL =

C

(2R >N~

THEIR ROOT MEAN SQUARE (RMS) AND RMS DIFFERENCE (AGREEMENT),
AND THIS ON THE SPHERE OR ON THE ELLIPSOID

BLOCK SIZE (LATITUDINAL BANDWITH) IN DEG. INPUT
NUMBER OF BLKSIZ SQUARES ARQUND EACH BAND

0.0R. 1, ON THE SPHERE OR ON THE ELLIPSCID

PARAMETER (BLKSIZ=1.EQ, IELL=0

PARAMETER (NLAT=1BO/BLKSIZ+1. E-7, NLON=2+NLAT, NSQ=NLATNLON
PARAMETER (NBANDS=NLAT/2)

DIMENSION UNDG1 (NLON), UNDG2 (NLON}, AREA (NBANDS) . GAMMA (NBANDS)
DATA S1,52,5D, $12, 522, SD2, XMIN1, XMAX 1, XMIN2, XMAX2, XMIND,

1 XMAXD, XMEAN1, XMEANZ, XMEAND, RMS 1, RMS2, RMSD/18+0, EQ/

DATA UNDG2/NLON*0. E0/

GRS80 ELLIPSOID 1S USED.

DATA E2/6. 6943800229E-3/, XK/1. 331851353E~3/
DATA GE/9. 7803267715E0/

PI=ACOS (-1. EO
DGRD=P1/180. £6
P12=P1/2, EO

P14=4 EO=PI
BLKSZ=BLKS1Z#DGRD

COMPUTE THE REQUIRED AREAS
CALL ELAREA (IELL, NBANDS, BLKSZ, P12, E2, GE, XK, AREA, GAMMA

OPEN (11, FILE=' OUTDGO’

OPEN (12, FILE=" QUTDG1")

OPEN (6, FILE=' QUTPUTADDDGN')
OPEN (14, FILE=’ QUTDGRY’)

DO 20 I=1, NLAT
READ (11) (UNDGT (J), d=1, NLON)
READ (12) (UNDG2 (J), J=1, NLON

S$1=0.EQ
$2=0.EQ
SD=0. EQ
$12=0.E0
$22=0. EQ
5D2=0. EQ

DO 10 J=1, NLON
S1=S1+UNDGT {J}
52=52+UNDG2 (J)
$127512+UNDGY {df) %%2
$22=522+UNDG2 (J) #¥2
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01321
01322
01323
01324
01325
01326
01327
01328
01329
01330
01331
01332
01333
01334
01335
01336
01337
01338
01339
01340
01341
01342
01343
01344
01345
01346
01347
01348
01349
01350
01351
01352
01353
01354
01355
01356
01357
01358
01359
01360
01361
01362
01363
01364
01365
01366
01367
01368
01368
01370
01371
01372
01373
01374
01375

20

-3

C

XMAX1=AMAX1T (XMAX1, UNDG1T (J)
XMINT=AMINT (XMIN1, UNDGT (J)
XMAX2=AMAX 1 (XMAX2, UNDG2 (J)
XMIN2=AMINT (XMIN2, UNDG2 (d))
UNDG1 (J) =UNDG 1 (J) -UNDG2 (J)
SD=SD+UNDG1 (d)
SD2=SD2+UNDG1 (J) %2
XMAXD=AMAXT (XMAXD, UNDG1 {d)
XMIND=AMINT (XMIND, UNDG1 (J)
CONTINUE

WRITE {14) (UNDG1T (J}, J=1, NLON

Ii=1

IF{I1. GT. NBANDS} I1= (NLAT-1)+1
XMEAN1=XMEAN1+S 1*AREA (11)
XMEAN2=XMEAN2+S2+AREA (11)
XMEAND=XMEAND+SD*AREA (11)
RMS1=RMS 1+S 12*AREA (1 1)
RMS2=RMS2+522+AREA(IT)
RMSD=RMSD+SD2+AREA {11)
CONTINUE

S1=XMEAN1/P14
$2=XMEAN2/P14
SD=XMEAND/P14
S12=SQRT (RMS1/P14)
522=SQRT (RM52/P14
SD2=SQRT (RMSD/P14

WRITE(6, 6)* NLAT =, NLAT,’ NLON =’ NLON,* NSQ =' NSQ
WRITE{G, 7)* MEANY =’ St ¢ RMST =7, 5127 MAXY =’ XMAXI1,
fOMINT =7 XHINt
foMAX2 =7, XMAX2
fOMINZ =', XMIN2
! OMAXD =", XMAXD
* MIND =", XMIND

1
WRITE(6, 7)* MEAN2 =/, S52.‘ RMS2 =’ 522
1

WRITE{B, 7)* MEAND =, 5D, ' RMSD =*, 5D2,
1

FORMAT (1X, 4 (A7, 19)
FORMAT (1X, 4 (A7, F9. 3)}

sTop
END
SUBROUTINE ELAREA (IELL, NBANDS, BLKSZ, P12, E2, GE, XK, AREA, GAMMA)

Crerwsxx THIS SUBROUTINE COMPUTES THE AREA OF EQUIANGULAR BLOCKS

Crxxwrxx OF SIZE "BLKSI"
Crxxrrex POLE TO EQUATOR.

(IN RADIANS) FOR "NBANDS®" BLOCKS FROM
IT ALSO COMPUTES THE NORMAL GRAVITY AT

Crxxrxxs THE CENTER OF THESE BLOCK WHICH ARE ON AN ELLIPSOID WITH
Crxwexrx PARAMETERS E2, GE, XK

c

Cxwrwaxx [F TELL EQ. O,

c

C

(LT ZET2Y

C

THE COMPUTATIONS ARE DONE ON THE SPHERE
DIMENSION AREA (NBANDS), GAMMA (NBANDS)
(PHI:

GEODETIC LATITUDE, PSI: GEOCENTRIC LATITUDE)

01376
01377
01378
01379
01380
01381
01382
01383
01384
01385
01386
01387
01388
01389
01380
01381
01392
01383
01394
01395
01386
01397
01398
01398
01400
01401
01402
01403
01404
01405
01406
01407
01408
01409
01410
01411
01412
01413
01414
01415
01416
01417
01418
01418
01420
01421
01422
01423
01424
01425
01426
01427
01428
01429
01430

€
C
c
c

¢
C
c
C

C
C
€

C

¢

OO MOOOOOOOOOOOOOO0O0

PHI1=PI2
PST1=PHIY
PHI2=PHIt-BLKSZ

0O 40 1=1, NBANDS
PHIM= (PHI 1+PHI2) » SEC
SIN2=SIN (PHIM) »*2
W=SQRT (1. EO-E2#SIN2

warenkr COMPUTE NORMAL GRAVITY FOR CURRENT CENTER POINT
wrxsaar GRSBO, P. 403

GAMMA (T) = (1. EO+XK=SIN2) «GE/H
IF(IELL. EQ. 01 GAMMA (I} =8, 79E0

wakokakx CONVERT TO GEOCENTRIC LATITUDE
xxkerx RAPP GEOMETRY 1, EQ. (3. 62

TF (PHI1, EQ. P12) GOTO 10
PSI1=PHI
10 PSI2=PHI2
IF(IELL. EQ. 0) GOTD 30
[F(PHI1, EQ. P12} GOTO 20
PST1=ATAN ((1. EO-E2) »TAN (PHI 1))
20 PSI2=ATAN ({1, EO-E2) »TAN (PHI2)}

#xsckeex COMPUTE THE CURRENT BLOCK'S AREA
30 BREAI} = (SIN{PSI1) -SIN(PSI2)) +BLKSZ

PHI1=PHI 1-BLKSZ
40 PHI2=PHI2-BLKSZ

RETURN
END
PROGRAM ADDCNM
AAAAAAAA  DDDDDDDDD DDDDDODDD  CCCCCCCC NN NN MM MM
AARAAAAASA DDDDDDODDD DDDODDDDBD CCCCCCCCCC NNN NN MMMM  MMMM
AR A& DD DD DD DD CC C NN N NN MM HMMMM MM
AR AA DD ob 0D bp €C NN NN NN MM MM MM
AR AA DD D DD DD CC NN NN NN MM MM MM
AAAAAAAAAA DD Do Db Db CC NN NN NN MM MM
AAAARAAAAA DD DD DD 0D CC NN NN NN MM MM
AA aA DD DD DD DD €C C NN N NN MM MM
AA AA DDODDDDDDD DDDDDDDDDD CCCCCCCCCC NN NNN MM MM
AR AA DDDDDDDDD  DDDDDDDDD  CCCCCCLC AN NN MM MM
THIS PROGRAM ADDS TWO SETS OF COEFFICIENTS AND COMPUTES BY
DEGREE THE AGREEMENT WITH A THIRD SET OF COEFFICIENTS

sxrworn NMAX = MAXIMUM DEGREE AND ORDER WANTED

€81



01431
01432
01433
01434
01435
01436
01437
01438
01438
01440
01441
01442
01443
01444
01445
01448
01447
01448
01449
01450
01451
01452
01453
01454
01455
01456
01457
01458
01458
01460
01481
01462
01483
01464
01465
01466
01467
01468
01469
01470
01471
01472
01473
01474
01475
01476
01477
01478
01479
01480
01481
01482
01483
01434
01485

Caxxrrenx NCOEFF = NUMBER OF CNM OR SNM COEFFICIENTS
Crrxrrns JTAGREE = 1 OR 0, TO COMPUTE OR NOT THE AGREEMENT.

c
PARAMETER (NMAX=28, IAGREE=1)
PARAMETER (NMAXP1=NMAX+1, NMAXP2=NMAX+2, NCOEFF=NMAXP 1+NMAXP2/2)
C
DIMENSION  CNMA (NCOEFF), SNMA {NCOEFF)
DIMENSION  CNMB (NCOEFF), SNMB (NCOEFF)
c
DIMENSION SIGSQ (NMAXP1), SIGSQP (NMAXPT), SIGMA (NMAXP1), R (NMAXP 1)
DIMENSION DEL (RMAXP1), PN INMAXP 1) NUM (NMAXP 1), DG (NMAXP ), Q (NMAXP 1)
DIMENSION  UNDMAG (NMAXP 1), ANOMAG (NMAXP 1)
C
OPEN {11, FILE=' OUTCNMO')
OPEN (12, FILE=" DUTCNMC1')
OPEN (13, FILE=' GEML2')
OPEN (6, FILE=" QUTPUTADDCNN')
OPEN (14, FILE=" CUTCNM1’)
C
READ {11) CNMA
READ (11) SNMA
READ (12) CNMB
READ {12) SNMB
C
DO 1 =1, NCOEFF
CNMA (1) =CNMA (1) +CNMB (1)
SNMA (1) =SNMA (1) +SNMB {1)
1 CONTINUE
C
IT=NCOEFF
IF (NCOEFF. GT. 600) 11=300
Do 2 1=, 11
WRITE (6, 3) I, CNMA (1), SNMA (1)
2 CONTINUE
3 FORMAT (18, 2E16. 8)
C
[F (NCOEFF. GT. 600) 11=NCOEFF-300
DO 4 I=II, NCOEFF
HRITE (B, 3) 1, CNMA (1), SNMA (T}
4 CONTINUE
€
WRITE (14) CNMA
WRITE {14) SNMA
C
[ o o o o oo o e e
IF {IAGREE. £Q. 0) STOP
o m m e e
C
READ {13) CNMB
READ (13) SNMB
C
Cernwsn COMPUTE THE DEGREE VARIANCES OF 2ND SET (S1GSQ

C
DO 8 N=2, NMAX
SIGSQ (N} =0. OEO

01486
01487
01488
01489
01430
01491
01492
01483
01494
014395
01496
01497
01488
01499
01500
01501
01502
01503
01504
01505
01508
01507
01508
01509
01510
01511
01512
01513
01514
01515
01516
01517
01518
01519
01520
01521
01522
01523
01524
01525
01526
015827
01528
01529
01530
01531
01532
01533
01534
01535
01536
01537
01538
01539
01540

Ni=N+1
DO 8 M1=1 N1
M=Mt-1
K=Nx (N+ 1) /2+Ms1
[F (CNMB (K}, EQ. 0. OEQ. AND. SNMB (K) . £Q. 0. OE0} GO T0 8
SIGSQ (N) =SIGSQ(N) + (CNMB (K) *+2+SNMB (K) ##2) 1. E12
TEM=SQRT (S1GSQ IN})
UNDMAG (N) =TEM=B. 371E0
ANDMAG (N} =TEM= (N~ 1) +. 3798E0
3 CONTINUE

SUMSIG=0. OEQ
DO 9 I=2, NMAX
9 SUMSIG=SUMSIG+SIGSQ (D)
C
Cexxvxer PRINT OUT THE VALUES OF SIGSQ(I) AND SUMSIG
€
DO 10 172, NMAX
10 WRITE(6, 11) 1, STGSQ (1), UNDMAG (1), ANOMAG (1)
H FORMAT (10X, 'N=', 13, 5X,7 SIGSQ=", F10.4,5X, 'UNDMAG = ', F10.2,5X
1 ' ANOMAG = *, F10.2
WRITE (B, 12) SUMSIG
12 FORMAT (10X, ' SUMSIG=", F10. 4)

WRITE (6, 13)

13 FORMAT (1H1, 10X, ' COMPARISIONS MADE USING ONLY COMMON COEFFICIENTS')

C
C##4nxnw COMPUTE THE DEGREE VARIANCES OF 15T SET (SIGSQP
c
DO 14 N=2, NMAX
SIGSQP (N) =0, 0EO
N1=N+1
DO 14 mi=1, N1
M=M1-1
K=N* (N+1) /2+M+ 1
IF{CNMB (K). EQ. 0. OEQ. AND, SNMB (K). EQ. 0. CEO) GO T0 14
IF {CNMA (K) . EQ. 0. OEO. AND. SNMA (K) . EQ. 0. OE0) GO TO 14
SIGSQP (N) =STGSQP (N) + (CNMA (K) »#+2+SNMA (K) ##2) » 1, E12
14 CONTINUE

SMSGF=0. 0EO
DO 15 {=2, NMAX
15 SMSGP=SMSGP+SIGSQP (1)
C
Coxxwrrx PRINT OUT THE VALUES OF SIGSQP(I) AND SMSGP
¢
DO 16 1=2, NHAX
16 WRITE(6, 17} 1, SIGSQF (1)
17 FORMAT (10X, *N=’, 13, §X, * SIGSQP=", F10. 4)
WRITE (6, 18) SMSGP
18 FORMAT (10X, ' SMSGP=' F10.4
c
Coxxarxr COMPUTE THE CORRELATION COEFFICIENTS “R"
c
D0 19 N=2, NMAX
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01541
01542
01543
01544
01545
01548
01547
01548
01549
01550
01551
01552
01553
01554
01558
01556
01557
01558
01559
01560
01561
01562
01563
01564
01565
01566
01567
01568
01569
01570
01571
01572
01573
01574
01575
01576
01577
01578
01579
01580
01581
01582
01583
01584
01585
01586
01587
01588
01589
01580
01591
01592
01593
01594
01595

19

20
21

22
23
24

25

28

Q (N} =0. OEO

N1=N+1

DO 19 M1=1, N1t

M=M1-1

K=Nx (N+1) /2+M+ 1

IF (CNMB {K) . EQ. 0. OEO. AND. SNMB (K). EQ. 0. OEO)} GO TO 19
IF (CNMA (K) . EQ. 0. OEO. AND. SNMA (K) . EQ. 0. OE0) GO TO 19
Q {N) =Q (N) + (CNMB (K) «CNMA (K} ) *1, E12+ (SNMB (K) SNMA (X)) #1, E12
CONTINUE

DO 20 1=2, NMAX

WRITE(6. 2101, Q (1)

FORMAT (10X, *N=*, 13, 5X,/Q=", F20. 14)

DO 22 =2, NMAX

R} =Q (1) / {(SIGSQ (1) »xSIGSQP (1)) »x0. 5EQ

DO 23 1=2, NMAX

WRITE (6, 24) 1, R (1)

FORMAT (10X, *N=*, 13,5X, ' R=*, F20. 14

SuUM=0. 0EQ

DO 25 1=2, NMAX

SUM=SUM+Q (1)

R1=5UM/ ({SUMSIG*SMSGP) «=0. BEQ)

WRITE (6, 26) R1

FORMAT (10X, * R1=*, F10. 4)

C
Cosansxs COMPUTE THE PERCENTAGE DIFFERENCE PER DEGREE
C

27

28
29

30

DO 27 N=2, NMAX

KS=N* (N+1) /2+1

NUMIN) =1

IF (CNMB (KS). EQ. 0. OEQ. OR . CNMA (KS). EQ. 0. OEO) NUM (N) =0
SIGMA (N) =0, 0ED

DG (N) =¢. OEQ

N1=N+1

DO 27 Mi=1, N1

M=M1-1

K=KS+M

TF (CNMB (K) . EQ. 0. OEQ. AND. SNMB (K). EQ. 0. OEQ) GO TO 27
TF (CNMA (K). EQ. 0. OEQ. AND. SNMA (K) . EQ. 0. OEDI GO T 27
NUM (N} =NUM (N) +2

TEM= ( ( (CNMB (K) ~CNMA (K) ) #*2) «1. E12) + ( (SNMB {K) - SNMA (K) ) %%2) »1. E12
SIGMA (N) =SIGMA (N) +TEHM

DG (N} =DG (N) +. 96EO* (N~1) **x2+TEM

CONTINUE

PS=0. 0EQ

DO 28 =2, NMAX

PN (1) =SQRT (SIGMA (1) /SIGSQ (1)) =100, EQ

PS=PS+PN (1)

DEL (1) = (SIGMA (1) /NUM (1)) *=0, 5E0

WRITE (6. 29)

FORMAT {//, 20X, *RHS DIFF PER DEGREE’, 40X, ' MAGNITUDE (METRES)’, 5X

'MAGNITUDE (RGALS) ")
DO 30 1=2, NMAX
AAC=SQRT (DG {1})
UNA=6. 3TTEQ~SQRT (SIGMA (1))
WRITE{S, 31) 1, DEL (1), PN {1}, NUM (1), UNA, AAC

015386
01587
01588
01598
01600
01601
01602
01603
01604
01605
01606
01607
01608
01808
01610
01611
01612
01613
01614
01615
01616
01617
01618
01619
01620
01821
01622
01623
01624
01625
01626
01627
01628
01629
01630
01631
01832
01633
01834
01635
01636
01637
01638
01639
01640
01641
01642
01643
01644
01645
01648
01647
01648
01649
01650

3

c

FORMAT (10X, ' N=',13,9X,’ DEL = *,F10.7,* PERCENTAGE DIFF’

1 f =7 F10.2,' NBR OF COEFf = *, 14, UND D =" F10.6," ANO D =’

2 F10. 8)

Coxmnwns COMPUTE THE CUMULATIVE PERCENTAGE
C

32

33
34

35

36

37

COoOOoOOmOOMOONDOOOOMOO

§5=0. 0EO

DO 32 N=2, NMAX

$5=55+51GMA  (N)

T=0. 0EQ

TG=0. 0E0

DO 33 M=2, NMAX

T=T+SIGMA (N

TG=TG+DG (N

A=SQRT (T)

WRITE (6, 34IN, A

FORMAT (10X, “N =, 13, 5X, " CUMULATIVE DIFFERENCE TO THIS DEGREE = .
1 F14.8)

NTOT=0

A=h=6. 3T1EQ

DO 35 1=2, NMAX
NTOT=NTOT+NUM (1)

DEL2= (SS/NTOT) *#0. 5E0
PS=pS/ (NMAX- 1)
WRITE (6, 36) DEL2, PS

FORMAT (10X, " DEL2=' F14.8,
1 F14. 6)

TG=SQRT {TG}
WRITE (B, 37} A, TG

FORMAT (10X, * RMS UNDULATION DIFF = * FS9.6,/,
1 10X, “RMS ANOMALY DIFF =* F9. 6

STOF

AVERAGE PERCENTAGE DIFFERENCE = ',

END
PROGRAM PNMI2

PPPPPPPPP NN NN MM WO TITITIRIND 22222222

PPPPPPPPPP  NNN NN MMMM  MMMM  TITIIIIIID 2222222222
PP PP NN N NN MM MMMM MM Il 2 22
PP PP NN NN NN MM MM MM Il 22
PPPPPPPEPP NN NN NN MM MM MM tl 22

PPPPPPPPP NN NN NN MM MM 11 22

pp NN NN NN MM MM Il 22

PP NN N NN MM MM Il 22

PP NN NNN - MM MM TITITIIITIT 2222222222
PP NN NN MM WM OITITIIIIID 2222222222

Casxwesk THIS 1S A DRIVER TO RUN PNMI2S5 SUBROUTINE.
Coxrrers 1T COMPUTES EFFICIENTLY THE ASSOCIATED LEGENDRE

Crxsnsxx FUNCTIONS (PNM) AND THE INTEGRAL OF TWO PNM I E.

TIN, M P Q)

Cawwtsss OVER THE NORTHERN HEMISPHERE (AND SOUTHERN IF DESIRED).
[T TET T

Corsorrar i BACKWARD RECURRENCE IS USED TO COMPUTE THE INTEGRALS
Crxsasnr OF THE SECTORIALS EXCEPT NEAR THE EQUATOR WHERE THE FORWARD
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01651
01652
01653
01654
01655
01656
01657
01658
01659
01660
01661
01662
01663
01664
01665
01666
01667
01668
01669
01670
01671
01672
01673
01674
01675
01676
01677
01678
01679
01680
01681
01682
01683
01684
01685
01686
01687
01688
01689
01690
01691
01692
01693
01694
01695
01696
01687
01698
01699
01700
01701
01702
01703
01704
01705

Crxxrxrx RECURRENCE IS USED

C

Crxarrrs IPNM = 1 OR 0, TO COMPUTE PNM. OR. INMPQ

Cersssxx TGEOD = 1, 0R. 0, TO COMPUTE AT GEODETIC. OR. GEOCENTRIC LAT
Craxerrx NMAX = MAXINMUM DEGREE AND ORDER WANTED FOR PNM OR INMPQ
Comndororx BLKSIZ = BLOCK SIZE (LATITUDINAL BANDWITH) IN DEG. WANTED
Camxsars NBANDS = NBR. OF BANDS IN NORTHERN HEMISPHERE (=90/BLKSI1Z)

Cresxxex NBAND2 = NBR. OF BANDS FROM NORTH POLE TO SOUTH POLE
¢
PARAMETER (IPNM=0, IGEOD=0, NMAX=28, BLKSIZ=1. EQ
PARAMETER (NBANDS=90/BLKSIZ+1. £-7, NBAND2=2+NBANDS)
c
OPEN {6, FILE=' QUTPUTPNMIZ')
OPEN (11, FILE=" OUTPNMI2')
c
Corxrsxx ASSIGN PRESCRIBED ACCURACY

Comassons HOWEVER THE USE OF REAL=8 PERMITS AN ACCURACY OF 1. E-7 ONLY
c
EPSLON=1. E~20

BY TAKING OUT THE NEXT ERRSET ONE FINDS OUT WHERE FLOATING-
POINT UNDERFLOWS OCCUR IN THE SUBROUTINE PNMI2S
CALL ERRSET (208, 256, -1, 1, 1)

THS AND THN ARE THE SOUTHERN AND NORTHERN COLATITUDE.
WHEN THS=90 DEG, THE FORWARD RECURRENCE IS ALWAYS USED
WHEN THN=0 DEG, THE BACKWARD RECURRENCE IS ALHAYS YUSED

[ R R NN e R RoN oyl

INIT=0

PI1=ACOS (-1.EQ

RDDG=P11/180. £EO
C
Coxwkrxx DETERMINE THE MAX NBR OF TERMS REQUIRED FOR THE MOST
Crextokxw SOUTHERN BAND THAT NEED THE BACKWARD SECTORIAL RECURRENCE
Cresrrwr HERE ONLY TO CHECK IF SOME DIMENSIONS HAVE TO BE INCREASED
Crxwtenx [T USES EQUATIONS (7.13) AND (7. 11).
c

LF (IPNM. EQ. O) THEN

THS=90. EO-BLKSIZ

THN=THS-BLKSIZ

11=2
IF (NBANDS, EQ. 1} 11=1
DO 5 I=11, NBANDS
52=SIN (THN*RDDG) *=2
TF(ABS(52) . LT 1 E-51GOTO 3
RK=F LOAT (NMAX) / (FLOAT {NMAX+ 1) %52)
IF(RK. LE. 1. EO) GOTO 4

3 THM=, SEQ= (THN+THS) +RDDG
RN2=1, EQ+ALOG (EPSLON
RD2=ALOG (SIN (THN} x#2
ARG=RN2/RD2
NTERMS=1+INT (ARG)
WRITE (6, 12} NTERMS
LF {NTERMS. GT. 2870) STOP

01706
01707
01708
01708
01710
o174
01712
01713
01714
01715
01718
01717
01718
01719
01720
01721
01722
01723
01724
01725
01726
01727
01728
01729
01730
01731
01732
01733
01734
01735
01738
01737
01738
01739
01740
01741
01742
01743
01744
01745
017486
01747
01748
01749
01750
01751
01752
01753
01754
01755
01758
01757
01758
01759
01760

GOTO 6
4 CONTINUE
THS=THN
THN=THN-BLKSIZ
5 CONTINUE

6 THN=0 EQ

ELSE IF (IPNM.EQ. 1) THEN

THN=-BLKS12/2

ENDIF
c
Coxsrrrx PUT *x DO 10 I=1, NBAND2 »x TO SEE THE RESULTS
Crrxxxxx IN THE SOUTHERN HEMISPHERE. ONE FINDS QUT THAT
Coxrrrnr PNH(-LAT) =-PNM(LAT) IF N+M IS 0DD
Caxsarrs PNM(-LATI = PNM(LAT) IF N+M IS EVEN
Crxwxrxe AND A SIMILAR RELATION FOR THE INTEGRALS OF THO PNM. INMPQ
Corwmnnex INMPQ (LATY, LAT2) =-INMPQ (LAT2, LATH) IF N+M+P+Q IS QDD
Corrrrsrr TNMPQ{LATY, LAT2) = INMPQ{LAT2, LATH} IF N+M+P+Q IS EVEN
c

THS=THN+BLKSIZ

L
c
c DO 10 I=1, NBAND2
DO 10 I=1, NBANDS
WRITE (6, 13) SECOND {
WRITE {6, 14) THN, THS
C
CALL PNMI2S (IPNM. IGEOD, NMAX, THN, THS, RNZ, NTERMS, INIT)
c
Crexersr THE RESULTS ARE PRINT OUT IN THE SUBROUTINE PNMI2S

C

THN=THS
THS=THS+BLKSIZ
10 CONTINUE
€
WRITE (6, 13) SECOND (
12 FORMAT (' NBR OF TERMS SHOULD NOT EXCEED 2870, NTERMS =7, 110)
13 FORMAT (5X, ' CPU TIME =, F10.5)
14 FORMAT (30X, ' THN = F10.5,° THS =, F10.5)
C
sTop
END
SUBROUTINE PNMIZS (1PNM, 1GEOD. NMAX, THDEGN, THDEGS, RNZ, NTMAX, INIT)
€
c
Crwsnsonn [T COMPUTES EFFICIENTLY THE ASSOCIATED LEGENDRE

Cawrersr FUNCTIONS (PNM} AND THE INTEGRAL OF THO PNM LLE. 1T(N M P Q)
Crxwexex OVER THE NORTHERN HEMISPHERE (AND SOUTHERN IF DESIRED)
Ot rn

Coswwerr A BACKWARD RECURRENCE 1S USED TO COMPUTE THE INTEGRALS
Carsrexr OF THE SECTORIALS EXCEPT NEAR THE EQUATOR WHERE THE FORWARD
Craxsrne RECURRENCE IS USED.

C

c
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01761
01762
01763
01764
01765
01766
01767
01768
01769
01770
01771
01772
01773
Q1774
01775
01776
01777
01778
01779
01780
01781
01782
01783
01784
01785
01786
01787
01788
01789
01790
01791
01792
01783
01794
01795
01796
01797
01798
01799
01800
01801
01802
01803
01804
01805
01806
01807
01808
01809
01810
01811
01812
01813
01814
01815

c IPNM  : 1.OR. 0, TO COMPUTE PNM. OR. INMPQ
C IGEOD : 1.0R.0, TO COMPUTE AT GEODETIC. OR. GEQCENTRIC LAT
C NMAX  : MAXIMUM DEGREE AND ORDER TO COMPUTE PNM OR INMPQ
C THDEGS : GEOD. POLAR ANGLE IN DEG. OF LOWER LIMIT OF INTEGRAL
C THDEGN : GEOD. POLAR ANGLE IN DEG. OF UPPER LIMIT OF INTEGRAL
C PI(P.N): THE MATRIX THAT WILL CONTAIN THE I(N,N,P, P} VALUES
C our : THE ARRAY THAT WILL CONTAIN THE (N, M P, Q) VALUES
C RN2 : 1. EO + ALOG{EPSLON
C NTMAX : NUMBER OF TERMS REQUIRED IN MOST SOUTHERN BAND THAT
C NEEDS BACKWARD SECTORIAL SCHEME
C INIT  :© MUST BE INITIALIZED AT ZERO (=0) [N MAIN PROGRAM
€
C -=~ IN COMMENT STATEMENTS, ALL EQUATION NUMBERS ARE REFERENCED
C FROM DISSERTATION ---
€
PARBMETER (NNN=28, NMAX2 1=NNN+2+1, NENM= (NNN+1) = (NNN+2) /2
PARAMETER (NANMPQ=NENM= (NENM+1) /2
C

Crwxxrxs ARRAYS SER3, SER4 AND SERS ARE DIMENSIONED TO ACCOMODATE
Cxwwxornx & PRESCRIBED ACCURACY OF 1. E-20.

Crxwxsnx HONEVER THE USE OF REAL»8 PERMITS AN ACCURACY OF 1.E-7 ONLY
C

Cxrriorsx A(N, M) IS STORED IN A(N,M) 1.E. LOWER TRIANG. PART OF A=P]
Crsxrnnx [ (N N, P, P)STORED IN PI(P,N) I.E. UPPER TRIANG. PART OF PI=A
Crrerxss PN, M) OF TS IS IN PN, M) I.E. LOWER TRIANG. PART OF P
Crssxxxn PN, N) OF TS IS IN PN, N) I.E. DIAGONAL PART OF P
Crsesrrnn PN, M} OF TN IS IN PN N) I.E. UPPER TRIANG. PART OF P
Caxacernx PN N} OF TN IS IN PNIN

C

DIMENSION SER3 (2870}, SER4(2870), SER5 (2870

DIMENSION DIV (NMAX21), SQRODT (NMAX21)

DIMENSION A {0: NNN. O NNN), B INNN)

DIMENSION PI{0: NNN, O: NNN

DIMENSION P (0: NNN, 0: NNN), PN (0: NNN)

DIMENSION OUT (NANMPQ), IDIAGO (O: NNN), IDIAGT (0: NNN
EQUIVALENGE (A({0, 0}, P (0, 0))

HI (N, M, K, L) =0UT (IDIAGT (N) +IDIAGO (N) *M+IDIAGO (M) +IDIAGO (K) +L)

€
c --~ E2 OF GRS80 ---
C
DATA E2 /. 0066343800229E0/
C

IF (NNN. NE. NMAX) THEN
WRITE {6, 999)
999  FORMAT ¢ CHECK INPUT PARAMETER: NMAX'
stop
ENDIF
NMAXM1=NMAX-1
NMAXM2=NMAX-2
NMAXP1=NMAX+1
NMAXP2=NMAX+2
IF{INIT.NE. 0} GOTO 50
INIT=1
C
Crwmorrwn [OAD ARRAYS THAT WILL BE USED REPEATEDLY

01816
01817
01818
01819
01820
01821
01822
01823
01824
01825
01828
01827
01828
01829
01830
01831
01832
01833
01834
01835
01836
01837
01838
01839
01840
01841
01842
01843
01844
01845
01846
01847
01848
01849
01850
01851
01852
01853
01854
01855
018586
01857
01858
01859
01860
01861
01862
01863
01864
01865
01868
01867
01868
01869
01870

c

OO oe; o

=]

COCOOOao

SQROOT (1) =1.EO

DO 1 172, NMAX21
D=1
SQROOT (1) =SQRT (D1)

~~- COMPUTE B (N} FROM EQUATION (7.5) ---
-~- SERT CONTAINS B (NMAX)B(NMAX-1}...B{1) OF (7.37) ---
~-~ SER2 CONTAINS BINMAX-1)B (NMAX-2)...B(1) OF (7.37) ---

B (1) =SQROQT (3)

SER1=B (1)

DO 2 N=2, NMAX

N2=24N

B (N) =SQROODT {N2+ 1) /SQROCOT (N2)
SER1=SER1*B (N

SER2=SER1/B {NMAX

-~ COMPUTE AN, M} FROM EQUATION (7.3) ---

DO 3 N=1, NMAX

N2=2+N
DUM=SQRO0T (H2+ 1) »5QROGT (H2-1)

DO 3 M=0, (N-1)

A (N, W) =DUM/ (SQROOT (N+M) *SQROOT (N-M)

~-- DIV, IDIAGO AND IDIAGY WILL SIMPLIFY COMPUTATIONS

DO 4 N=0, NHAX
I=Nx(N+1) /2
1DIAGO (N) =1
IDIAGHIN) =T+ (1+1) /241

00 5 N=1, NMAX21
N1=N+1
DIVIN)=1.EO/N1

~-- SER3 , SER4 AND SERS HELP BUILD THE 3RD FACTOR OF EQ. {7.37)
T INMAX, NMAX, NMAX, NMAX), T (NMAX-1, NMAX-1 NMAX-1 NMAX-1) AND

1 (NMAX, NMAX, NMAX-1, NMAX-1) ARE THE INITIAL CONDITIONS

FOR THE BACKWARD RECURRENCES ---

D1=NMAX+NMAX+2
D2=NMAXMI+NMAXM1+2
D3=NMAX+NMAXM1+2
SERI {11 =1. EQ/D1
SER4 (1) =1. E0/D2
SERS (1) =1. E0/D3
FRACT=1. EO

Di1=1.EQ

D2=2. EC
D3=NMAX+NMAX+4
DA=NMAXM1+NMAXM1+4
D5 =NMAX+NMAXM1+4
DO B J=2, NTMAX
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01871 FRACT=FRACT=D1/D2 01926 RK=1. 580

01872 SER3 {4} =FRACT/D3 01927 GOTO B¢

01873 SER4 {y) =FRACT/D4 01928 ENDIF

01874 SERS (4) =FRACT /DS 01929 RE=FLOAT (MMAX) / (FLOAT (NMBXP 1) *YN2)

01875 D1=01+2. EO 01930 TF (RK. LE. 1. E0) GOTO 70

01875 D2=D2+2. EO 01931 C

01877 D3=D3+2. EO 01932 Cewxsesxx COMPUTE NUMBER OF TERMS NEEDED FOR CURRENT TASK
01878 B4=Da+2. £0 01933 €

01879 D5=05+2. £EO 01934 60  THETAM=. 5EO* (THDEGS+THDEGN) »RDDG

01880 6 CONTINUE 01935 RD2=ALOG (SIN (THETAM} %2)

01881 C 01838 ARG=RN2/RD2

01882 P11=AC0S (-1, £Q) 01937 NTERMS=1+INT {ARG

01883 RDOG=P11/180. EO 01938 WRITE (6, 101} NTERMS

01884 P12=P11/2.£0 01939 101  FORMAT (40X, *BY BACKWARD RECURRENCE, NTERMS =", 110
01885 € 01940 C

01886 Cxxxwxxx CONVERT GEODETIC COLATITUDES TO GEOCENTRIC COLATITUDES 01341 C --- USE EQUATION (7.37) 7O DETERMINE [ (NMAX, NMAX, NMAX, NMAX),
01887 CH#»wxx+ PHI = GEODETIC LATITUDE, PSI = GEOCENTRIC LATITUDE 01942 ¢ T (NMAX-1, NMAX-1, NMAX~1, NMAX-1) AND I (NMAX, NMAX, NMAX -1, NMAX-1)
01888 C 01943 C

01889 50  IF (IGEOD. EQ. 1) THEN 01944 CALL SERIES {YS$2, SERB, SER3, NTERMS)

01890 PHIS= (90. EO-THDEGS) »RDDG 01945 CALL SERIES {YN2, SER7, SER3, NTERMS)

01891 PHIN=(90. EQO-THDEGN) #RDDG 01946 CALL SERIES (YS2, SER8, SER4, NTERMS)

01892 IF (ABS (PHIS+PI2). LT. 1. £-5) THEN 01947 CALL SERIES (YN2, SERG, SER4, NTERMS)

01893 PSIS=-P12 01948 CALL SERIES (Y52, SER10, SERG, NTERMS)

01894 ELSE 01949 CALL SERIES (YN2, SERT1, SERS, NTERMS)

01895 PSIS=ATAN { (1. EO-E2) TAN (PHIS)) 01950 €

01896 ENOIF 01951 N1=NMAX+NMAX+2

01897 IF (ABS {PHIN-PIZ}. LT. 1. £-5) THEN 01952 N2=NMAXM1+NMAXM1+2

01898 PSIN=PI2 01853 N3=NMAX+NMAXM1+2

01899 ELSE 01954 P (NMAX, NMAX) =-SERT#SER 1+ (YN##N1#SERT-YS#+N1+SERE
01800 PSIN=ATAN ((1. EG-E2) +TAN (PHIN} ) 01955 PI(NMAXMT, NMAXMT) =~ SER2Z#SER2 % (YN#sN2+SERD-YS=+N2=SERB)
01901 ENDIF 01956 PI (NMAXM1, NMAX)  =-SERT*SER2# (YN**N3#SER11-YS#«N3*SER10)
01902 THS=PI2-PSIS 01957 C

01903 THN=PI2-PSIN 01958 1F (THDEGH, GT. 90. EQ) THEN

01304 € 01959 PT(NMAX, NMAX) =-P1 (NMAX, NMAX)

01905 ELSE IF (IGEOD. EQ. O THEN 01360 P (NMAXMT NMAXMT) =-P1 (NMAXM1, NMAXNT)

01906 THS=THDEGS*RODG 01961 P (NMAXMT, NMAX) =-P1 (NMAXM1, NMAX)

01907 THN=THOEGN*RDDG 01962 ENOILF

01808 ENDIF 01963 €

01809 € 01964 € ~=~ INITIALIZE P(N.M) AND TN, N P, P) FROM (0,0) THRU (1,1
01810 TS=C0S (THS) 01965 € EQUATION (7.8} AND (7.34} ---

01911 YS=SIN (THS) 01966 C

01912 TH=COS (THN) 01987 70 P00} =1 EO

01913 YN=SIN {THN) 01868 P(1,0) =B (1) *TS

01914 Y52=Y5#Y$ 01969 P, 11 =B (1) aYS

01915 YN2=YN=YN 01970 PN (0) =1 EO

01816 € 01871 PN (1) =B (1) =¥N

01917 TF (IPNM.EQ. 1) GOTO 70 01872 P (o, 1) =B {11 %TN

01918 C 01973 P10, 0) =TN-TS

01919 CHs#+xxx COMPUTE THE CURRENT CONOITION NUMBER RK FROM (7.13) 01974 PI(0, 1) =B (1) # (TN*#YN+THS- (TS*YS+THN) ) *. 5EQ

01920 C 01975 PIO, 1) =TN= (2 EO+YN2) -T5% (2, £E0+YS52

01921 IF(ABS(YS-1. EQ) . L7. 1, E-B) THEN 01976 C

01922 RK=. 5EQ 01877 €

01923 GOTO 70 01978 € -~ COMPUTE ALL P (N, M) WITH (7.7) AND (7.86) ---

01924 ENDIF 01979 €

01925 IF (ABS{YN), LT, 1. E-5) THEN 01980 DO 100 N=2, NMAX

881



01981

01882

01983

01984 C
01985
01988
01987
01988
01989
01930
01991
01992
01993
01894
01995
01936
01987
01998
01999
02000
02001
02002
02003
02004
02005
02006
02007
02008
02000
02010
02011
02012
02013
02014
02015
02016
02017
02018
02019 C
02020 C
02021 C
02022

02023

02024

02025

02026

02027

02028

02029

02030

02031

02032

02033 C
02034 C
02035 C

oo

DoOo

L]

N1=N-1
PN, N) =B IN) »YS=P (N1, N1)
100 PN (N) =B (N) = YN&PH (N1}

DO 120 N=2, NMAX
N1=N-1
N2=N-2
DO 110 M=0, (N-3)
PN, M) = (TS*P (N1, M) -P (N2, M) /A (N1, M} ) =A (N, M)
110 P M N) = (TN+P (M, N1) -P (M, N2) /A (N1, M) <A (N M
PN, N2) = (TS#P (N1, N2) -P (N2, N2) /A (N1, N2) ) A (N, N2)
PN2,N) = (THP (N2, N1) -PN (N2) /A (N1, N2) ) #A (N, N2
PN NI =TS#P (N1, NT) =A (B, N1)
120 PUNT, N =TN*PN(N1) =A (N, N1)
[F (IPNM. EQ. 1) GOTO 1000

--- COMPUTE ALL TN, N, M M) =1 (M, M N NI AND STORE IN PI (M, N} ---

IF (RK. LE. 1, EQ) GOTO 169

DG 150 M=NMAX, 1, -1

--- COMPUTE THE BACKWARD RECURRENCE (7.35) ---
M1=M+1
M2=M+2
IF (M. EQ. NMAX) GOTO 140
IF (M. EQ. NMAXM1) GOTD 130
PL{M, M) = ((M2+M1) %P1 (M, M2) +TS#P (M2, M2) «P (M, M) ~TN*PN (M2) +PN (M) ) /
1 ((M2+M) «B (M2) +B (M1) )

130 PI(M-1, M) = ((M1+M1) +«PT (M, M1) + TSP (M1, M1) P (M, M} -TN«PN (M1) «PN (1) /
1 ((M1+M) «B (M1) #B (M)

140 DO 150 N=(M-2},0, -1
N2=N+2

150  PI(N, M) = ((N2+11) +PT (N2, M) +TS=P (N2, N2) P (M, M) -TN=PN (N2) »PN (M) ) /
1 ((N2+M) =B (N2} *B (N+ 1))

GOTO 190
160 DO 180 N=2, NMAX
--- COMPUTE THE FORWARD RECURRENCE (7.33) ---
N1=N-1
N2=N-2
DO 170 M=0,N2
NM=N+M
170 PI(M,N) = (NMxB (N) #B (N1) *P1 (M, N2) +TN+PN (N) «PN (M} -
1 TS*P (N, N) %P (M, M) ) *DIV (NM)
NM=2%N-1
PTNT, N = (NMxB (N) B (N1) #PT (N2, N1) +TN=PN (N) *PN (N1) -
1 TS#P (N, N) #P (N1, N1) ) *DIV (N
180 PN, N) = ((NM+1) B (N) B (N1) +PT (N2, N} «TH+PN (N} PN (N) -
1 TS*P (N, N) #P N, N) ) =DIV (NM+ 1)
--- COMPUTE ALL TN, M K. L) WITH (7.24) AND (7.25) AND STORE IN OUT

02036
02037
02038
02039
02040
02041
02042
02043
02044
02045
02046
02047
02048
02049
02050
02051
02052
02053
02054
02055
02056
02057
02058
02059
02060
02061
02062
02063
02064
02065
02066
02067
02068
02069
02070
02071
02072
02073
02074
02075
02076
02077
02078
02079
02080
02081
02082
02083
02084
02085
02086
02087
02088
02089
02090

--- THE FOLLOWING DO LOOPS ARE ORGANIZED SUCH AS:

DO 900 N=0, NMAX
DO 900 M=0, N
DO 300 K=0,N-1
0o 300 L=0,K

300 QUT (NMKLI =INMKL
K=N
DO 900 L=0. M

900 OUT (NMKL) =INMKL

OOOOOOO0O0

180 0UT (1) =PI (0, 0
IN=1

DO 900 N=1, NMAX
N1=N-1

N2=N1-1

N3=N2-1

NN=2xN

HN1=NN-1
NN2=NN1-1
NN3=NN2-1

DO 400 M=0, N2
Mi=M-1

DO 300 K=0,N3
K1=K-1
K21=2+K+1
NK=N+K
N2K=N2-K

00 200 L=0,K1
IN=IN+1

200 OUT (IN) = (N2K#HT (N2, M, K, L} /A (N1, M) «K21=HT (N1, M, K1, L} /A (K, L)+
1 YS2#P (N1, M) #P (K, L) ~YN2<P (M, N1) #P (L, K} ) *A (N, M) «D1V (NK

¢ R S Gl
IN=IN+1
300 OUT (IN) = (N2K*HT (N2, M, K, K) /8 (N1, M) +
1 YS2xP (N1, M) P (K, K) ~YN2*P (M, N1} PN (K) ) *A (N, M) «DIV (NK
c
C --- K=N-2 ---
DO 320 L=0, N3
IN=IN+1
320 OUTI(IN)={ NN3#HT (N4, M N3 L) JBA (N2, L)+
1 YS2#P (N1, M) #P (N2, L) -YN2#P (M, N1) #P (L, N2)) =A (N, M) *01V (NN2)

¢ -ee LEKEN-2 -
IN=IN+ 1
QUT (IN) = (YS2*P (N1, M) =P (N2, N2) ~YN2#+P (M, 1) PN (N2) ) *A (N, M) DIV (NN2

L - N
D0 360 L=0.N2
INEIN+1
360 OUT(IN) = (-HI (N1, L, N2, #) /A (NT, M) «NNTHT (N1, M, N2, L) /A (N1, L) +
1 YS2P (N1, M) <P (N1, L) ~YN2#P (M, N1) =P (L, N1)) =8 (N, H) DIV (NN D)

o
oo
o



02081
02092
02093
02094
02095
02096
02087
02098
02099
02100
02101
02102
02103
02104
02105
02106
02107
02108
02109
02110
02111
02112
02113
02114
02115
021186
02117
02118
02119
02120
02121
02122
02123
02124
02125
02126
02127
02128
02129
02130
02131
02132
02133
02134
02135
02136
02137
02138
02139
02140
02141
02142
02143
02144
02145

Xz

c
¢

c
c

¢
C

© o

o

c
c

c
c

C

400

500

600

700

800

800

e | KN e

IN=IN+1

OUT (IN) = (-HL (N1 N1, N2, M) /A (NT, M) +

1 YS2#P (N1, M) #P (N1, N1T) -YN2#P (M, N1) PN IN1) ) A (N, M} DTV (NN 1)

- K:N -

DO 400 L=0, M

IN=IN+1

OUT (IN) = (-2, EO%HT (N, L, N2, M) /A (N1 M)+ (NN+1) sHD (N1, M NI L) ZA (N, L)+
1 YS2#P (N1, M) =P (N, L) -YNZ#P (M, N1) =P (L, N)) A (N, B =DIV (NN)

--- MEN-1 e

DO 600 K=0,N1

K1=K-1

K21=2xK+1

NK=N+K

N2K=N2-K

Bo 500 =0, K1

INFIN+1

OUT {IN) = K21=HT (NT, N1, K1, L) /R (K, L)+
1 YS24P (N1, N1) *P (K, L} ~YN2#PN (N1) xP (L, K} ) =A (N, NT) xDIV (NK

=== L=K, M=N-1 --~
IN=IN+1
OUT (IN) = (YS2#P (N1, N1T) P (K, K) -YN2Z+PN (N1) PN (K) ) A (N, N1) «DIV (NK

- K=N, M=N-1 ---

DO 700 L=C, N1

IN=IN+1

QuT (IN) = { (NN+ 1) +HT INT N NS LY /8 (N L)+
1 YS2+P (N1, N1) #P (N, L) -YNZ#PN (N 1) P (L, N)) #A (N, N1) =DV (NN

- M:N -
IN=IN+1
OUT (IN) =PI (0, N)

DO 900 K=1, N

Ki=K-1

K2=K-2

NK=N+K

N2K=K2-N

00 800 L=0,K2

IN=IN+1

OUT (IN) = (NZK*HI (N, N, K2, L) /A (K1, L)+

1 YS2#P (K1, L) #P (N, N) ~YN2#P (L, K1) +PN (N) ) *A (K, L) *DIV (NK
=== L=K-1, M=N ---

IN=IN+1

OUT {IN) = (YS2+P (K1, K1) P (N, N) ~YN2+PN (K1) «PM (N) ) =A (K, K1) *DIV (NK

--- L=k, MEN ---
INZIN+1
OUT (IN) =P1 (K, N)

02146 Drekrnsn

02147 C
02148 C
02149
02150
02151
02152 €
02153
02154
021585
02156
02157
02158
02159
02160
021861
02162
021863
02164 C
02165
02166
02167
02168
02169
02170
021714
02172
02173
02174
02175
02176 C
02177
02178
02179
02180
02181
02182
02183
02184
02185
02186
02187
02188
02189
02190
02191
02192
02193
02134
02135
02196
02187
02198
02199
02200 C

DO OOO O

950

930

1000

14
15
16

PRINT OUT THE RESULTS

WRITE (11 OUT
WRITE (6, 16) NMAX, NMAX, 0, 0, HI (NMAX, NMAX, 0, 0
WRITE (6, 16) NMAX, NMAX, NMAX, NMAX, HT (NMAX, NMAX, NMAX, NMAX]

IPRINT=0

IF (IPRINT. EQ. O) RETURN
IF(IPRINT. £Q. 1) HRITE (6. #) OUT

IF (IPRINT. £Q. 1) RETURN

DD 890 N=0, NMAX

D0 980 M=0, N

DG 950 K=0, (N-1)

WRITE (B, 16) (N, M K L HTIN, MK D), L=0, K
K=N

WRITE (6, 16) (N, M K, L HI (N M K L), L=0, M)
[F (IPRINT. £Q. 2) RETURN

I=NMAX

IF (NMBX. GT. 4} I=4

WRITE (6, 15) (N M, PLAM N), H=0, N)  N=Q, )
WRITE (6, 14)

WRITE (B, 15) ((N. M, P (N, M), M=0, M), N=0, 1)
WRITE (6, 14

WRITE {6, 15) ((N, M, P (M, N), M=0, N}, N=0, 1)
WRITE (B, 14)

WRITE (6, 15) (N, N, PN{N), N=0, 1)
WRITE (6, 14)

IF (NMAX. GT. 4) WRITE (6, 15) (NMAX, M, P1 (M, NMAX) , M=0, NMAX)

FORMAT (//)
FORMAT (215, £27. 16)
FORMAT (415, £27. 16}

RETURN

END

SUBROUTINE SERIES (Y2, SER, SERI, NTERMS

-~~~ THIS SUBRCUTINE DETERMINES THE 3RD FACTOR OF £Q. (7. 10}
OR (7.37) FOR I (NMAX, NMAX) AND I (NMAX-1, NMAX-1) AT YS AND YN

OR 1 (NMAX, NMAX, NMAX, NMAX), T (NMAX-1, NMAX-1, NMAX-1, NMAX-1) AND

T (NMAX, NMAX, NMAX -1, NMAX-1) AT YS AND YN ---

DIMENSION SERT (7296)
SER=SERI (1)

IF{ABS (Y2). LT. 1. E-SI RETURN
Yy=y2

00 10 =2, RTERMS
SER=SER+SERI (I) *YY
YY=YY*Y2

CONTINUE

RETURN

END

PROGRAM FFTENM

061



02201
02202
02203
02204
02205
02206
02207
02208
02209
02210
02211
02212
02213
02214
02215
02216
02217
02218
02219
02220
02221
02222
02223
02224
02225
02226
02227
02228
02229
02230
02231
02232
02233
02234
02235
02236
02237
02238
02239
02240
02241
02242
02243
02244
02245
02248
02247
02248
02249
02250
02251
02252
02253
02254
02255

¢

c FFEFFFFFFF FFFFEFFFFF TTTTTTTTTT EEEEEEEEEE NN NN M

c FFFFFFEFFF FFFPFFFFFF TTTTTTIVTT EEEEEEEEEE NNN NN MMMM MM
€ FF FF 7 EE NN N NN MM MMMM
5 FF FF T EE NN NN NN MM MM
C FFFFFF FFFFFF 17 EEEEEE NN NN NN MM MM
c FFFFFF FFFFFF T EEEEEE NN NN NN MM

c FF FF 1T EE NN NN NN MM

c FF FF 1Al EE NN N NN MM

c FF FF 17 EEEEEEEEEE HN NNN MM

c FF FF T EEEEEEEEEE NN NN MM

c

C

c THIS PROGRAM COMPUTES THE ENM & FNM COEFFICIENTS OF THE

€ ALTIMETRY-GRAVIMETRY BOUNDARY-VALUE PROBLEM

e UP TO NMAX (=180) FROM A GLOBAL SET OF BLKSIZ BY BLKSIZ

C (= 1 DEG X 1 DEG) MEAN GRAVITY ANOMALIES AND GEOID UNDULATIONS
c

Crxaxwns [T IS EQUATION (4.4) (SAME AS (411} OR (4.12) OR (8. 12)) IN
Caswrwxnx THE DISSERTATION

c

c ENM 1 N-1 2N-1 A M) B (M)

C it SUM T (N, M) SUM R{I.J N COsS M, d) + SIN(M, &
C FNM B N) =2 120 J=0 -B (M) A (M)

c

€ Id

C WHERE RII,J.N) =G W «R /(4 * PI)

c 1 1d N

C

c - THE WEIGHT FUNCTION W = 1/RMS(N ) ##2 OR 1/RMS (DG ) xx2.

c d

C

€ - FAST FOURIER TRANSFORM IS USED THROUGH THE IMSL SUBR. FFTCC
c

c - INTEGRALS OF ASS. LEG. FUNCT. COME FROM THE PROGRAM PNMI

£

[ - PELLINEN/MEISSL SMOOTHING OPERATOR BETA (N) IS USED HEREIN

c

c

Coswrnss BLKSIZ = BLOCK SIZE (LATITUDINAL BANDWITH) IN DEG. INPUT
Crxxxvanx NMAX = MAXIMUM DEGREE AND ORDER WANTED

Cownonwenn NLAT = 180/BLKSIZ = NYQUIST FREQUENCY

Cossnnns NBANDS = NBR, OF BANDS IN NORTHERN HEMISPHERE (=90/BLKSIZ)
Crrrrrxx NSQ = GLOBAL NUMBER OF BLKSIZ X BLKSIZ SQUARES

Casrrers NLON = NUMBER OF BLKSIZ SQUARES ARQUND EACH BAND

Caxswxrs NENM = NUMBER OF ENM OR FNM COEFFICIENTS

Crsnsnrrr NWK = NEEDED DIMENSION FOR IMSL FFT ARRAYS

Crawxxnx IBETA = 1.0R. 0, TO USE OR NOT THE PELLINEN/MEISSL

Coorsonnnn SMOOTHING OPERATOR BETA (N)
Cosrrewx [RMS = 1.0R. 0, TO SCALE OR NOT THE DG AND N BY THEIR RHS

c
PA
PA
P&

RAMETER (NMAX=28 BLKSIZ=1 EQ, NLAT=180/BLKSIZ+1. E-7)
RAMETER (NMAXP{=NMAX+ 1 NMAXP2=NMAX+2, NENM=NMAXP 1 sNNAXP2/2)
RAMETER (NBANDS=NLAT/2, NLON=2#NLAT, NSQ=NLAT»NLON

PARAMETER (NWK=6+NLON+150, IBETA=1, [RMS=1)

MM
MM
MM
MM
il
MM
M
HM
M
MM

)

02256
02257
02258
02258
02260
02261
02262
02263
02264
02265
02266
02267
02268
02269
02270
02271
02272
02273
02274
02275
02276
02277
02278
02279
02280
02281
02282
02283
02284
02285
02286
02287
02288
02289
02280
02291
02292
02283
02294
02235
02236
02297
02288
02238
02300
02301
02302
02303
02304
02305
02306
02307
02308
02308
02310

[
Crrrrsrs ENM FRNM = STORE THE OUTPUT SET OF COEFFICIENTS
Crxsorsnt PINH = STORES INTEGRALS OF ASS. LEG. FUNCT.

Caxekies UNDG
Corsrssns
Casonxrts AREA
Caxrsnes GAMMA
Crwsarice [DIAG
Corkrsarr [HK, HK
Corsrner AM BM
Crrnsrren BETA
Cxtxtrnx AT A2
Detnktsn
Crasrnrx UNDGC = INDICATOR OF GRAVITY ANOMALIES OR UNDULATIONS
c

AND MEAN GEOID UNDULATIONS

STORES AREAS OF BLOCKS ON THE ELLIPSCID
STORES NORMAL GRAVITY AT CENTER OF BLOCKS
IS A LOCATING ARRAY FOR ENM, FNM AND PINM
ARE REQUIRED BY THE IMSL FFT SUBROUTINE
STORE SINES ANO COSINES REQUIRED

STORES THE SMOOTHING OPERATOR BETA (N)

STORE INPUT. AND. QUTPUT OF THE IMSL FFT SUBR

Honowowouonou

DIMENSION
DIMENSION

ENM (NENM), FNM(NENM} PINM (NENM

UND (NSQ), UNDG (NSQ), AREA {NBANDS), GAMMA (NBANDS)
DIMENSION IDIAG (0: NMAX), THK (NWK), WK {NKK

DIMENSION  AM(0: NMAX), BM (0: NMAX), BETA (0: NMAX

COMPLEX AT(NLON), AZ INLON)

CHARACTER=1 UNDGC (NSQ), DG

¢
DATA DG/' V' /
c
Crrxsxrs GRSBO GRAVITY MODEL VALUES ARE USED
C
DATA A/6378137. £0/, GM/3. B86005E 14/
DATA £2/6.6943800229E-3/, XK/1. 931851353E-3/
DATA GE/9. 780326771580/
C
OPEN (18, FILE=' OUTMAPDG’, RECL=64800)
OPEN {12, FILE=" QUTPNNI")
OPEN (10, FILE=' QUTDGO")
OPEN (11, FILE="OUTNO"}
OPEN (6, FILE=* QUTPUTFFTENN")
OPER (14, FILE=" QUTENMO’
c
DO § I=1 NENM
ENM (1) =0, EO
5 FNM (1) =0. EO
4
TIMEQ=SECOND(
£
PI=ACOS (-1. EO
PI2=P1/2. EC
P14=4. EO*P]
DGRD=P1/180.£0
BLKSZ=BLKSIZ*DGRD
€

DO 10 N=0, NMAX
10 IDIAG (N} = (N*N+N) /2+1
C
Caswwrsor COMPUTE AND PRINT THE REQUIRED AREAS.
£

CALL ELAREA (0, NBANDS, BLKSZ, P12, £2, GE. XK, AREA, GAMMA

STORES THE INPUT SET OF MEAN GRAVITY ANQMALIES

THE NORTHERN AND SOUTHERN HEMISPHERE RESPECTIVELY

161



02311
02312
02313
02314
02315

c

DO 20 I=1, NBANDS

WRITE(G, 1) 71 =' 1. "AREA{L) =' AREA(I), *GAMMAI(L) =/, GAMMA (D}
20 CONTINUE
€

02316 Cwxxxexx READ IN THE DISTRIBUTION OF ANOMALIES AND UNMDULATIONS.
02317 C

02318 READ (15, ' (6480041) ') UNDGC

02319 C

02320 Cxwrsrtx NEXT TO CREATE A RANDOM DISTRIBUTION

02321 C

02322 C DO 70 1=1,NSQ

02323 ¢ J=GGUBFS (123456. £0) +. SEO

02324 ¢ UNDGC (1) =' 0°

02325 C TF (J. EQ. 1) UNDGC (1) =* t*

02326 C70  CONTINUE

02327 €

02328 Cwxsxxsx PRINT THE DISTRIBUTION OF ANOMALIES AND UNDULATIONS.
02329 C

02330 C CALL MAPDGN (NLAT, NLON, N5Q, UNDGC)

02331 €

02332
02333
02334
02335
02336
02337
02338
02339
02340
02341
02342
02343
02344
02345
02346
02347
02348
02349
02350
02351
02352
02353
02354
02355
02356
02357
02358
02359
02360
02361
02362
02363
02354
023865

Cxwxtxsx READ IN THE GRAVITY ANOMALIES (MGALS) AND UNOULATIONS (M)
Crxxsemrs AND COMPUTE THEIR RMS VALUES.

C
NDG=0
NUND=0
RMSDG=0. EO
RMSN=0. EO

c
DO 15 I=1, NLAY
L= {1-1) sNLON+ ¢
M=+ NLON~ 1
READ (10) (UNDG (J), J=L, M
READ (11} (UND (), J=L, M
SDG270. EO
SUND2=0. EQ
DO 14 ¢=L M
IF (UNDGC (d}. EQ. DG} THEN
NDG=NDG+1
SDG2=SDG2+UNDG () ##2
ELSE
NUND=NUND+1
SUND2=SUND2+UND () =*2
UNDG (d) =UND ()
ENDIF

14 CONTINUE
I=1
IF (11, GT. NBANDS) I11= (NLAT-1) +1
RMSN=RMSN+SUND2+AREA (1 1)
RMSDG=RMSDG+SDG2+AREA(TT)
15 CONTINUE

c
RMSH=SQRT (RMSN/P14)
RMSDG=SQRT (RMSDG/P14
RMSN2= ( (GM/A) /9. TIEOQ) /RHSN*x2

023686
02367 C
02368
02369
02370
02371
02372 €
02373
02374
02375 €
02376
02377
02378
02379 C

RMSDG2= ((GM/A*#2) /1. OE~5) /RMSDG*#+2

TF (IRMS. £Q. 0) THEN
RMSDG2=1. DE-5/ (GH/A**2)
RMSN2=8. 79E0/ {GM/A)
ENDIF

WRITE (6, 1) 'NBR OF DG=', NDG, 'RMS OF BG=', RHSDG, * {/RHSDGZ =’ RMSDG2
WRITE (B, 1) "MBR OF N =", NUND, "RMS OF N =’ RMSH, ‘ {/RMSN2 = RMSN2

TIME1=SECOND{
WRITE (8, 1) *NSQ =’ NSQ,’ CPU TIME =' (TIME1-TINMEQ)
1 CUNDG (1) = URDG (1), ' UNDG (NSQ) =, UNDG (NSQ

02380 Crxexwxx SCALE THE INPUT ANOMALIES AND UNDULATIONS BY THEIR RMS##2
02381 Cxswwxss AND TRANSFORM TO NON-UNIT VALUES.

02382 €
02383
02384 C
02385
02386
02387
02388
02389
02390
02391
02392
02393 €
02394
02385
02396
02397
02398
02399
02400
02401
02402
02403 €

25
30

35
40

dN=0

DO 30 I=1, NBANDS

DO 30 J=1, NLON

UN=dN+1

1F (UNDGC {JN) . EQ. DG) GOTO 25
UNDG (JN) =UNDG (JN) »RMSN2
GOTO 30

UNDG (JN) =UNDG (JN) *RMSDG2
CONTINUE

DO 40 1=1, NBANDS

1T= (NBANDS-1}+1

DO 40 J=1 NLON

dN=dN+1

TF (UNDGC (JN) . EQ. DG) GOTO 35
UNDG (dN) =UNDG (JIN) #RMSN2
GOYTO 40

UNDG (4N) =UNDG (JN) =RMSDG2
CONTINUE

02404 Cexxxtxx COMPUTE THE REQUIRED SINES AND COSINES ARRAYS AM & BM

02405 C
02406
02407 C
02408
02409
02410
02411
02412
02413 C
02414
02415
02416 €

45

CALL TRIGD (NMAX, BLKSZ, AM, BM

00 45 M=1, NHAX

AM (M) =AM (M) /M

BM (M) = (BM (W) -1, EO} /M
AM (0) =BLKSZ

BM (0} =0. EO

TIME2=SECOND (
WRITE (6, 1) " NMAX =, NMAX, ' CPU TIME =" (TIME2-TINME1)

02417 Caxwrxxn COMPUTE THE SMOOTHING OPERATOR BETA (N

02418 €
02419
02420

1F (IBETA. EQ. O) THEN
DO 50 N=0, NMAX
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02421
02422
02423
02424
02425
02426
02427
02428
02429
02430
02431
02432
02433
02434
02435
02436
02437
02438
02439
02440
02441
02442
02443
02444
02445
02446
02447
02448
02449
02450
02451
02452
02453
02454
02455
02456
02457
02458
02459
024860
02461
02462
02463
02464
024865
02468
02467
02468
02469
02470
02471
02472
02473
02474
02475

50  BETAN)=1.EQ

c
ELSE IF (IBETA. EQ. 1) THEN
CALL BETAN (NMAX NLAT, BLKSZ, DGRD, BETA)
ENDIF
c
TIME3=SECOND (
WRITE (6, 1) IBETA =' IBETA,‘CPU TIME =', (TIME3-TIME2)
c
DO 55 N=0, NMAX
55  WRITE{6, 1)'N =' N, "BETA(N} =’ BETA(N)
c
Commmnxx INVERT BETA (N
c
DO 60 N=1, NMAX
60  BETA(N) =1.EO/ (PI4+BETA (N)
€

Corsarsx MAIN OUTER LOOP
€

DO 100 I=1,NBANDS
c
Crwxswwx READ IN THE INTEGRATED LEGENDRE VALUES

C
READ (12) PINM
€
TIME4=SECOND (
WRITE (6, 1) ' BAND NO =, 1, *CPU TIME =, (TIME4-TIME3), UNDGEC (14360
TIME3=TIME4
c
DO 100 N=2, NMAX
C
Crxxrrsx ORGANIZED THE UNDG INTO COMPLEX SEQUENCES TO BE FFT
C
dN={1-1) *NLON
JS=NSQ- (UN+NLON
c
DO 80 J=1,NLON
UN=JN+1
JS=dS+1
c
I (UNDGC {JN) . EQ. DG) GOTO 73
UNDG1=UNDG (JN
GOTO 75
73 UNDG1T=UNDG (JN) (N~ 1}
75  1F (UNDGC (JS). EQ. DG) GOTO 77
UNDG2=UNOG (dS)
GOTO 79
77 UNDG2=UNDG (4S) * {N-1)
79 A1 (J) =CMPLX {UNDGI, 0. EO
80 A2 (J) =CMPLX (UNDG2, 0. EO
C
Cesxxxxs TRANSFORM THE NORTHERN (1) & SOUTHERN (2) COMPLEX SEQUENCES
c .
c
CALL FFTCC (A1, NLON, IWK, WK)

02476

02477 C

02478
02479
02480
02481
02482
02483
02484
02485
02486
02487
02488
02489
02430
02491
02482
02493
02494
02485
02488
024897
02498
02499
02500
02501
02502
02503
02504
02505
02506
02507
02508
02509
02510
02511
02512
02513
02514
02515
02516
02517
02518
02519
02520
02521
02522
02523
02524
02525
02526
02527
02528
02529
02530

C

CALL FFTCC (A2, NLON, THK, HK

Casrrrnr COMPUTE CURRENT CONTRIBUTION TO POTENTIAL COEFFICIENTS
Crvwerers MAIN INNER LOOP

c

c

DO 100 M=0, N

Mi=H+1
R{=REAL (A1 (M1))
C1=ATMAG (AT (M1))
R2=REAL (A2 (M1})
C2=AIMAG (AZ (M1)
EE1=AM (M) «R1+BM (M) »C1
FF1=AM (M) #C1-BM (M) +R1
EE2=AM (M) «R2+BM (W)} =C2
FE2=AM (M) «02-BM (M) »R2

NM=1DI1AG (N} +M
F=BETA (N} +PINM (NM)
IF (MOD (N+M, 2) . EQ. 1) GOTO 85

Crakrnen WHEN N+M IS EVEN, PINM(-LATT, -LAT2) =PINM(LAT2, LAT1)
c

c

ENM (NM) =ENM (NM) +F (EE1+EE2)
FNM (NM) =FNMINM) +F= (FF14FF2
GOTO 100

Craaxrar WHEN N+M IS ODD, PINM(-LATY, -LAT2) =-PINM{LAT2, LAT1)

c

C

¢

85

100

ENM (NM) =ENM (NM) +F (EET1-EE2)
FNM (NM) =FNM (NM) +F (FF1-FF2)
CONTINUE

TIMEA=SECOND (
WRITE (6, 1)/ NENM =’ NENM, ' CPU TIME =, (TIME4-TINES

Casxerw PRINT QUT THE RESULTING COEFFICIENTS

C

110

J=NENM
TF (NENM. GT. B0OO) d=600
DO 110 I=1,4d

WRITE (6, 3) " COEFF NO =/, I, “ENM =/ ENM(I), " FNM =', FNM(I)

TIMES=SECOND {
WRITE (B, 1) NLAT =", NLAT,'CPU TIME =’ (TIMES-TIME4

WRITE (14) ENM
WRITE {14} FNM

TIMEG=SECOND {
HRITE (6, 1)/ NHK = NWK, “CPU TIME =, (TIMEG-TIMEQ

FORMAT (1X, A10, 17, 4 (3X, A10, F15.5)
FORMAT (1X, 810, 17,2 (3X, 810, E29. 10))
STOP

col



02531
02532
02533
02534
02535
02536
02537
02538
02539
02540
02541
02542
02543
02544
02545
02546
02547
02548
02549
02550
02551
02552
02553
02554
02555
02556
02557
02558
02559
02560
02561
02582
02563
02564
02565
02566
02567
02568
02569
02570
02571
02572
02573
02574
02875
02576
02577
02578
02579
02580
02581
02582
02583
02584
02585

e e Ne o Ro RNyl

O Omo oo

OO

END
SUBROUTINE BETAN (NMAX, NLAT, TETA, DGRD, B

THIS SUBRGUTINE COMPUTES THE VECTOR BN),
WHICH IS THE PELLINEN/MEISSL'S SMOOTHING COEFFICIENTS

HOWEVER SOME MODIFICATIONS SHOWN BELOW ARE DONE 10 GET THE
DE-SMDOTHING OPERATOR OF COLOMBO, 1981, OSU REPORT NO. 310

DIMENSION B(0: NHAX), P{0: 361)

PI2=DGRD*360. EC
COSPSI=1. EO- (TETA*SIN(TETA) /P12
NMAXP1=NMAX+1

NLAT3=NLAT/3

CALL LEGPOL (NMAXPY, COSPSI, P)
F=1.E0/ (1. EO-COSPST)

B{0)=1.EO

DO 10 N=1, NMAX

BIN)=F/ (2#N«1) = (P (N-1) -P (H+1))

SQUARE THE LOWEST DEGREE, COLOMBO, 1981, P.76

IF (K. LE. NLAT3) B (N) =B (N) %42
CONTINUE

PUT B (1) =1, COLOMBO, 198t P. 76

B{1) =1 EO0

RETURN

END

SUBROUTINE LEGPOL (NMAX, T, P)

THIS SUBROUTINE COMPUTES THE LEGENDRE POLYNOMIALS USING THE
RECURSION FORMULAE (HM, 1967, EQ. {1-59)

DIMENSION P {0: NMAX)

P(0) =1 EC

p{1) =1

00 10 N=2, NNAX

BN = (- (N-1) =P (§-2) + (2=N-1) #T5P (N-1) ) /N
RETURN

END

SUBROUTINE TRIGO (NMAX, TETA, SINE, COSINE)

THIS SUBROUTINE COMPUTES EFFICIENTLY SINE (M) =SIN(MxTETAl AND
COSINE (M) =COS (M#TETA), FOR M=0, NMAX

DIMENSION SINE (0: NMAX), COSINE {0: NMAX)

SINE  (0) =0. EO
COSINE (0) =1. EO
SINLON=SIN(TETA
COSLON=COS (TETA

025856
02587
02588
02589
02590
02591
02582
02593
02594
02595
02596
02597
02598
02598
02600
02601
02602
02603
02604
02605
02606
02607
02608
02609
02610
02611
02612
02613
02614
02615
02616
02617
02618
02619
02620
02621
02622
02623
02624
02625
02628
02627
02628
02629
02630
02631
02632
02633
02634
02835
02636
028637
02638
02639
02640

DO 20 I=1, NMAX

[t=1-1

COSINE (1) =COSINE (11) *COSLON-SINE (11} »SINLON
20 SINE {I)=SINE (It} +COSLON+COSINE (11) =SINLON

RETURN

END

SUBROUTINE ELAREA (IELL, NBANDS, BLKSZ, P12, E2, GE, XK, AREA, GAMMA
c
Caxxirer THIS SUBROUTINE COMPUTES THE AREA OF EQUIANGULAR BLOCKS
Creersix OF SIZE "BLKSZ" (IN RADIANS) FOR "NBANDS® BLOCKS FROM
Commrrons POLE TO EQUATOR. 1T ALSO COMPUTES THE NORMAL GRAVITY AT
Comrrons THE CENTER OF THESE BLOCK WHICH ARE ON AN ELLIPSOID WITH
Crsorwnr PARAMETERS E2. GE, XK
c
Crwannrnr TF TELL. EQ. 0, THE COMPUTATIONS ARE DONE ON THE SPHERE.
c

DIMENSION AREA (NBANDS), GAMMA (NBANDS)
c
Cosexwix (PHI: GEODETIC LATITUDE. PSI: GEOCENTRIC LATITUDE)
c

PHIt=PI2

PST1=PHIY

PHI2=PHI t-BLKSZ

DO 40 I=1,NBANDS
PHIM= (PHI 1¢PHI2) = 5EQ
SIN2=SIN (PHIN) #+2
W=SQRT (1. EO~-E2+SIN2)
c
Crwxnxwx COMPUTE NORMAL GRAVITY FOR CURRENT CENTER POINT
Caxanrirr GRSBO, P, 403
¢
GAMMA (1) = (1. EO+XK*SIN2) *GE/K
TF(IELL. EQ. 0) GAMMA () =0, 79£0
C
Crxerrrkr CONVERT TO GEOCENTRIC LATITUDE
Cewrxxxe RAPP GEOMETRY I, EQ. (3. 62
¢
ITF(PHIT EQ. PI2) GOTO 10
PST1=PHIY
10 PSI2=PHI2
FF{IELL. EQ. 0)GOTO 30
TF(PHIT. £Q. PI2) GOTO 20
PST1=ATAN ({1 EO-E2) *TAN (PHI 1))
20 PSI2=ATAN ({1 EC-E2) =TAN (PHI2))
c
Cwwsorrrs COMPUTE THE CURRENT BLOCK'S AREA
C

30 AREA(I) = (SIN(PSI1) -SIN(PSI2)) *BLKSZ
c
PHI1=PHI 1-BLKSZ
40 PHIZ2=PHI2-BLKSZ
c
RETURN
END
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02641
02642
02643
02644
02645
02646
02647
02648
02649
02650
02651
02652
02653
02654
02655
02656
02657
02658
02659
02660
02661
02662
02663
02664
02665
02666
02667
02668
02669
02670
02671
02872
02673
02674
02675
02676
02677
02678
02679
02680
02681
02682
02683
02684
02685
02686
02687
02688
02689
02690
02691
02692
02693
02694
02695

xR s NN

DOOOOOOOOOOOOOMOMOe O

SUBROUTINE MAPDGN (NLAT, NLON, NSQ, UNDGC)

THIS SUBROUTINE PRINTS THE DISTRIBUTION OF DG (1) AND UND (0
AS A MAP.

CHARACTER#1 UNDGC (NSQ)

NLON3=NLON/3

N=-NLON3+1

M=0

DO 10 K=1,3

WRITE(B, 1)

N=N+NLON3

M=M+NLON3

DO 10 I=1, NLAT

L=(I-1) *NLON

WRITE (6, 2) {UNDGC (L+d), J=N, M}

FORMAT (* 1)
FORMAT (5X, NLON3 (A1) )
FORMAT (5X, 120A1)
RETURN

END

PROGRAM FFTABC

FFFFFFFFFF FFFFFFFFFF TYTTTTTTTIT AAAAAAAA BBBBBBBBB  CCCCCCCC

FFFFFFFFFF FFFFFFFFFF TTTTTITTTT AAAAAAAAAA BBBBBBBBBB CCCCCCCCCC

FF FF 17 Al AA BB B8 CC €
FF FF i AA AR BB BB CC

FFFFFF FFFFFF 17 AA AA BBBBBBBBB CC

FEFFFF FFFFFF 17 AAAAAAAAAN BBBBBBBBB CC

FF FF 17 AARAAAAAAA BB BB CC

FF FF 1T AR AA BB BB CC c
FF FF 17 A7 AA BBBBBBBBBB Crccccccce
FF FF 1T AR AA BBBBBBBBBE  CCCCCCEC

THIS PROGRAM COMPUTES THE ANMPQ, BNMPQ, CNMPQ & DNMPQ COEFF.
OF THE ALTIMETRY-GRAVIMETRY BOUNDARY VALUE PROBLEM

UpP TO NMAX (=180) FROM A GLOBAL SET OF BLKSIZ BY BLKSIZ

(= 1 DEG X 1 DEG) WEIGHT FUNCTIONS OF MEAN GRAVITY ANOMALIES
AND GEOID UNDULATIONS

Cesssrrr 1T 1S EQUATION (6.1) (SAME AS (8. 11) OR (6. 14) OR (8.15))
Coxerswnns THE DISSERTATION

COOOMOMOOe

ANMPQ &(M-Q) B (M-Q

BNMPQ N1 IN-1 a{M-Q) B(M-Q
= SUM INMPQ SUM RIJNP( COS (M-Q, ) + SINM-Q, d) +

CNMPG  I=0 J=0 BM-Q) -8 {M-Q

ONMPQ -B (M-Q) AM-Q

& (M+Q) B (M+Q)

02696
02697
02698
02699
02700
02701
02702
02703
02704
02705
02708
02707
02708
02709
02710
02711
02712
02713
02714
02715
02716
02717
02718
02719
02720
02721
02722
02723
02724
02725
02726
02727
02728
02729
02730
02731
02732
02733
02734
02735
02738
02737
02738
02739
02740
02741
02742
02743
02744
02745
02746
02747
02748
02743
02750

-8 (M+Q) -B (M+Q
* COS (M+Q, ) + SIN(M+Q. o)
~B (M+Q) A (M+Q)
-B (M+Q) A (M+Q
1d
WHERE RIJNP = W » R /14 = PD)
Id NP
- THE WEIGHT FUNCTION W = 1/RMS(N ) =x2 OR 1/RMS(DG ) =»2.
Id Td

- THE RMS VALUES MUST HAVE NO UNITS
- FAST FOURIER TRANSFORM IS USED THROUGH THE IMSL SUBR. FFTCC

- INTEGRALS OF THWO ASS. LEG. FUNCT. COME FROM PROGRAM PNMI2

CIOMOOOONCONOONMOOOO

BLOCK SIZE (LATITUDINAL BANDWITH) IN DEG. INPUT
MAXIMUM DEGREE AND ORDER WANTED

180/BLKSIZ = NYQUIST FREQUENCY

NBR. OF BANDS IN NORTHERN HEMISPHERE (=80/BLKSIZ)
GLOBAL NUMBER OF BLKSIZ X BLKSIZ SQUARES

NBR. OF BLKSIZ SQUARES ARUUND EACH BAND

NBR. OF INMPQ OR ANMPQ OR B OR C OR DNMPQ COEFF.
Coarsiors NHK NEEDED DIMENSION FOR IMSL FFT ARRAYS

Corosnentr TBETA 1.0R. 0, TO USE OR NOT THE PELLINEN/MEISSL
oottt SMOOTHING OPERATOR BETA(N)
Crxxxrns RMSDG THE RMS VALUE OF THE GRAVITY ANOMALIES IN MGALS
Coarionir RMSN THE RMS VALUE OF THE GEGID UNDULATIONS IN METRES
Crrrsrrs NDG NBR. OF GRAVITY ANOMALIES THAT COMPUTED RMSDG.
Cormorrrr NUND NBR. OF GEOID UNDULATIONS THAT COMPUTED RMSN

Crwnnarn BLKSIZ
Cusexnnrr NMAX
Crrmannst NLAT
gxnrswsr NBANDS
Crmrnrnsr NSQ
Comxaaorr NLON
Crsxrnnx NANMPQ

DU om oo on onon

W on

Gttt ok “NSQ’ MUST BE EQUAL TO ’'NDG+NUND’
Corsrewr [RMS = 10RO, TO USE OR NOT THE RMS VALUES OF DG AND N
c

BARAMETER (NMAX=28, BLKSIZ=1. EO, NLAT=180/BLKSIZ+1. E-7)
PARAMETER (NMAXP1=NMAX+1, NMAXP2=NMAX+2, NENM=NMAXP 1 *NMAXP2/2
PARAMETER (NANMPQ=NENM+ (NENM+1) /2, IBETA=0
PARAMETER (NBANDS=NLAT/2, NLON=2*NLAT, NSQ=NLAT+NLON
PARAMETER (NWK=B+NLON+150, NMAX2=2«NMAX, NHAX 1=~ (NMAX-1))
PARAMETER (NOG=19270, RMSDG=7. 43853E0, NUND=45530, RMSN=26. 84784E0
PARAMETER (IRMS=1)
C
Coxnewxs ANMPQ, BNMPQ, CNMPQ, DNMPQ = STORE THE QUTPUT SET OF COEFF.
Coswrsxn PINMPQ = STORES THE INTEGRALS OF THE TWO ASS. LEG. FUNCT.
Corxwenx [DIAGO &1 = ARE LOCATING ARRAYS FOR INMPQ, ANMPQ, BNMPQ, CNMPQ
Coarrtsrr THK, WK ARE REQUIRED BY THE IMSL FFT SUBROUTINE
Crmsnrwr AM, BM STORE SINES ANO COSINES REQUIRED
Cruxxnts BETA STORES THE SMODTHING OPERATOR BETA (N
Coromkmron A1, A2 STORE INPUT. AND. GUTPUT OF THE IMSL FFT SUBR. FOR
Crsonorn s THE NORTHERN AND SOUTHERN HEMISPHERE RESPECTIVELY
Cesnxane R, 01, R2,02 = STORE REAL & IMAGINARY PARTS OF A1 & A2
Cowsarex UNDGC = INDICATOR OF ANOMALIES (1) OR UNDULATIONS (0}
c

R TR TR TRt

DIMENSION ANMPQ (NANMPQ), BNMPQ INANMPQ

So6l



02751 DIMENSION  CNMPQ (NANMPQ), DNMPQ (NANHPQ) , PINMPQ (NANMPQ) 02808 RMSN2=1.E0

02752 DIMENSION BETA {0: NMAX) 02807 RMSDG2=1.E0

02753 DIMENSION IDIAGO {O: NMAX), IDIAGT (01 NMAX), THK (NWK} , WK (NKK) 02808 ENDIF

02754 DIMENSION  SINLON {0: NMAXZ), COSLON (0: NMAX2) 02809 €

02755 DIMENSION AM(NMAXT: NMAX2). BM (NMAX1: NMAX2) 02810 WRITE (B, 1) *NBR OF DG=" NDG, ' RMS Of DG=', BMSDG, ' 1/RMSDG2 =', RMSDG2
027586 DIMENSION R1 (NMAX1: NMAX2), U1 (NMAX1: NMAX2) 02811 WRITE (6, 1}°NBR OF N = NUND, “RMS OF N =’ RMSN, ' 1/RMSNZ =", RMSN2
02757 DIMENSION R2 INMAX1: NMAX2), C2 (NMAX 1: NMBX2) 02812 C

02758 COMPLEX AT (NLON), A2 (NLON) 02813 Crenwrxs COMPUTE THE REQUIRED SINES AND COSINES ARRAYS AM & BM
02759 CHARACTER=1 UNDGC (NSQ), DG 02814 €

02760 INTEGER P, Q 02815 CALL TRIGO (NMAX2, BLKSZ, SINLON, COSLON)

02761 EQUIVALENCE (AMI{0), SINLON(0)), (BM(0), COSLON (0}) 02816 C

02762 INDEX{N, M, P, ¢} =IDIAG! (N) +1DIAGO (N) M+ IDIAGO (M) +IDIAGO {P) +@ 02817 DO 45 M=1, NMAX2

02763 C 02818 M2=22H4

02764 LF {NMAX. GT. NLATY THEN 02819 AW (M) =AM (M) /M2

027865 HRITE (6, 6) 02820 45  BM(M) = (BM (M) -1, EQ) /M2

02766 6 FORMAT {//,* =+ STOP, BECAUSE NMAX MUST BE  LE. 7O NLAT'} 02821 AM(0) =BLKSZ/2

02767 ENDIF 02822 BM (0) =0. EO

02768 C 02823 €

02769 DATA DG/" 1"/ 02824 DO 50 M=NMAXT, -1

02770 C 02825 AM (M) =AM (-M)

02771 Crxwrxsx GRSBO GRAVITY MODEL VALUES ARE USED 02826 50 BM{) =-BM(-M)

02772 C 02827 €

02773 DATA A/6378137. EO/, GI/3. 986005E14/ 02828 TIMEZ=SECOND ()

02774 C 02829 HRITE (B, 1)/ NMAX =' NMAX,'CPY TIME =", (TIME2-TIMEY)
02775 OPEN (15, FILE=' OUTMAPDG', RECL=64800) 02830 C

02776 OPEN (12, FILE=" QUTPNMI2®) 02831 Cawsxrex COMPYTE THE SMOOTHING OPERATOR BETAN)

02777 OPEN (6, FILE=" OUTPUTFFTABC') 02832 €

02778 QPEN (14, FILE=" OUTABCD") 02833 IF (IBETA. £Q. 0) THEN

02779 € 02834 DO 55 N=0, NMAX

02780 DO 5 I=1, NANMPQ 02835 55  BETA (N} =1.E0

02781 ANMPQ (1) =0. EQ 02836 €

02782 BNMPQ {1} =0. EO 02837 ELSE IF (IBETA EQ. 1) THEN

02783 CNMPQ (1) =0. EO 02838 CALL BETAN (NMAX NLAT, BLKSZ, DGRD, BETA)

02784 5 DNMPQ (1) =0, EO 02839 ENDIF

02785 ¢ 02840 C

02786 TIME1=SECOND () 02841 TIME3=SECOND ()

02787 C 02842 WRITE (6, 1) " IBETA =* IBETA,'CPU TIME =, {TIME3-TIME2)
02788 PI=ACOS (- 1. EO) 02843 €

02789 PI4=4, £O*P] 02844 DO 60 N=0, KMAX

02790 DGRD=P1/180. £EO 02845 B0  WRITE(6, 1}'N =" N, "BETA(N) =*.BETAN)

02791 BLKSZ=BLKSIZ*DGRD 02848 €

02792 ¢ 02847 Crxxrxes [NVERT BETA(N)

02793 DO 10 N=0, NMAX 02848 C

02794 I=N* (N+1) /2 02849 DO 65 N=1, NMAX

02795 IDIAGO {N) =1 02850 65 BETA(N)=1.EOQ/ (PI4+BETA(N))

02796 10 IDIAGI(N) =1 (1+1)/2+1 02851 C

02797 C 02852 Cexwxxwx READ THE DISTRIBUTION OF ANOMALIES AND UNDULATIONS.
02798 Cw*%sxxrx THE RMS VALUES ARE TRANSFORMED TO NON-UNIT VALUES AND SQUARED 02853 €

02793 C 02854 READ {15, ' (64800A1) ‘) UNDGC

02800 RMSOG2= (RMSDG* 1. E~5/ (GM/Ax%2)) #x2 02855 €

02801 RMSN2= (RMSN+9. TOEQ/ (GM/A)) ##2 02856 Cwxwexxx NEXT TO CREATE A RANDOM DISTRIBUTION

02802 RMS0G2=1. EO/RMSDG2 02857 €

02803 RMSN2=1. EO/RMSN2 02858 C DO 70 I=1,NSQ

02804 C 02859 C J=GGURFS (123456, £0) +. 5E0

02805 IF (IRMS. EQ. O) THEN 02860 € UNDGE (1) =2 0'

961



02861 C TF {d. EQ. T} UNDGT (1) = 1*

02862 C70  CONTINUE

02863 C

02864 Coxwxexx PRINT THE DISTRIBUTION OF ANOMALIES AND UNDULATIONS
02865 C

02866 C CALL MAPDGN (NLAT, NLON, NSQ, UNDGC)

02867 C

02868 Cowxxxxs MAIN OUTER LOGP

02869 C

02870 DO 100 =1, NBANDS

02871 C

02872 Cwwtorrtx READ IN THE INTEGRATED LEGENDRE VALUES
02873 €

02874 READ {12) PINMPQ

02875 C

02876 TIME4=SECORD (

02877 WRITE (B, 1)"BAND NO =/, I,*CPU TIME =’ (TIME4-TIME3), UNDGC (1*360
02878 TIME3=TIME4

02879 C

02880 DO 100 N=0, NMAX

02881 DO 100 P=0,N

02882 NP= (N-1} % (P-1)

02883 C

02884 Crxxxwxx ORGANIZED THE ANOM INTO COMPLEX SEQUENCES TO BE FFT
02885 €

02886 dN={1-1) «NLON

02887 dS=N5Q- (JN+NLON

02888 C

02889 DO 80 J=1, NLON

02830 UN=dN+1

02891 d5=dS+1

02892 €

02893 IF (UNDGC (UN} . EQ. DG) GOTO 73

02894 UNDG 1=RMSN2

02895 6010 75

02896 73  UNDG1=NP*RMSDG2

02897 75  IF (UNDGC (4S). EQ. DG) GOTO 77

02838 UNDG2=RMSN2

02899 GOT0 79

02900 77  UNDG2=NP*RMSDG2

02901 79 A1 (J) =CMPLX (UNDG1, 0. EO

02902 80 A2 (dJ) =CMPLX (UNDG2, 0. EO)

02803 €

02904 C#xxx+x+ TRANSFORM THE NORTHERN (1) & SOUTHERN (2) COMPLEX SEQUENCES
02905 C

02906 C

02907 CALL FFTCC (A1, NLON, THK, WK

02808 CALL FFTEC (A2, HLON, THK, WK

02909 C

02910 €

02911 Cwxxxxws STORE COMPLEX ARRAYS INTO USEFUL REAL ARRAYS
02912 C

02913 DO 85 =0, NMAX2-1

02914 A

02915 R1(J) =REAL (A1 (J1)

029186 C1(J) =BIMAG (AT (41)

02817 R2 (J) =REAL (A2 (J 1))

02918 85  C2(J)=AIMAG(AZ (d41)

02819 C

02920 DO 90 J=NMAX1, -1

02921 R1(d) =R1(-d)

02422 C1{d) =-C1(-9)

02923 R2 (4) =R2 {-4)

02924 90 C2(J)=-C2(-4)

02925 €

02926 NMAX2 1=NMAXZ+1

02927 TF (NMAX2. EQ. NLON) NMAX21=1

02928 R1(NMAX2) =REAL (A1 (NMAX21)

02929 C1(NMAX2) =ATMAG (A1 (NMAX21))

02930 R2 (NMAX2) =REAL (A2 (NMAX21)

02931 C2 (NMAX2) =AIMAG (A2 (NMAX21))

02932 €

02933 Cexexxxx COMPUTE CURRENT CONTRIBUTION TO POTENTIAL COEFFICIENTS
02934 Caxxxsex MAIN INNER LOOP

02935 €

02936 bo 100 M=0, N

02937 Mp=p

02938 IF (P. EQ. N} MP=H

02839 D0 100 Q=0, WP

02940 MMQ=M-Q

02941 MPQ=H+Q

02942 ABRA=AM (MMQ) +R1T (MMQ) +BM (MMQ) =C1 (MMQ
02943 BBB=AM (MPQ) *R1 (MPQ) +BM (MPQ) «C 1 (MPQ)
02944 CCC=BM (MMQ) =R 1 {(MMQ) -AM (MMQ) =C1 (MMQ)
02945 DDD=AM (MPQ) C 1 (MPQ) ~BM (MPQ) *R1 (MPQ
02946 AAT=RAA+BBB

02947 BB1=RAA-BBB

02948 CC1=CCC+0DD

02949 DO1=DDD-CCC

02950 BAA=AM (MMQ) +R2 (MMQ) +BM (MMQ) #C2 (MMQ
02951 BBB=AM (MPQ) #R2 (MPQ} +BM (MPQ) »C2 (MPQ
02852 CCC=BM (MMQ) *R2 (MMQ) ~AM (MMQ) *C2 (MMQ
02853 DDO=AM (MPQ) +C2 (MPQ) -BM (MPQ) =R2 (MPQ)
02954 AR2-AAA+BBA

02955 BB2=AAA-BBB

02956 €C2=0CC+D0D

02957 DD2=00D-CLC

02958 €

02959 NHPQ=INDEX (N, M, P, Q)

02960 F=BETA (N) »PINMPQ (NMPQ

02961 IF (MOD (N+M+P+Q, 2} EQ. 1) GOTO 95
02962 C

02963 Crrersrr WHEN N+M+P+Q IS EVEN, PINMPQ{-LATT, -LAT2) =PINMPQ(LATZ, LATY)
02964 ¢

02965 ANMPQ (NMPQ) =ANMPQ (NMPQ) +F= (AAT+AA2
02966 BRMPQ (NMPQ) =BNMPQ {NMPQ) +F = (BB 1+BB2
028867 CNMPQ (NMPQ) =CNMPQ (NMPQ) +F+ (CC1+CC2
02968 DNMPQ (NMPQ) =DNMPQ (NMPQ) +F+ (DD1+D02
02969 GOT0 100

02970 €
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02971
029872
02873
02974
02975
02976
02877
02578
02979
02980
02981
02982
02983
02984
02985
02986
02887
02988
02989
02990
02991
02992
02993
02994
02995
02996
02887
02988
02999
03000
- 03001
03002
03003
03004
03005
03006
03007
03008
03009
03010
03011
03012
03013
03014
03015
03016
03017
03018
03019
03020
03021
03022
03023
03024
03025

Crrswsorn WHEN N+M+P+Q 1S ODD, PINMPQ(-LATI, -LAT2) =-PINMPQ(LAT2, LATT)
c

95 ANMPQ (NMPQ) =ANMPQ (NMPQ) +F = (AA1-8A2
BNHPQ {NMPQ) =BNMPQ (NMPQ) +F = (BB1-8B2
CNMPQ (NMPQ) =CNMPQ (NMPQ) +F = {CC1-CL2
DNMPQ (NMPQ) =DNMPQ (HMPQ) «Fx (DD1-DD2)
100 CONTINUE
[
TIME4=SECOND (
WRITE (6, 1) NANMPQ =' NANMPQ, ' CPU TIME =* (TIME4-TIME3)
c
Cr#xwir PRINT OUT THE RESULTING COEFFICIENTS
C
J=NANMPQ
IF (NANMPQ. GT. 120) 4=120
DO 110 1=1,4
110 WRITE(6, 3171 =', 1, ANMPQ =, ANMPQ (1), " BNMPQ =', BNMPQ (1),
1 *CNMPQ =’ CNMPQ (1), * DNMPQ =’ DNMPQ (1)
TF (NANMPQ. GT. 120) THEN
DO 120 J=59,0,-1
I=NANMPQ-4
120 WRITE(6,3)'1 =' I, 'ANMPQ =', ANMPQ ().’ BNMPQ =', BNMPQ(I),
1 FCNMPQ =’, CNMPQ (1},  DNMPQ =' DNMPQ (D)
ENDIF
c
€
TIMES=SECOND (
WRITE {6, 1) " NLAT =' NLAT,’CPU TIME =', (TIMES-TIMES)
c
WRITE (14) ANMPQ
WRITE (14) BNMPQ
WRITE (14) CNMPQ
WRITE (14) DNMPQ
c
TIMEG=SECOND ()
WRITE (B, 1) " NWK =" NRK,’CPU TIME =, (TIMEG-TIMEY)
c
1 FORMAT (1X, A10, 17, 4 (3X, 10, F15.5)
3 FORMAT (1X, A3, 17, 4 (3X, A8, E19. 10})
STOP
END
SUBROUTINE BETAN (NMAX, NLAT, TETA, DGRD, B
c
C THIS SUBROUTINE COMPUTES THE VECTOR BN}
c WHICH IS THE PELLINEN/MEISSL’S SMOOTHING COEFFICIENTS
[
c HOWEVER SOME MODIFICATIONS SHOWN BELOW ARE DONE TO GET THE
€ DE-SMOOTHING OPERATOR OF COLOMBO, 1981, 0SU REPORT KO. 310
€
DIMENSION B (0: NMAX), P (0: 361)
c
P12=DGRD*360. EQ
COSPSI=1 EO- (TETA=SINI(TETA) /P12
NMAXP 1=NMAX+1

NLAT3=NLAT/3

03026
03027
03028
03029
03030
03031
03032
03033
03034
03035
03036
03037
03038
03039
03040
03041
03042
03043
03044
03045
03046
03047
03048
03049
03050
03051
03052
03053
03054
03055
03056
03057
03058
03059
03060
03061
03062
030863
03064
03065
03066
03067
03068
03069
03070
03071
03072
03073
03074
03075
03076
03077
03078
03079
03080

M

o

20

oo o

CALL LEGPDL (NMAXP1, COSPSL, P)
F=1.EO/ (1. EO-COSPSI)
B0} =1 EQ

DO 10 N=1, NMAX

BANY =F/ (2%N+1) » (P (N-1) -P (N+1)

SQUARE THE LOWEST DEGREE, COLOMBO, 1981, P.78

TF (N. LE. NLAT3) B (N) =B (N) **2
CONTINUE

BUT B{1) =1, COLOMBO, 1931, P. 78

B{1=1.E0

RETURN

END

SUBROUTINE LEGPOL (NMAX, T, P

THIS SUBROUTINE COMPUTES THE LEGENDRE POLYNOMIALS USING THE
RECURSION FORMULAE (HM, 1967, EQ. (1-59)

DIMENSION P(O: NMAX)

P{0)=1.E0

P (1) =7

DO 10 N=2, NMAX

PANY = (- (N-1) #P (N-2) + (2+N-1) «T+P (N-1)} /N
RETURN

SUBROUTINE TRIGO {NMAX, TETA, SINE, COSINE)

THIS SUBROUTINE COMPUTES EFFICIENTLY SINE (M) =SIN (M+TETA) AND
COSINE (M) =COS {H=TETA}, FOR M=0, NMAX

DIMENSION SINE (0 NMAX), COSINE (0: KMAX)

SINE  {0)=0.EQ

COSINE (0) =1. EO

SINLON=SIN(TETA

COSLON=COS (TETA

DO 20 1=1, NMAX

1=1-1

COSINE (1) =COSINE (11) xCOSLON-SINE (11} =SINLON
SINE (I} =SINE (11) *COSLON+COSINE (11} *SINLON
RETURN

SUBROUTINE MAPDGN (NLAT, NLON, NSQ. UNDGE)

THIS SUBROUTINE PRINTS THE DISTRIBUTION OF DG (1) AND UND{0)
AS A MAP.

CHARACTER*1 UNDGC (NSQ

NLON3=NLON/3
N=-NLON3+1
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03081
03082
03083
03084
03085
03086
03087
03088
03089
03030
03091
03092
03083
03094
03095
030886
03097
03098
03098
03100
03101
03102
03103
03104
03105
03108
03107
03108
03108
03110
03114
03112
03113
03114
03115
03116
03117
03118
03119
03120
03121
03122
03123
03124
03125
03126
03127
03128
03129
03130
03131
03132
03133
03134
03135

COOOOMOMOOOOOOCOOOmROOOOO0oOaO00ONOM

M=0

DO 10 ¥=1,3

WRITE (6, 1)

N=N+NLON3

M=M+NLON3

DO 10 I=1,NLAT

L={1~1) sNLON

WRITE (6, 2} (UNDGC (L+y), J=N, ¥

FORMAT (" 17)
FORMAT (5X, NLON3 (A1})
FORMAT (5X, 12041}
RETURN

END

PROGRAM ORTHO

00000000  RRRRRRRRR  TTTTTITITT HH HH 00000000
0000000000 RRRRRRRRRR TTTTTTTTTT HH HH 0000000000
Q0 00 RR RR 17 HH HH 00 00
00 00 RR RR 17 HH HH 00 o]
00 00 RRRRRRRRRR 17 HHHHHHHHHH 00 00
00 00 RRRRRRRRR 17 HHHHHHHHHH 00 00
00 00 RR RR T HH HH 0O 00
0o 00 RR RR I HH HH 00 00
0000000000 RR RR T HH HH 0000000000

00000000  RR RR T HH HH 00000000

THIS PROGRAM COMPUTES THE HARMONIC COEFFICLENTS TK

UP TO DEGREE AND ORDER NMAX

SOLVING THE ALTIMETRY-GRAVIMETRY BOUNDARY VALUE PROBLEM
BY THE GRAM-SCHMIDT ORTHONORMALIZATION PROCESS.

IT COMPUTES EQUATIONS (8.17) T0 (8.21) OF THE DISSERTATION

NMAX = MAXIMUM DEGREE AND ORDER WANTED

NENM = NBR. OF ENM OR FNM COEFF.

NEF = (NMAX+1) %+2 - 4 = NBR. OF ENM § FNM WITHOUT THE
COEFF. FNO=0 & WITHOUT EQO, E10, EYf, Fi1,

NEF1T = V IN DISSERTATION = NEF-1

NEF1 = ALSO NBR. OF ELEMENTS IN ARRAY EK OR TK

NANMPQ = NBR. OF ANMPQ OR BNMPQ OR CNMPQ OR DNMPQ COEFF.

NABC = NBR. OF ELEMENTS IN MATRIX CNM OR GNM

T : THE ARRAY THAT WILL CONTAINS THE ALT-GRAV. COEFF.

INTEGER P, Q, P1, PP

PARAMETER (NMAX=28)

PARAMETER (NENM= (NMAX+ 1)  (NMBX+2) /2, NANMPQ=NENM= (NENHM+ 1) /2
PARAMETER (NEF= (NMAX+1) #%2-4, NEF1=NEF-1}

PARAMETER (NABC=NEF= (NEF+1) /2)

DIMENSION € (NABC), G (NABC). E(O: NEF1), T(0: NEF1), IDIAG (0: NEF)
DIMENSION ENM(NENM!, ANMPQ {NANMPQ) . BNMPQ (NANMPQ

03138
03137
03138
03139
03140
03141
03142
03143
03144
03145
031486
03147
03148
03148
03150
03151
03152
03183
03154
03155
03156
03157
03158
03159
03160
03161
03182
03163
03164
03165
03166
03167
03168
03163
03170
0317
03172
03173
03174
03175
03176
03177
03178
03179
03180
03181
03182
03183
03184
03185
03186
03187
03188
03188
03190

DIMENSION FNMINENM), CNMPQ (NANMPQ), DNMPQ (NANMPQ
DIMENSION CMATRX (NEF, NEF)

EQUIVALENCE (CMATRX (1, 1).C(1).G(1)), (E(0), T (0)
EQUIVALENCE (ENM (1), ANMPQ (1)), (FNM (1}, BNMPQ(1))

OPEN {11, FILE=" OUTENMO")
OPEN (12, FILE="OUTABCD")
OPEN (6, FILE=’ DUTPUTORTHO')
OPEN (14, FILE=' QUTORTHO*

WRITE (B, 52) * NMAX =' NMAX, ‘NEF =’ NEF, 'NABC =, NABC
WRITE (6, 52) * NENM = KENM, ' NANMPQ =' NANMPQ

WRITE (6, 53) SECOND (

--- IDIAG IS USED TO STORE MATRICES C AND G IN ARRAYS C AND G

AS: G (N, M) =G (IDIAG (N) +M
TN, M) =C{IDIAG (N} +H)

DO 10 1=0, NEF
IDIAG(I) = (1*1+1) /2+1

--- READ IN ANMPQ. BNMPQ, CNMPQ & DNMPQ AND STORE IN CMATRX

READ (12) ARMPQ
READ (12) BNMPQ
READ {12) CNMPQ
READ (12) DNMPQ

CALL ABCDOR (NMAX, NEF, NANMPQ, ANMPQ, BNMPQ, CNMPQ, DNMPQ, CMATRX

K=0

DO 11 I=1 NEF
DO 1t u=1, 1
K=K+1

C(K) =CMATRX (J, 1)
WRITE (B, #} K

--- READ IN ENM & FNM AND STORE IN ARRAY £ ---

READ (11) ENM
READ (11) FNM

TENM=4
k=0
DO 12 N=2, NMAX

E (K} =ENM{TENM
K=K+1
TENM=TENNM+1
DO 12 M=1 N

E (K) =ENM (1ENM)
K=K+1

E (K) =FNM (TENM
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03191
03192
03183
03194
03195
03196
03197
03198
03199
03200
03201
03202
03203
03204
03205
03206
03207
03208
03209
03210
03211
03212
03213
03214
03215
03216
03217
03218
03219
03220
03221
03222
03223
03224
03225
03226
63227
03228
03229
03230
03231
03232
03233
03234
03235
03236
03237
03238
03238
03240
03241
03242
03243
03244
03245

21
22

23

25
26

30
C
C

K=K+1
TENM=]1ENM+1

HRITE (6, 54)
WRITE (B, 51)
WRITE {6, 54} C

WRITE (6, 53) SECOND (

==~ START THE ORTHOGONALIZATION PROCESS ---

G{1) =1 EO/SQRT(C (1))
E(0) =G (1) *E (0)
WRITE (6, 54) E (0)
WRITE (6, 54) G (1)
WRITE (5, 55) 1, NEF

DO 30 P=1,NEF!

P1=p-1

--- COMPUTE C{P, P~1),C(P,P~2), ..., C(P.0) USING EQ. (8. 14} ---
B0 22 N=P1,0, -1

SUM=0. EO

DG 21 Q=0.N

SUM=SUM+G (IDIAG (N} +Q) =C (IDIAG (P} +Q
CIDIAG(P) +N) =-SUM

-~~~ COMPUTE GI(P, P) USING EQ. (8. 18} ---

SUM=0. EQ

DD 23 H=0, P1
SUM=SUM+C (IDIAG (F) +N) »=2
PP=1DIAG (P} +P

G (PP} =1, EO/SQRT (G (PP) -SUM

--- COMPUTE E (P} USING EQ. (8 12} ---

SUM=0.EO

D0 24 N=0,P1
SUM=SUM+C (IDTAG (P) +N} »E (N)
E(P) =G (PP) » {SUM+E (P))

--- COMPUTE G(P, P-1),GI(P, P-2), ..., G(P, O} USING EQ. (8.13) -~~~

DO 26 K=0, Pt

SUM=0. E0

DO 25 N=K, P1
SUM=5UM+C (ID1AG (P} +N} »G (IDIAG (N) +K
G (IDIAG (P) +K) =G (PP) #SUM

WRITE (6, 54) E (P)

WRITE (B, 54) (G{I), I=1DI1AG (P}, PP
WRITE (6, 55) {P+1) ., NEF

CONTINUE

--- COMPUTE TIK) USING EQ. (8.16) ---

03246
03247
03248
03248
03250
03251
03252
03253
03254
03255
03256
03257
03258
03259
03260
03261
03262
03263
03264
03265
03266
032867
03288
03268
03270
03271
03272
03273
03274
03275
03278
03277
03278
03279
03280
03281
03282
03283
03284
03285
03286
03287
03288
03289
03290
03291
03292
03293
03294
03285
03286
03297
03298
03299
03300

c

C

€
c

[xExR=N>]

35
40

45

51
52
53
54
55

56

c..

c..

H=0

L=0

DO 40 K=0, NEF1

SUM=0. E0

DO 35 P=K, NEF1
SUM=SUM+E (P) G {IDIAG {P) +K
1K) =5uH

-~ PRINT THE RESULTING COEFFICIENTS ---

KRITE (B, 51)

1=0

J=4

DO 45 N=2, NMAX
HRITE (6, 56) N, 0, T (1)
ENM (d) =T (1)
FNM{d) =0 EO

I=1+1

J=d+1

DO 45 M=1 N

WRITE (6, 56) N, M, T{I}, T{I+1)
ENM (4} =T (1)

FNM (9) =T (1+1)

d=d+t

1=1+2

HRITE (14) ENM
WRITE (14) FNM

WRITE {6, 53} SECOND (

FORMAT (//

FORMAT {3 (5X, A10, 3X. 110)

FORMAT {/,* CPUTIME =/, F10.5)

FORMAT {10E13.5

FORMAT (7 LINE®, 110,° OF', 110, OF MATRIX G WAS COMPUTED ’.

*AND WRITTEN OUT.’)
FORMAT (215, 2£26. 16)
SToP
END
SUBROUTINE ABCDOR (NMAX, NEF, NANMPQ, ANMPYQ, BNMPQ, CNMPQ, DNMPQ, ©

THIS SUBROUTINE REORGANIZES ANMPQ, BNMPQ, CNMPQ & DNMPQ INTO
THE UPPER TRIANGULAR PART OF MATRIX C.

DIMENSION ANMPQ (NANMPQ) , BNMPQ (NANMPQ
DIMENSION CNMPQ (NANMPQ) . DNMPQ (NANMPQ). C (NEF, NEF)

[A=10

I=1

d=1

DO 4 N=2, NMAX
BO 1 K=2,N-1

C 1, d) =BNMPQLIA)

00¢



03355 €

M

1=1+1

IA=TA41

DO 1 L=1K

C (1, ) =ANMPQ (1A
C{I+1, ) =CNMPQ (1A
1=1+2

1A=1A+1

C (I, ) =ANMPQ (1A
[A=1A+4

d=d+d

I=1

C{1, J) =ANMPQ (1A
CA{L, J+1) =DHMPQ (1A
[=1+14

TA=1A+1

DO 2 L=1, K

€ (1, J) =ANMPQ (1A}
€A1, J+1) =DNMPQ (1A
C(I+1, J) =CNMPQ (1A

C{lI+1, d+1) =BNMPQ (IA

1=1+2
1A=1A+1

C (I, J) =ANMPQ (14)

C (I, J+1) =DNMPQ (18)
I=1+1

IA=1A+1

DO 3 L=1,M-1

C{1, J) =ANMPQ (14}

C (I, d+1) =DNMPQ (1A
C{I+1, ) =CNMPQ (14)

CA{l+1, J+1) =BNMPQ (1A

I=1+2
[A=1A+1

C {1, J) =ANMPQ (1A)
C(I, J+1) =DNMPQ (18
1=1+1

1A=1A+1

d=d+1

C (I, ) =BNMPQ (1A-1)
1=1

=g+

IA=1A+3

RETURN

END

PROGRAM ORTHOC

03356
03357
03358
03359
03360
03361
03362
03363
03364
03365
03366
03367
03368
03369
03370
03371
03372
03373
03374
03375
03376
03377
03378
03379
03380
03381
03382
03383
03384
03385
03386
03387
03388
03383
03380
03391
03382
03383
03394
03395
03386
03397
03338
03399
03400
03401
03402
03403
03404
03405
034086
03407
03408
03409
03410

00000000  RRRRRRRRR TTTTTTITIT HH HH 00000000  CCCCCCCC
0000000000 RRRRRRRRRR TITTTTITTIT HH HH 0000000000 CCCOCOCCCe
0o 00 RR RR 77 HH HH 00 00 CC £
00 00 RR RR I HH HH 00 go cC
00 00 RRRRRRRRRR 1T HHHHHHHHHH 00 00 CC
00 00 RRRRRRRRR Tr HHHHHHHHWH 00 00 CC
00 00 RR RR 17 HH HH 00 00 ¢C
00 00 RR RR T HH HH 00 00 cC ¢
0000000000 RR RR 1T HH HH 0000000000 cecooeceee

00000000 RR RR 17 HH HH 00000000 Ceceecee

THIS PROGRAM COMPUTES THE HARMONIC COEFFICIENTS TK

UP TO DEGREE AND ORDER NMAX

SOLVING THE ALTIMETRY-GRAVIMETRY BOUNDARY VALUE PROBLEM

BY THE ORTHOGONALIZATION PROCESS USING CHOLESKY FACTORIZATION

- OPPFA, DPPSL & DPPCO ARE EFFICIENT ROUTINES FROM
LINPACK PACKAGE

IT COMPUTES EQUATIONS (8. 17) TO (8.21) BUT BY CHOLESKY
FACTORIZATION, I.E. IT HERE SOLVES (8.22), (8.25) AND (8.26
USING {8.30), (8.3t} AND (8.32)

NMAX = MAXIMUM DEGREE AND ORDER WANTED
NENM = NBR. OF ENM OR FNM COEFF.

NEF (NMAX+1) %x2 ~ 4 = NBR. OF ENM & FNM WITHOUT THE
COEFF. FNO=0 & WITHOUT EOC, E10, EYY, F1I
NEF1 YV IN DISSERTATION = NEF-1

NEF1T = ALSO NBR. OF ELEMENTS IN ARRAY EK OR TK

NANMPQ = NBR. OF ANMPQ OR BNMPQ OR CNMPQ OR DNMPQ COEFF.
NABCD NBR. OF ELEMENTS IN SYMMETRIC MATRIX C
H : THE ARRAY THAT WILL CONTAINS THE ALT-GRAV. COEFF.

PARAMETER {NMAX=28, ICOND=1)

PARAMETER (NENM= (NMAX+1) + (NMAX+2) /2, HANMPQ=NENM= (NENM+ 1)} /2
PARAMETER (NEF= (NMAX+ 1) ##2-4, NEF1=NEF-1)

PARAMETER (NABCD=NEF«* (NEF+1)/2)

DIMENSION C (MABCDY, E{O: NEF1), T (NEF), IDIAG (NEF)
DIMENSION ENM(NENM), ANMPQ (NANMPQ), BNMPQ {NANMPQ
DIMENSTON FNM(NENM), CNMPQ (NANMPQ) , DNMPQ (NANMPQ
EQUIVALENCE (E{0), T (1))

EQUIVALENCE (ENM (1), ANMPQ (1)}, (FNM (1), BNMPQ (1))

OPEN (11, FILE=" QUTENMO’

OPEN (12, FILE=" QUTABCD")
OPEN (6, FILE=" QUTPUTORTHOC')
OPEN (14, FILE=' OUTORTHOC")

WRITE (6, 52) *NMAX =", NMAX, *NEF =’ NEF, "NABCD =', NABCD
HRITE (6, 52) " NENM =7 NENM, 'NANMPQ =’ NANNPQ

WRITE (6, 53) SECOND ()

10¢



03411
03412
03413
03414
034135
03418
03417
03418
03419
03420
03421
03422
03423
03424
03425
03426
03427
03428
03429
03430
03431
03432
03433
03434
03435
03438
03437
03438
03439
03440
03441
03442
03443
03444
03445
03448
03447
03448
03443
03450
03451
03452
03453
03454
03455
03456
03457
03458
03459
034560
03461
03462
03463
03464
03465

c

oao

[x X3!

-~~~ READ IN ANMPQ, BNMPQ, CNMPQ & DNMPQ AND STORE IN MATRIX C

REWIND 12

READ (12) ANMPQ
READ (12) BNMPQ
READ {12) CNMPQ
READ {12) DNMPQ

CALL ABCDV (NMAX, NEF, NABCD. NANMPQ, ANMPQ, BNMPQ, CNMPQ
1 DNMPQ, IDIAG. G

WRITE(6,51)

WRITE (6, 54) C

WRITE (6, 54) (CUIDIAG(T) +1), I=1, NEF)
WRITE {6, 53) SECOND(

--- CHOLESKY FACTORIZATION OF THE SYM. POS. DEFINITE C MAT., ---

IF {ICOND. EQ. O) CALL DPPFA (C, NEF, INFO

IF (ICOND. EQ. 1) CALL DPPCO (C, NEF, RCOND, T, INFO

WRITE (6, *) INFO

IF (ICOND. EQ. 1) WRITE (B, %)’ THE CONDITION NUMBER MUST BE',

1 ’ CLDSE TO 1, IT IS =', 1, EO/RCOND
WRITE (6, 51)

WRITE (6,54) C

WRITE (6, 54) (C(IDIAG (1) +1}, 1=1, NEF)

WRITE {6, 53) SECOND(

--- READ IN ENM & FNM AND STORE IN ARRAY E ---

READ (11) ENM
READ (11) FNM

1ENM=4
IE=0
DO 10 N=2, NMAX

E(IE) =ENM (TENM
TE=TE+
TENM=TENM+1

bo 10 M=1. N
E(TE) =ENM (1ENM)
TE=1E+1

E(TE) =FNM(TENM)
TE=1E+1
TENM=TENM+1

WRITE (6, 51)

HRITE (6, 54) E

WRITE {6, 53} SECOND ¢}

-~- SOLVE THE THO SYSTEMS, FORWARD & BACKWARD ---
CALL DPPSL (C,NEF. T)

--- PRINT THE RESULTING COEFFICIENTS ---

03466
03487
03468
03488
03470
03471
03472
03473
03474
03475
03478
03477
03478
03479
03480
03481
03482
03483
03484
03485
03436
03487
03488
03489
03480
03491
03492
03493
03494
03485
03496
03497
03498
034388
03500
03501
03502
03503
03504
03505
03506
03507
03508
03509
03510
03511
03512
03513
03514
03515
03516
03517
03518
03519
03520

c

€

40

]

51
52
53
54
55

©3IO e

WRITE {6, 51)

=1
=4
0 40 N=2, NMAX

WRITE (B, 8504, 0, T (1)
ENM (4} =T (T}

FNM (4} =0. EQ

I=1+1

FENER

DO 40 M=t N
WRITE(6, 55 M, M THD) , T{i+Y)
ENM (g) =T (D)

FNM () =T (141)

d=yg+1

I=1+2

!
d
D

WRITE (14) ENM
WRITE (14) FNM

WRITE (6, 53) SECOND {

FORMAT (//)
FORMAT {3 (5X, A10, 3%, 110})
FORMAT {/,* CPU TIME =, F10.5)

FORMAT (10E13. 9)

FORMAT (215, 2E26. 16)

STop

END

SUBROUTINE ABCDV (NMAX, NEF, NABCD, NANMPQ, ANMPQ, BNMPQ, CNMPQ,
DNMPQ, 1DIAG, C)

THIS SUBROUTINE REORGANIZES ANMPQ, BNMPQ, CNMPQ & DNMPQ INTO
A SYMMETRIC MATRIX WHICH IS STORED IN AN ARRAY C.

DIMENSION ANMPQ (NANMPQ), BNMPQ (NANMPQ), 1DIAG (NEF)
DIMENSION CNMPQ (NANMPQ) , DNMPQ (NANMPQ) , C (NABCD

DO 5 I=1, NEF
IDIAG (1) =1%(1-1) /2
1A=10

I=1

J=1

DD 4 N=2, NMAX

B0 1 K=2,N-1
C{IDIAG (J)+1) =ANMPQ (1A
I=1+1

TA=1A+1

DO 1 L=1.K

C(IDIAG {d) +1) =ANMPQ (1A
C{IDIAG (J) +1+1) =CNMPQ (14)
I=1+2

<0¢



03521
03522
03523
03524
0352%
03526
03527
03528
03528
03530
03531
03532
03533
03534
03535
035386
03537
03538
03539
03540
03541
03542
03543
03544
03545
03545
03547
03548
03549
03550
035851
03552
03553
03554
03555
03556
03557
03558
03559
03560
03561

03562

03563
03564
03569

1

C.
.t

C..t=

Ta=18+1
N
]

CUIDIAG b+ 1) =ANMPG (12)

0
CUDIAG(Jd) + ]} =ANNPQ (1A
CUIDIAG(J+ 11«1} “DNMPQ (1A
I=1+1
[A=1A+1
00 2 =1L K
CUIDIAG (d) +1) =ANMPQ (1A}
CUIDIAG (y+ 1} +1) =DNMPQ (18}
CHIDIAG {4} +1+ 1) =CRMPQ LIN)
C{IDIAG (J+ 1) +I+ 1} =BNMPQ (IR
I=1+2
TA=1A+1

C{IDIAG () +11 =ANMPQ (1A
C{IDIAG {J+ 11+ 1) =DNMPQ (1A
I=iet

IA=1As1

DO 3 L=1, M-}
C{IDIAG (J) «1) =ANMPQ (IA
CLIDLAG (d+ 1)+ 1) =DRMPQ (1A}
C{IDIAG{d} «1+ 1) =CNMPQ (1A
CIDIAG {J+ 1) + 1+ 1) =BNMPQ (1A}
I=]+2

PA={A+1

C{IDIAG (J} +11 =ANMPQ (IR
CIDIAG(J+ 1)+ 1) =DNMPQ {1A
I=]+1 .
Jrget
CIDIAG {J) + 1) =BNMPQ(IA
=1

=g+t

1A=1A+4

RETURN

END

€0t



