














































































































































































































hopefully learn more about the bulk properties of the saline ice. In addition, dry snow 

cover becomes more transparent as the wavelength increases. Therefore, the long wave­

lengths, when used in concert with the more conventional wavelengths (which we assume 

will be provided by other investigators, such as Grenfell and Lohanick) will provide a mul-
' 

tispectral data base for future multi-sen.sor discrimination of snow covered ice. Another 

unique measurement that was made by the SFMR was the deduction of changes that oc­

curred in the dielectric constant of sea ice during the immediate growth. Our observations 

indicated that during immediate freeze-up the dielectric constant assumed a rather large 

value of 15 for the first few millimeters of growth and then began to decrease toward the 

nominal value of 4 with continued growth. Additional longer wavelengths are needed to 

better define the temporal characteristics of the dielectric constant, and the results will be 

of great value in establishing the electromagnetic properties during growth with the idea 

of eventually characterizing thin ice types with remote sensing instruments. Controlled 

experiments will also shed some insight on the changing characteristics of snow as a result 

of wicking of the surface brine. We are convinced that the surface brine determines the 

high dielectric constant associated with the initial growth. Up to this point, all of our 

8510 radar measurements have been done indoors in the pit and in cold rooms. After 

the outdoor facility is completed, we will also conduct radar measurements. The radar 

will have full polarimetric capability, and will complement the more traditional radar fre­

quencies, which we anticipate will be provided by other investigators, such as Onstott or 

Gogenini. We fully anticipate that our radars will be extremely sensitive to backscatter 

introduced by volume scatterers. We therefore anticipate that our millimeter wave radars 

will be a powerful tool for characterizing the signature of snow over the ice surface. The 

range gating capability will also allow us to locate the sources of volume scattering. We 

believe that in time, millimeter wave radars will be operating in space, and backscatter 

from snow will be evident in the data. These experiments will open a preliminary data 

base to enable future investigators to interpret the spacecraft results. 

Another exciting area that is beginning to emerge is radiometric polarimetry. The 

polarimetric signature may give clues on the relative importance of surface vs. volume 

scattering. In addition, and polarization state can be synthesized to optimize parameter 
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extraction and to provide all polarization combinations to test modeling results. This 

represents a relatively new capability, and initial experimentation is needed to determine 

its full utility as a concept. 

Modeling 

Intensive modeling, as is done by investigators such as Brown, Fung, Kong, and Wine­

brenner is not our forte; however, we recognize its value, as well as our development of first 

order theory. We do intend to interpret our own data on a first-order basis, and to keep the 

approach as physically based as possible. Within limitations, the first order results gives 

excellent insight into the processes. For example, geometric optics and small perturbation 

theory connect quite well to the dominant radar scattering processes; however, neither 

approach succeeds in predicting the proper level for the cross-polarized component. We 

would relegate this more involved analysis to others who have geared up their research 

programs to address problems such as this. Other examples of first order analyses would 

be to ignore multiple volume scattering and to assume an incoherent interaction between 

boundaries of different dielectric media. Other avenues of modeling that we have pursued 

in the past has been the development of easy to use regression formulas to calculate an 

electromagnetic parameter which may be a function of several variable. One such example 

is the expression for the dielectric constant of sea water as a function of temperature and 

salinity. This work has been widely referenced, and was a relatively straightforward task 

to do as a consequence of the homogeneity of the physical properties of sea water. This 

is an example where it is difficult to arrive at an expression starting from absolute funda­

mentals, and it may be expeditious to develop such empirical models to account for higher 

order effects. 

10 



INVERSE PROBLEMS FOR MAXWELL'S EQUATIONS 

John Sylvester and Gunther Ublmann 

University of Washington 
Seattle Washington 98195 

Our proposal deals with the theoretical and numerical aspects of inverse 

problems for Maxwell's equations. The problems we consider are all concerned 

with probing the internal structure of any inhomogeneous medium ( e.g sea ice) 

from electromagnetic measurements which are made in the exterior. 

The main thrust of the proposal is to extend methods developed by the 

proposers for the isotropic impedence tomography problem so that they may be 

used to treat inverse problems for Maxwell's equation. There are two main 

difficulties which must be dealt with: the first is the extension of results from the 

scalar conductivity equation to a system of equations; the second difficulty is 

anisotropy. Both of these difficulties have been dealt with to a limited extent 

already by the proposers and others. 

We will elaborate on the previous paragraphs in more detail below. For 

now we make a brief summary of what we expect to do within the next three 

years: 

FIRST YEAR PLAN 

1) Completely characterize the obstructions to solving the linerarized 

inverse boundary value problems and inverse scattering problems for 



Maxwell's equations (i.e. determine what parts of the full permittivity, 

permeability, and conductivity tensors can possibly be recovered from 

exterior measurements). We will begin to address the following specific 

situations which are special to sea ice: 

a) How is the uniqueness question affected by the priori knowledge 

that the magnetic permeability is constant and isotropic? are the 

the remaining electromagnetic parameters uniquely determined by 

scattering or boundary measurements? 

b) Does uniqueness for the linearized problem still bold in the case 

where the only data is monostotic (i.e. backscattering)? 

c) If the dielectric coefficients depend only on depth, can a one­

dimensional inversion procedure succeed in recovering the 

coefficients? Could observations of waves that are 

normally incident be sufficient data for such an inversion? 

EXTENDED PLANS FOR YEARS 1WO AND THREE 

2) Solve the identifiability problem for the anisotropic inverse scattering 

problems for Maxwell's equations when the medium has special 

symmetries. This is an extension of 1.c above. 

3) Develop a High frequency "Born approximation" for anisotropic 

Maxwell's equations under suitable hypotheses. 

4) Develop and implement methods for stabilizing layer stripping 

algorithms for the inverse conductivity problem 

as well as investigating the applicability of such methods 



to Maxwell's equations. We expect to apply such methods to the problem of recovering 

the depth of the ice from scattering data. 

Inverse Boundary Value Problems for Maxwell's Equations Let n ~ IR 3 be a 

bounded domain in IR3 • For an inhomogenous anisotropic medium, the electric permittiv­

ity, electric conductivity and magnetic permeability are positive definite tensors denoted 

by c( x ), u( x) and µ( x) respectively. For an isotropic medium these tensors are scalar 

functions. The problem is to determine as much as possible about these parameters from 

measurements of the electric and magnetic fields at the boundary. 

The electric field £ and the magnetic field 1l satisfy the time-dependent Maxwell 

equations 

(1) 
01i 

curl £ + µ 8t = 0 in n, 
{)£ 

curl 1l - c &t = u £. 

H we consider time harmonic waves of the form 

(2) £(x, t) = E(x)e-iwt, rl(x, t) = H(t)e-iwt,w > 0. 

with frequency w, then the space-dependent E and H satisfy the harmonic part of Maxwell's 

equations 

(3) curl E - iwH = 0, curl H + iwnE = 0, in n 

with 

(4) n(x) = c(x) + iu(x) . 
w 

Let v denote the unit outer normal to on. We denote by A the map that assigns the 

tangential component of Elan to that of Hlan, i.e., 

(5) A(v /\ E) = v /\ H. 

The inverse boundary problem is then to determine c(x),µ(x), u(x) from knowledge 

of the map A. The map A summarizes the results of all possible boundary measurements. 

The medium is identifiable if A contains sufficient information to determine the internal 

parameters of the medium. 

This problem was proposed by Cheney, Isaacson and Somersalo in (S-1-C] in the 

isotropic case. They considered the linearized problems at a constant background. 



H the time variation of the electromagnetic field is slow (i.e. steady state direct current 

or low frequencies) then this becomes the impedence tomography problem proposed by 

Calderon ((CJ): to determine the conductivity of a body by making voltage and current 

measurements at the boundary. There has been considerable progress in dealing with this 

problem in recent years both in the theoretical and applied aspects of the problem (see the 

surveys [C-I] and [S-U VJ). The system (1) in this case is replaced by the scalar equation 

(we use the letter 'Y instead of u to denote the conductivity in this case). 

(6) div (1V'u) = 0 inn, (I> 0 inn) 

and the map A..,, referred to as the Dirichlet to Neumann map, is given by 

(7) 
au 

A..,(ulan) =(I ov)lan . 

In the isotropic case, fundamental progress was obtained by the proposers ([S-U, I-IV]) by 

constructing exponentially growing solutions of (6) of the form 

(8) 

with pin en' p. p = 0 and w..,-+ 0 as IPI-+ 00 uniformly inn. 

The analog of (8) for the system (3) . has already been constructed by Sun and 

Uhlmann [Su-U] in the isotropic case under the additional assumption that the parameters 

are close to constants, by Colton and Paivarinta ((C-P ]) under the assumption that the 

magnetic permeability is constant in n, and more recently for the general isotropic case 

by Ola, Paivarinta, and Somersalo ([0-P-S]). 

Inverse Problems for Anisotropic Maxwell's Equations The case of anisotropic ma­

terials presents additional difficulties. In general, it is not possible to recover an anisotropic 

conductivity from its Dirichlet to Neumann map. Given any/ and any diffeomorphism W 

which fixes the boundary of n, we can construct a (generally) different conductivity, W./, 

with the same voltage to current map. The formula reads 

(9) 
aw' i . a"1m 

( ( ))tm ax• 'Y ) azJ ,y,-1 ( ) w. "V y = aw 0 ':le' y . 
I det( az) 

Hence it is possible to recover / from A.., only up to the action of the group of 

diffeomorphisms \ll which fix on (this was first observed in [K-V]). 

The obvious conjecture is that any two conductivities with the same voltage to current 

map are related by such a diffeomorphism. 



There are two main difficulties in proving such results: the first is the construction 

of the special complex exponential solutions which played the dominant role in all the 

isotropic problems, and the second is the construction of the diffeomorphism. 

The proposers have shown that this is the only obstruction to the linearized problem 

at constant background at either high or low frequencies ([S-U IV]). 

The same diffeomorphism action provides an obstruction to identifiability for Maxwell's 

equations as well, and the proposed work I) from the first page of the project description 

is to decide whether the diffeomorphism action is the only such obstruction to solving the 

same inverse problem for Maxwell's equations. There are now three symmetric tensors to 

be reconstructed form the data, and there may be more obstructions to identifiability. The 

same methods as in the conductivity problem reduce this to an algebraic calculation, but 

one whose solution is not yet clear. 

For the full nonlinear problem, the fact that the diffeomorphism invariance is the only 

such obstruction has been proved in two dimensions for C3 conductivities which are close 

to constants in [S I] and in dimensions ~ 3 for analytic conductivities on strictly convex 

domains in [L-U] . 

The methods introduced in [SI] should extend to the axially symmetric inverse prob­

lem for Maxwell's equations, while the methods from [L-U) may extend to the Maxwell 

system with real analytic coefficients. This is the work proposed in 2) on the first page. 

Inverse scattering problems 

In the inverse scattering problem, one attempts to determine the parameters c;( x ), 

µ(x), u(x) in (3) from measuring the far-field pattern of the electromagnetic field. If the 

frequency is fixed (and low), the inverse scattering problem is equivalent to the inverse 

boundary value problem discussed in the proposal. In particular the results of Sun and 

Uhlmann ([Su-U]) , Colton and Paivarinta ([C-P]) and Ola, Paivarinta and Somersalo 

([0-P-S]) apply to determine the electromagnetic parameters in the isotropic case. 

The case of high frequency behavior is also of considerable interest for the determina­

tion of the medium parameters of sea ice; the scale of the inhomogenieties is large compared 

to the wavelenghts. 

We plan to extend the geometrical optics construction from the isotropic to the 

anisotropic case in order to obtain the analog of the Born approximation. The main 

difficulty is the complicated structure of this system. For example if we consider Maxwell 

equations in a biaxial crystal, i .e. the case where the electric permittivity has 3 different 

eigenvalues, the magnetic permeability is constant and the conductivity is zero,the system 

has characteristics speeds that coalesce, i.e. double characteristics ([M-U), [U]). In tills 



case, the geometrical optics construction is available for scalar equations having the same 

characteristic speeds as Maxwell equations ([M-U], [U]). The proposers plan to extend this 

construction to the system: to construct geometrical optics solutions as well as find the 

analog of the Born approximation. 

Layer Stripping and the Ricatti Equation 

Probably the most important problem is to develop algorithms to reconstruct the 

electromagnetic parameters. The work proposed in 4) on the first page is to develop a 

stable version of such an algorithm. 

A detailed description of the algorithm was included in our original proposal and will 

not be repeated here. 

The main point is that the naive layer stripping algorithm is extremely unstable ; 

however, knowledge of a partial (and perhaps complete) characterizations of the data 

serves to stabilize the method. 

The proposed research involves 1) studying the stability properties (at both high and 

low frequencies) of this algorithm in both the layered and radially symmetric cases in two 

and three dimensions, 2) attempting some naive extensions of the stabilized method to the 

non-layered case, and 3) extending the methods to Maxwell's equations. 

The proposers plan to consider the case of a layered medium and extend the algorithm 

constructed by Sylvester ([S II]) for radial conductivities. This algorithm is related to 

layer-stripping methods which have been developed by Cheney et al. ([C-I-S-I ]) for the 

impedance tomography problem. It is different in that it uses a theoretical characterization 

of the data to stabilize the algorithm 
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ACTIVE OPTICAL MEASUREMENTS DURING CRRELEX '93 

Fred I. Tanis 
Center for Earth Sciences 

ERIM 
P.O. Box 134001 

Ann Arbor, MI 48113-4001 
313-994-1200 

E-MAIL TANIS@V AXA.ERIM.ORG 

SCIENCEOBJECTIVF.S 

1. Determine the connectivity between microwave volume backscatter and 
optical transmission and beam spreading for smooth young ice as a function 
of ice layer thickness, freeboard, and microwave frequency. 

2. Detennine the impact of ice roughness conditions on ice layer optical 
transmission and beam spreading measurements and relationship to changes 
in the surface roughness induced backscatter signature. 

WNG-TERM OBJECTIVE 

Exploit combined optical and microwave remote sensing to provide additional 
information on sea ice and snow geophysical parameters. 

MEASUREMENTS AND APPROACH 

A thick ice sheet will be growned to produce slow changes in the optical 
properties due primarily to changes in ice sheet thickness and brine expulsion. 
Beam spreading functions and ice layer transmission losses will be measured by 
placing a Nd:YAG laser source beneath the ice sheet and direct the beam upward 
through the ice sheet. The resulting beam spreading pattern will be measured just 
above the ice surface. Measurements will include both radiance and irradiance 
along a transect through the beam center axis. Measurements will be made with a 
vertical beam although an off-axis beam pattern may also be investigated if time 
permits. Passive irradiance above and below the ice sheet at the laser wavelength 
with irradiance sensors which are coupled into the same instrumentation package. 
The beam spreading measurements will require an area which can be accessed from 
the side of the pond of four square meters (2m X 2m). Laboratory measurements of 
transmission and beam spreading will be made on small ice samples coincident with 
the in situ experiments. 
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INSTRUMENTATION 

Instrumentation will include the (1) the ERilv.f laboratory sea ice 
transmissometer unit which will require cold tent space (7'X7'), (2) the in situ laser 
transmissometer which will be operated from the pond apron with a detector track 
unit extended over the pond ice (see attached figure). The detector unit will be 
movable along the track to record the upward beam spreading pattern. The scanner 
platform will contain an upward and downward looking irradiance sensors and a 
downward looking radiance detector. The track/scanner structure will be portable 
and can be removed to support other experiments. The Ne: Y AG (532nm) laser 
source will be positioned from a temporary fixture which will be attached to the 
hard-points located on the sidewalls. This installation will be made prior to filling 
the pond with saltwater. This laser source unit can then be attached to this fixture 
while the pond is filled. Our intention is to leave the source unit in place during 
both the ice growth and ice roughness experiments. If it becomes necessary to 
remove the laser source unit for repairs a 2' diameter ice hole will be required. 
Space is needed in the hut structure to be located along side the pond for data 
logging. The PC recording system and table will require a 7' X 7' space. 

MEASUREMENT PLAN 

Optical measurements will be made for each of the experiments described 
above. The present expectation is that the laser measurements will be supported for 
a seven day period during each experiment. It is essential that these beam 
spreading/transmission measurements be conducted on the same ice sheet and times 
as the Onstott/ERilv.f microwave measurements. At present these microwave 
measurement experiments are planned to be more extensive and time coordination of 
these measurements is not expected to be a problem. For the ice growth 
experiment, when the sheet surface is smooth and protected from the weather the 
optical measurements can be made on the opposite end of the pond from the 
microwave measurements. During the ice roughness experiments it may be 
necessary to move the optical transmission measurements to the same portion of the 
ice sheet. The most desirable scenario is to perform the same physical surface 
roughness experiments on two sections of the pond and likely separated by the 
gantry. The proposed schedule follows. 

Besides the microwave measurements (Onstott) the laser transmission 
measurements will need a complete set of ice physical property measurements. 
Emphasis is needed on characterization of voids and air bubbles in the surface layer 
and the brine features found in the lower ice layers (Gow and Perovich). 



The surface roughness modifications described by Onstott must be 
implemented in the surface area designated for optical measurements. Alternatively 
the laser beam transmission and spreading measurements could be perform on the 
same portion of the sheet provided that interference and obstructions imposed by the 
detector/scanner operations is not a problem. 

PROPOSED :MEASUREMENT SCHEDULE 

Activity Dates Description 

Installation 6-11 January System setup and calibration 

Smooth Ice Sheet 11-18 January Measurements of the 
Growth Study undisturbed ice growth for 

0-20cm with protection and 
maintenance of a smooth 

surface ( <0.05cm rms) 

Surface Roughness 21-28 January Maintainicesheetata 
Study constant thickness and change 

surface roughness from 
smooth (undisturbed) to 
rough in controlled steps 

DELIVERABLF.S 

The optical data will be integrated with both the physical data and microwave 
data sets to yield time series of coincident measurements of upward optical beam 
transmission and spreading, diffuse transmission, bottom reflectivity, microwave 
backscatter measurements (Onstott) at selected wavelengths and incidence angles, ice 
physical properties (Gow and Perovich) such as temperature and ice thickness 
measurements as a function of time and ice sheet thickness. For the growth study 
the time series will not likely be continuous but rather consist of a series of hourly 
ten minutes series. If coincident downward spreading measurements made by 
NUWC (Longacre) are available they will also be integrated into the deliverable. 
Quality of daytime beam transmission and spreading measurements will inherently 
be less because of the interference of ambient light. The best day to day time series 
will be collected during nighttime hours. During the surface roughness experiments 
optical, microwave, and physical measurement data will be gathered at each 
roughness step. A written data report will follow the CRRELEX experiments 
describing the datasets collected and instrumentation and procedures. 



DATABASE DEVELOPMENT 

A database is being developed at BRIM to support the entire community of 
scientists working on the Electromagnetic Properties of Sea Ice ARI. Plans call for 
the structural portion of the database to be ready in early Spring of '93. The 
database will span visible, infrared, millimeter, and microwave portions of the 
electromagnetic spectrum. A system of three separate databases is presently 
envisioned. (1) The investii:ator's meta database will contain descriptive information 
on experimental data, instruments, data collection times, data identifiers, status of 
processing, modeler's data needs, etc. This database will be essentially a catalog of 
available data and anticipated entries and will be organized by investigator. The 
meta database could become a source for preparation of periodic status reports. 
(2) The modeler's database will contain datasets used as input to forward and 
inverse models and also possibly the model prediction results. The modeler' s 
database can be visualired as the interface between the modelers and the 
experimenter's. The experimenter's can place specific datasets (e.g.dielectric and 
temperature profiles) into this database to support modelling activities. This latter 
database will be organized by wavelength group with indicators included to show 
sources (investigators) and relative time marks for of coverage for each entry. The 
modeler's database is the one that will be updated as new results are obtained and 
the one that would likely get published in a electromagnetic properties of sea ice 
monograph published during the last year of the ARI. (3) The experimenter's 
database will contain processed datasets and will be organized by experimenter, 
experiment, time mark, and parameter. Initially the layering might look something 
like Ken Jez.ek's measurements chart he presented at the ARI workshop. 

The database can be supported through INTERNET requiring minimal user 
costs and ease of data entry and retrieval operations. The recommended approach is 
to develop an E-MAIL database server which can be accessed by all investigators 
and ONR management. Other possible approaches include wide area information 
servers and anonymous FrP. With the E-MAIL approach a database use can simply 
send an E-MAIL message containing a series of data requests and data entries. Help 
files will be installed to guide use of each of the three databases. The database 
requests will be served automatically from a request que and return E-MAIL 
messages will contain the desired requests. If very large data requests( entries) are 
made it may be more appropriate to receive (send) the data on 8mm tape cassette. 
E-MAIL data entries will be held until they can be reformatted for entry in the 
database. 

This database can be up and running by April or May. This database is 
recognized to be an important component in the ARI. Suggestions for the structure 
are needed. It is vital that an agreed upon format be put into this plan. I would 
think it appropriate to begin populating the investigator's database as early as next 
April. 
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Research Plan for CRRELEX 93 and Later Years 

Scattering Physics in Microwave Signatures of Sea Ice: A Focussed Investigation 
Dale Winebrenner, PI, and T.C. Grenfell and L. Tsang, co-l's 

Prologue: Basic Theoretical Expressions and Characterb.ation Requirements 

The theoretical part of our proposal is based on (1) intercomparisons of two quite 
different volume scattering theories, many-layer strong fluctuation theory (SFf) and dense 
medium radiative transfer (DMRT), against an extensive common data set of characterization 
observations and scattering and emission observations, and (2) an examination of interactions 
between volume and rough surface scattering effects. Thus our work requires characterization 
of both the inhomogeneities in sea ice as well as surface roughness. Following is a brief and 
simplified overview of the fundamental equations for SFf, DMRT, and two classes of rough 
surf ace scattering models, together with specifications on accuracies needed in characterization 
for meaningful tests of scattering models, such as can be given based on cwrent knowledge of 
model sensitivities. · 

Note the following model summaries are by no means derivations; the reader should not 
expect that the results quoted are obvious from the background given. The summaries are 
given just to illustrate the main elements of the theory and results in some particularly simple 
cases. Leaming these theories from the ground up still requires a substantial effort with the 
literature. Note also that the notation is not constant or consistent between subsections below; 
rather, we have in each case used notation consistent with the original papers on each theory 
in the hope that this would cause the least confusion in further study. 

(Stogryn's) Many-Layer SFT Model 

Stogryn's SFf model computes (bistatic) scattering cross sections for sea ice , and from 
these the emissivity , assuming that the ice is isothermal, using Kirchhoff's law: 

7t/2 Jt 

ej(00 ) = 1 - 1Rj(00 ,4>0 )12 -
4 

1 
0 

J J sin0d0d4> [crj,.(0,q,;00 ,q,0 ) + cric0,q,;80 ,4>0 )] , 

1t cos 0 0 -Jt 

where e j (0 0 ,q,0 ) is the emissivity for polarization j = h or v , at nadir and azimuthal angles of 
observation 00 and q,0 , respectively, IRj 12 is the Fresnel power reflection coefficient for the 
same polarization, and cri(0,q,;00 ,q,0 ) and cr~(8,q,;80 ,q,0 ) are the incoherent (bistatic) 
differential scattering cross sections in the scattering direction 0, 4> for h- and v -polarized 
radiation incident from the direction 8

0
, q,

0
, respectively. 

Sea ice as a scattering medium is idealized by the model in the following way: 

(1) Microscopically, sea ice is pictured as consisting of pure ice in which prolate-spheroidal 
brine pockets and spherical air bubbles appear spatially randomly-occurring 
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inhomogeneities. All brine pockets are assumed to be of the same size and shape 
parameters, and all air bubbles are assumed to be of identical radius. These parameters 
are to be supplied from ice characterization measurements. Any dry snow on top the ice 
is thought as a collection of spherical ice particles embedded in air, each with the same 
radius. (We will consider only dry snow here.) This radius is also to be set according 
to independent characterization information. Typical brine pocket sizes are tenths of 
millimeters wide by roughly 1 millimeter long. Typical air bubble radii range from 
tenths of millimeters for first-year ice to millimeters for multi-year ice, whereas typical 
snow particle radii are on the order of a millimeter. 

(2) Brine pockets are sandwiched between ice platelets and thus aligned in individual sea ice 
crystals (which have dimensions of roughly 1 cm). This results in in a local tensor 
permittivity within each crystal. The orientation of crystals, however, is random, and 
thus the local tensor permittivity varies randomly from place to place in the sea ice. 
This fluctuation in the tensor permittivity is the source of volume scattering in the sea ice 
in this model. Volume scattering in snow is due to the spatial fluctuations in permittivity 
between ice- and air-filled spaces. 

(3) The macroscopic properties of the ice and any overlying snowcover are assumed constant 
in any horizontal plane, but may vary arbitrarily in the z-(i.e., depth-) direction. This 
allows realistic treatment of measured depth profiles of ice salinity. and other properties. 
The current implementation of the model treats as may as 30 distinct layers, each with 
differing ice or snow properties (but within which properties are assumed constant). It is 
assumed, however, that the macroscopic properties display no horizontal anisotropy -­
that is, there is no preferred horizontal direction associated with or defined by the ice or 
snow properties. Thus, for example, the prolate-spheroidal brine pockets generally have 
their major axes tilted away from vertical, all in a given direction within a given crystal. 
However, the random orientation from crystal to crystal causes a macroscopic azimuthal 
isotropy. Note, though, that the vertical elongation of the brine pockets does lead to a 
dielectric anisotropy (i.e. a mean dielectric tensor), with a vertical preferred direction. 

(4) Scattering from rough interfaces above or within the ice and snow can be neglected -- at 
least, the the model does not treat any such scattering. 

The spatial and angular distributions of the electric field vector, E, are determined from 
the following wave equation for E within the random medium: 

VxVxE - k2 K E = o (2) 

Both the electric field and_ die~tric _tensor _K ~e ex~ressed as the sum of mean and 
(spatially) fluctuating parts, E = Em + E, and K = K 0 + K, . 

The essential tasks are to compute the mean (coherent) electric field and the incoherently 
scattered field. The bilocal approximation is used to compute the mean field, which, under 
this approximation satisfies the wave equation: . 

VxVxEm -[k2 K0 + J d3r'<~(r)G(r-r')~(r')>]Em =0 (3) 
z'<O 

The tensor Green's function G is specified by requiring that it satisfy the wave equation 
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VxVxG(F-r) - k 2K0 G(r-r) = O(r-r) . (4) 

Note that the mean field depends on position (and, in particular, on depth) within the ice and 
snow. ~ is a second rank tensor related to the randomly varying (most generally, tensor) 
permittivity, K (F), at a point F in the random medium by the relation: 

~(F) = k 2[Ko(F)-K(f)] [ l+S k2[Ko(f)-K(F)] ]-l ' (5) 

where S is a tensor that depends on the shape of the corr~lation func~n for permittivity 
fluctuations, that is, on the so-called exclusion volume (e.g., S = - [ 3 k 2 K0 r 1 in the case of 
a medium with spherically symmetric correlation of permittivity, such as the collection of 
jumbled ice spheres used as an idealization for snow in this model). This relation is a 
consequence of the defining relation for ~. namely 

<~> = 0 (6) 

For plane wave illumination of the kind of random medium specified above, the mean 
field also turns out to be a plane wave with an effective propagation constant (depending only 
on depth, z) 

Ke11(z) = K0 (z) + k-2 J d3r'Jdx Jdy <~(F)G(r -r')~(r)> 
z'<O 

(7) 

The ensemble averages indicated above are averages over different configurations of the 
scattering medium. For media with spherically symmetric permittivity correlation functions 
(e.g., snow), this means just averaging over different positions of inhomogeneities. For sea 
ice, however, this averaging also includes an averaging over the orientations of the equi­
correlation surfaces to model the large scale azimuthal isotropy, even in the presence of 
elongated brine pockets tipped away from the vertical direction. 

Computation of the correlations between elements of ~ indicated in equation 7 boils 
down to to a computation in terms of correlation functions (as functions of spatial lag) 
between elements of K. These may be inferred from direct measurements of the correlation 
function of the spatial pattern of ice and brine, such as those obtained by D. Perovich of 
CRREL. In Stogryn's model, however, these correlation functions are themselves calculated 
based on the ice temperature, salinity and density at a given depth, together with assumptions 
about the geometric configurations of brine pockets and air bubbles in the ice, and ice grains 
and water inclusions in (generally wet) snow. Thus independent information about brine 
pocket sizes, shapes, inclinations and so on can be used 1) to set these parameters directly in 
Stogryn's model, and 2) to check the correlation functions for elements of K computed by 
Stogryn's model. 

Note that Equation 6 in fact determines K0 , the quasi-static dielectric tensor of the 
random medium. For snow, this formula retrieves the Polder-van Santen formula for 
dielectric mixtures. 

It remains then to compute the incoherent scattered field. This version of strong 
fluctuation theory accomplishes this via the distorted Born approximation, i.e., by assuming 
that the incoherently scattered field is made up predominantly of contributions scattered 
directly out of the coherent field (but subsequently re-scattered -- this limits the strength of 
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scattering that can be treated using SFf, but the severity of the limit is difficult to estimate 
theoretically). 

E,(f) = - J d3r'G(r-r)~(r)Em(r) 
z'<O 

(8) 

Various ensemble averages of the scattered electric field for certain choices of illumination 
then determine the reflection coefficients and scattering cross sections. 

In the most general cases treated so far by Grenfell, the effective permittivity takes the 
form 

(9) 

For snow, the off-diagonal terms in this tensor are zero. 

With Ket/ in hand, the reflection c~fficients for horizontal- and vertical-polarization can 
be computed. In the special case where Ke// is not a function of depth, these are given by 

cos90 -(K11-sin290 )
112 

R1i(90 ) = 
2 112 

(10a) 
cos90 +(K11-sin 90 ) 

and 

(lOb) 

respectively, where 

(lOc) 

The general form for the scattering cross sections according to this model is given by an 
integral expression of the form 

cr2',(9,c!>;90 ,cl>0) = C(k,0,c!>,00,q>0 )· (11) 

0 0 

J J dz' dz" fa (z ') f; (z ") Abb (z ') A;b (z ") W (k0x -kx .koy -ky ,z <z '') -
where a and b denote the receive and transmit polarizations, respectively, the f's are 
associated with the mean electric field, the A's with the_Green's tensor G, and W is a Fourier 
transform of the a correlation function associated with K. The wavenumbers in the argument 
of W are given by kx = k sin9coscl>, ky = k sin9sinq>, and k0x = k sin90 cosq>0, 
koy = k sin90 sincl>o . 
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The most illustrative case is that of a single, optically thick (i.e, effectively infinitely 
thick) layer of snow for hh-polarization. In this case, the quasi-static and effective 
permittivities collapse into scalars K0 and K 1, respectively. Then we have 

l+Rh (00 ) 
2 

[K
0 

-sin20] 112 -cos0 
(12) 

RE { [-<l(K0 ,9)-g (K ,,00 lr1} .t H (v n ,p(I.) J 1£a' (K0 ,9).g' (K 1,80 ),p(I. )] 

where vn is the volume fraction of component n and n=l denotes pure ice, n=2 denotes 
water, and n =3 denotes air, ln is the correlation length of the spatial pattern of inclusions of 
material n , and where 

(13a) 

(13b) 

(13c) 

(13d) 

and 

a(K0 ,0) = -ik (K
0 

- sin20) 112 (13e) 

As for which of these parameters really matter (under what circumstances), the reflection 
coefficients are primarily determined by the elements of Keff and their depth dependence, 
except when scattering is strong, as in very bubbly multi-year ice. The backscattering cross 
section, however, is very sensitive to the size of brine and air inclusions in the ice and ice 
grains in the snow. The cross section goes approximately like 13, where I is the characteristic 
scatterer size. This means that if scatterers cover a range of sizes, the larger scatterers are 
much more important in determining the amount of microwave scattering. Note that brine 
pocket sizes in particular depend strongly on temperature, and perhaps on salinity. 
Information on their size and geometric characteristics, as functions of depth and the ice 
growth history, is sorely lacking. 

Dense Medium Radiative Transfer Theory (DMRT) 

Dense Medium Radiative Transfer theory is derived directly from Maxwell's equations 
by way of a well-defined, self-consistent set of approximations (unlike classical radiative 
transfer, which is heuristically derived). The final form of the theory is identical to that of 
classical radiative transfer except that the extinction coefficient and single-scattering albedo 
are related to the physical properties of the scattering medium differently than are the 
analogous quantities in the classical theory. 
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The key physical effect addressed by DMRT is the following: in snow and sea ice, the 
fractional volume of the scatterering material occupied by the scatters themselves (i.e., ice 
grains in snow, air bubbles in sea ice) is typically large, ranging from a few percent to 40%. 
In such cases, the positions of neighboring scatterers are no longer independent (as they are in 
the sparsely populated random media to which classical radiative transfer applies), but rather 
crowd each other into correlated positions. At microwave frequencies, where the correlation 
length of particle positions is typically small compared to the wavelength, this correlation 
leads to interference between scattered field contributions due to different scatterers, even in 
the ensemble average over scatterer positions. This interference typically reduces scattering 
below what would be expected if each scatterer contributed independently. Thus the 
extinction and albedo in DRMT depend on the pair correlation function of particle positions 
(the dependence will be shown explicitly momentarily). Because the form of the theory is 
identical to that of classical radiative transfer, for which several solutions of the multiple 
scattering problem are known, we can solve DRMT including multiple scattering of the 
incoherent field. This turns out to be important in high albedo cases and stands in contrast to 
the restriction on SFf due to the distorted Born approximation. DRMT is also fully 
polarimetric. 

The price for these advantages is a set of restrictions on scatterer size and shape and the 
geometric configuration of the scattering medium. The theory is limited to spherical scatterers; 
this means that we can realistically treat scattering in snow with reasonably spherical or 
irregular crystals, but perhaps not very dendritic crystals, and scattering the air bubbles in 
multi-year sea ice, which are roughly spherical, but not from elongated brine pockets in first­
year ice. This suggests that the strengths of DRMT will prove to be complementary to those 
of SFf. This limitation is fairly fundamental . 

The present implementation of the theory is limited to Rayleigh scatterers -- the spheres 
must be smaller than about a sixth of the radiation wavelength -- but accounts for a 
distribution in the sizes of such scatterers. The present implementation is also limited to 
scattering media that can be realistically idealizes as consisting of two or fewer plane-parallel 
scattering layers. We are presently working to ease both these restrictions. 

With that said, the fundamental equation in DMRT is 

a- . 1C ro n 2:1t -
cos0 f (~.9.cj>) =-Ke /(z ;0,q,}+ _

4
e J d0' sin0' J dq,' P·f(z ;0',f) (14) 

z 7t 0 0 

where f is the Stokes vector 

- 1,, I fv I 
I (z ;0,q,) = ~ (15) 

The phase matrix P is identical to the classical Rayleigh scattering phase matrix 
(appropriately normalized). The extinction coefficient, Ke, is related to the effective 
propagation constant of the coherent wave, K, according to 
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(16) 

and the effective propagation constant is found according to the quasi-crystalline 
approximation with coherent potential (QCA-CP); in practice these means solving a non­
linear algebraic equatio~ for K numerically. For the case of scatterers of a single size, this 
equation is 

K2 = k2 E, +I k2 (E,-E,) [I+ k2(1-~::·-£,) r (17) 

x l+i ~ K a3k2 (t,-E,) [I+ k2(1-~~~,-£,) r [1+411n. I dr r2(g(r)-I)]) 

where a is the (spherical) scatterer radius, n0 is the number of scatterers per unit volume, and 
f =no47ta 3/3 is the fractional volume of the scattering medium occupied by scatterers. These 
quantities must be specified by independent characterization measurements to test the model. 

The quantity g in equation 16 is the pair correlation function, defined as the conditional 
probability of finding a scatterer at radius r provided a scatterer is located at r =O, per unit 
volume of scatterer material. In practice, we use the Percus-Y evick approximation for g and 
non-interpenetrating, but otherwise non-interacting particles (this approximation was first 
developed in the study of molecular physics of fluids - we regard it as a reasonable 
approximation to the pair correlation functions in snow and sea ice in the absence of better 
approximations based on observations). In this approximation, 

~ 4 

1+41tn
0 
J dr r 2(g (r)-1) = (1-/) 
0 (1+2/ )2 

(18) 

Having solved for the coherent field effective propagation constant, the single scattering 
albedo Ci> in equation 15 is given by 

k2 (£,-£,) [I+ k 2(1-~::·-£,) r 2 

[1+411n. I dr r 2(g (r )-1) l . (19) 

The transport equation 15 must be solved numerically for the vector of Stokes parameters of 
radiation emerging from the scattering medium. Thus there is no closed form expression for 
the scattering cross sections or brightness temperatures. However, once the transport equation 
has been solved for a specified incident polarization, the scattering cross sections can be 
expressed in tenns of the Stokes parameters according to 

crg(0,cp,00 ,cp0 ) = 47tcos0/;(0,cp) (20a) 

where i = h or v for vertical polarization incident in the direction (0
0 

,cj>
0 

), and 

cr;i (0,cp,00 ,cp0 ) = 47tcos0 I; (0,cp) (20b) 
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for horizontal polarization incident in the direction (90 ,q,0 ). The reflection coefficients are 
computed via the usu~l Fresnel formulae from the effective propagation constants in the 
scattering media. The emissivity of the medium can then be computed according to 
Kirchhoff's law (equation 1 ). · 

This scattering model is, like SFf, highly sensitive to scatterer size. Because Rayleigh 
scattering is so size dependent, even just a few large particles (per hundred in a size 
distribution of particles) can dominate the scattering response of the medium. Thus it is 
especially important that ground truth measurements characterize the sizes and relative 
abundances of even the largest, though rare, particles (ice grains in snow, air bubbles in sea 
ice). The total fractional volume occupied by scatterers, which is proportional to ice or snow 
density, is also important, but is a less sensitiv~ parameter. Snow wetness and salinity in the 
upper layers of multi-year ice are also sensitive parameters. Unfonunately our knowledge of 
model sensitivities is insufficient to make these statements quantitative at this time. 

Rough Surface Scattering Models · 

The classical rough surface scattering models are based on the following idealized 
physical picture of sea ice -- the ice is assumed to be equivalent to an infinitely-thick slab of 
dielectric material with some (effective) scalar, relative dielectric constant (derived in some 
unspecified way from the actual, tensor permittivity profile in the ice). 

With these assumptions, the classical Bragg-scattering (i.e., lowest-order penurbation 
theory) for the backscattering cross section is given by 

crB = 161tk4 cos4 9Ia;/9)12 W (2k sin9 , 0) , (21) 

where 9 the angle of incidence, W is the power spectrum of surface roughness defined in 
terms of the correlation function of surface heights p(x ,y) = <! (xo+x ,y0+y)/ (x0,y 0)> . 

(22) --
(we have for simplicity chosen the coordinate system such that the plane of incidence 
coincides with the x-z plane), and where 

and 

E -1 
aHH (9) = ' =-Rh (9) , 

[cos9 + (E, -sin29 )112 ]2 

(E,-1 )[ (E, -1) sin29+E,] 
aw(9) = -------­

[ E, cos9 + (E,-sin29 )112 ]2 

aHV (9) = avH (9) = 0 . 

(23a) 

(23b) 

(23c) 

Note that this lowest order result does not depend on the form of the probability density 
function for surface height -- it holds as well for Gaussian surfaces as for non-Gaussian 
surfaces. However, higher order penurbation, which is needed to compute cross-polarized 
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backscattering and changes in emission due to surface scattering, does rely on an assumption 
that the surface height statistics are Gaussian. 

Because the surface roughness spectrum is central in all perturbation theory results, the 
essential characterization input =needed for testing surface scattering models is this--spectrum. 
Perturbation theory typically predicts significant backscattering for standard deviations of 
surface height even l/20th of the radiation wavelength, so the height profiles used to estimate 
the spectrum should be accurate to at least 'A/20. The relevant spectral wavenumber in the 
equations above is roughly 2k (or less), so we need horizontal sampling sufficient to resolve 
spectral components of spatial wavelength All or better. This requires (for Nyquist sampling) 
a horizontal resolution in our-height profiles or°/../4 or better.· For A. = 3 cm (corresi}onding to 
X-band), these requirements come out to a height accuracy of 0.6 mm or better and a 
horizontal resolution of 7.5 mm- or better. Obviously in connection with higher-order 
perturbation theory and the other models mentioned below, we should also collect a sufficient 
number of independent sample of surface height to test the assumption of a Gaussian surface 
height distribution. · ··' · · · ' 

The classical physical optics models (of which there are several, all slightly different, in 
the electromagnetic case), all assume similar forms for the like-polarized scattering cross 
sections: 

ff dXlJy cos2(k x sin8 coscj> + k y sin8 sine)>)· 
00 

(24) 

[ex~ -(kh )2( cos0 0 + cos0)2 
[ l-h-2p(x ;y )) }- exp[-(kh )2 cos2(b: sin0coscp + ky sin0sincp) 1] 

where ii = hh or w , p is the same surface height correlation given above and h is the 
standard deviation of the surface height variations. Note that F depends only the incidence 
and scattering angles, polarization, and dielectric properties of the surface. This form holds 
only for Gaussian surface height statistics. Analogous forms for a few special cases of non­
Gaussian height statistics are known but have not been widely used. Sampling requirements 
for adequate estimation of p in this case are comparable to those given above for sampling to 
test conventional perturbation theory. 

More modem models typically assume Gaussian stats for analytical averaging. In these 
cases, the spectrum (or correlation function) is is the only additional surface characterization 
needed. Since such theories must reduce in appropriate limits, requirements should be same, 
at least approximately. 

Outline of Theoretical Work for FY93 (CRRELEX 93) 

I. Generalize many-layer SFf to compute fully polarimetric signatures 

II. Begin work to extend DMRT into Mie scattering (i.e., the larger scatterer 
or, equivalently, higher frequency) regime, using both analytical 
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and Monte Carlo simulation methods 

ill. Compute rough surface boundary condition matrices for use with 
DMRT, according to 4th order conventional perturbation theory 
(in preparation to study surface/volume scattering interaction) 

IV. Carry out a detailed comparison of SFf predictions with 
observations for flat congelation ice grown in CRRELEX 93 

V. Carry out a detailed comparison of signature observations for 
roughened ice surf aces created in CRRELEX 93 with available theory 

VI. NEW ITEM SINCE 1HE PLANNING MEETING: Investigate possible 
inversion of L-band reflection coefficient observations for 
flat, grey ice to directly estimate the permittivity tensor as 
a function of depth in the ice, together with Margaret Cheney, 
Dave Isaacson, and Ken Golden -- Initial effort will focus on 
numerical experiments using a forward signature model by 
Winebrenner and various inversion methods. Our aim is to 
show feasibility and likely usefulness of an actual, physical 
experiment that could be performed as part of CRRELEX 94. 

Outline of Theoretical Work for FY94 and FY95 

I. Detailed intercomparison of SFf and DMRT, including especially 
snow-covered grey ice. 

Il. Study of interaction of surface and volume scattering effects on 
signatures, with the aim of developing tests for relative 
importance of each. 

ill. Investigate alternative ways to include roughness effects in SFf 

IV. Compare roughness scattering model predictions with observations 
for pancake ice 

V. Possible work on inversion of reflection coefficient and 
polarimetric backscattering observations using inverse theory 
(Joint with Cheney, Isaacson and Golden) 


