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Abstract: The motivation behind this study derives from the demand within industry for
bimetallic crystals of minimal defect in constituent distribution. One method of growing
such crystals is to draw the molten mixture through an enclosed ampoule in a Bridgman
furnace, and is a good technique for the production of Gallium Arsenide and other
semiconductors. The current difficulty with this production method is the radia
segregation of the constituents within the crystal caused by the formation of convective
currents within the melt during cooling. Experimental and numerical evidence suggests
that this convection takes the form of a single large eddy, the magnitude of which appears
to vary linearly with Gr, even for large Gr where nonlinear effects should become
important. In order to better understand, and possibly explain, this phenomenon, a
mathematical model was used.



I ntroduction

The Bridgman production method involves drawing the crystal constituents
through a furnace in order to create a uniform melt. This melt is then drawn through a
tube and allowed to cool such that the rate of crystal growth is equal to the speed at which
the ampoule is drawn through the tube. This alows the interface between the crystal and
the melt to be maintained at a constant position within the tube. For more detailed
information on the physical problem and Bridgman furnace crystal production methods
reference (Adornato and Brown' 1987) Temperature gradients, within the melt above
the crystal interface, drive the convection currents which lead to radial segregation of the
constituents within the crystal. This study will model the region above the crystal
interface as defined in figure 1, below.
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The modéel in figure 1, reflects the assumption of an axisymmetric container,
allowing the problem to be modeled as a 2 dimensional planar flow field over the domain

X= [0,1] and y= [O,¥ ). The non-dimensionalized governing equations for this case

are,
N = Pr(ug, +va,) (1)
NAw +Gra, = (uw, +w, ) @
Ny =-w ©)
2
Where, Pr =Y Gr =&gqx
a u

The boundary conditions for this problem are:
Along wall (x =1)
y =0 w=0 q, =be™ (bcl)

Along axis of symmetry (x = 0)

y =0 w=0 g, =0 (bc2)

Along crystal interface (y=0)

y =0 y,=0 q, =0 (bc3)
Limitas (y® ¥)

y =0 w=0 g, =0 (bc4)

Boundary condition (bcl) has been chosen such that the total heat flux across the
boundary x=1, is constant regardless of the value of b . It isaso important to note the

useof an w = 0 boundary condition at the wall. Previous work (Izadnegahdar® 2004) on
this problem utilized u =v =0 asthe wall boundary condition in solving a smilar model.
It has, however, been shown (Tanveer® 1994,Foster* 1997) that replacing the no slip



condition withan w = 0 conditionat the wall has little effect on the behavior of the flow
near the crystal interface.

Typicaly, in semiconductor melts, thermal conductivity dominates viscous
diffusion, resulting in Prandtl numberson the order of 10°% to 102 (Kin? 1996). For this
reason the Prandtl number will be set to zero for this investigation. With Prandtl number
set to zero, equation (1) becomes simply,

~

N°g =0 4
The Grasshoff number is, however, quite large for this case. Previous numerical
work on this issue has found that the vorticity varies linearly with Gr up to values of
order 10°. While this trend makes sense for small Grasshoff numbers, the fact that u, v,
and w areall proportional to Gr, means that the right hand side of equation (2) should
be proportional to Gr?. Thusthe linear relation between vorticity and Gr should not
hold for large values of Gr .
In order to resolve this apparent contradiction, this study will attempt to solve for
the flow field at small Grasshoff number by approximating w andy as power seriesin
Gr.

w =w,Gr +w,Gr? +w,Gr® +w,Gr* + ...

y =y ,Gr+y ,Gr?+y ,Gr®+y .Gr* +...

Substituting into equations (2) and (3), and equating powers of Gr, the following
relations are attained.

N*w, =-q, (5
NAW, =y 6, Wo, - ¥ 6Wo, (6)
N =-w, (7)
Ny, =-w, ©)



Temperature Gradient

From equation (4),
N%g =0
Then by taking an x derivative, arelation for the temperature gradient is obtained.
N7, =0 9

X

The general form of the solution is given by,

¥
gy = xbe’™ + § A, dn(npx) (10)

n=1

By substituting, (10) into (9),
nét_l ?\f - np’A, gs'n (npx) = - xb%e™™ (11)
Also, the sine series representation of —x is,
- x=a i( 1)" sin(npx)
np
Equation (11) can therefore be written as,

¥
a@ -np Aﬁsn (npx) =& i( 1)"b % * sn (npx)
n=1 np

n=1

Then by equating coefficients, a differential equation in A, is obtained,

Alz - n?p2A, = i( 1)"b %™ (12)
np

The genera solution for A, is,

2(-1)"b?®

= e™+Ce"™
A, np(bz_nzpzj n



Thus,

5 i}
q, = xoe’ by+a_ (é_(—)np f)z) bp e‘by+Cne'"py§sin(npx)

Imposing boundary condition (bc3) on (13),

gi( 1)"b sin (npx +§§—(—)2-2 +C, Fsn(npx)
n=1 NP n=1 @8NP b —np @

Then by equating coefficients,

Therefore,

C.=: 2(- 1)"npb
b?- nzpz

The complete solution for the temperature gradient is then,

3 2.2 -
@ b gw_ _MpD & ™ Zsin (npx)

><beby+o
% a p b*- n’p? b?-np? 5

(13)

(14)



Solution for w,

With the solution for g, known, w, can be found from equation (5).

Let w, be represented by the infinite series,
3 :
wo = (G, )sin(npx)

n=1

Equation (14) can be rewritten in the form,

2A- 1)"npb

¥
6. =8gl”- ey 9=

np

n=1

Equation (5) can then be rewritten as,

5 §n2 - n%2G, 9%sin(npx) = 5 gl(e‘ Y g by )sin (npx)
o o

n=1
Equating coefficients to arrive at a differential equationin G,
G, - np?G, =g,le™ - e )
The genera solution of (16) is,

G=Ce™w. % yaw_ G vy
n nt 2np b?- n%p?

The general solution for the w,, is then,

— g - npy gl - Npy gl -byi.j-
W, = %3 e -—Yye - ———— € 7 Z9n{npx
0 ag nl an y b2_ r,|2p2 0 ( p )

n=1

(15

(16)

(17)



Solution for y
The relation between the stream function, y ,, and w, is given by (7),
NQY o= "W

Lety , berepresented by the infinite series,

¥

yo=a (F,)sn(npx)

n=1

Then,
’F Qg ) = 3 oy 9 by 9, by O (npx)
n snnx e™w. Z ye™w. ___F1___a Ygn(npx
a ? p p 2.1 nl an y b2 _ n2p2 B p
Equating coefficients to attain a differential equationin F,_,
2 g9 n g ' - n
F, - np’F, = 2 1p ye b?- ;2pze V- Cue™ (18)
The genera solution of (18) is,
_é eC g 6, @09 06.U g b
|:n_ o+ nl s 1 =Y LT - S— L
8(:2 QZ”D 8np° g e8n ‘g He (b - n2p2)2

The general solution for y , isthen,

g R a&C, 0 0, @0 0.U_ o 0.
) 2 ® ) + e™3§n(n 19
Vo TAL e G ap s S 7 (DA (nex) (19




W, =

According to boundary condition(bc3), y 0|y:O =0, which leads to,

— 9
Cr=- (bz- nzpz)z
Yy , then becomes,
¥ e 0 s U 0
— (;EC 9 érhl g 0‘ &0 0 B 0 e_by+s. n
Yo~ a o' npf 5 &2p &y e Byzg o of ;n(px)
=0 requires,
y=0
g G g g.b

Oz(bz_nzpz)Z 2np 8n3p3-(b2 n2p2)2

Therefore,
G. o _ g(b-m)
2rp 8’ [o2- nip?f

Y , then becomes,

a%% 9 9+8991(b-np) :

n=1 gé(b 2

Or by substituting ing,

- 9. 1)"robe 2_n%p2fo .0 o
Yo=a 22(])an 991+(np-b)y+€é08n#jyz_emy- by;sm(npx) (20)
nzlib -np ’% 8 P g g a
Then the final solution for w is,
¥ -1 "npb @nsps b-np +b2_n2p22 bz_nzpz 0 9
(2(2 ])2 22(}@ jnz 2(b)2_(n2 2) ) '( n )y;erw_e & (an) (21)
m(b?- rp?) & p p - p



Solution for w;

The second order terms have the relation given in equation (6),
Nle =Y oyWox =Y oMoy

Substituting the solutions for y , and w,, into (6),

= é é {Fn%mmp s'n(npx)cos(mpx)- FnGm¢np sn (rrpx)cos(npx)} (22

n=l m=1
Where,
6& 2_m2n2f0 0O 0
R 22( rob&, (no- by gﬁ)&lz D )ijzze'"’y e
n % 8 29 @ [}

G 26% e‘”py-& e-mpy_Le.by
m é ml 2mp y b2- m2p2 z
By switching the order of summation of the second term, and by

¥
substitutingw, = § (H, )sin (Ipx), the relation can be written as,

=1

¥

¥ ¥
A8 1D, Snipd=4 & | &5, - .6, snlpoodmed) - @3
I=1 et me | € t
-S-R ¢ @m
=aaizr G- F.G, (sn(n+m)+sn(n m))}
et met | © "8 2

Multiply by sin(Ipx) and integrate to get the relation,

HI - |2pZHI aalel: G Gnq:l;lm(dmml-'-dn-ml)}
18 g2 ' '

n=1 m=

-1

P& ,b,.-Fo m¢9+a —ﬁfe FiGin (29

7 Qo;

1

10



M- 1ptH, = 8 ) Gy +ayraletmre(gy +Qy +Gy+G e +p

G +(Gy? + Gy +G, ol b (29)
L Liley+ay+GE ™+ Gy Gy’ vGy G Y
al _2by (b+1+m)p)y
(G +(Gy* +Goy+ G.Je !

Because equation (25) is linear, a particular solution can be found for each of the
terms in the summation leading to the solution given in (26). The definitions of the
F coefficients where determined using Maple, and the Maple program output has been
attached as an appendix. The solution generation procedure involved solving for each
particular solution individually utilizing the Maple ODE solver. The particular solutions
had to be found individually because of prohibitively long computation times required to
solve the entire ODE at once. Thisis allowed since the problem is linear. The solution of

25isthen given by ,

H Zelw+|al}( Y F YR T H(F P+ Fy oy +F Y 4
it

”Flf( ) by"'( 9y2+F10y+F J.)e (oAt %r:l m

ta

$H(F .y +Fy+FoJe ™ +(F 4y3+F5y2+Fey+F k! o
i (FoJe 2 +(Foy? +F oy +F o, Je 0o

n=l+m

The solution for w, then becomes,

é‘% [ 1T( 1)/2+F2y+F ) (b+np)y+( F.y '|'|:5y3+|:ey2 +F7y)3 i 9

gzle|w+é%( ) 2bY+( y2+F 0y+F l)e b+{I-mp)y A _m+

§C L :
R sar{npy  (26)

n:lg-'-g} (F1y2 +Fy+F;le ) ; (b+rp) Y+(|: y3+ F5y2 +F6y+F7) -(I+2mjpy +'|J —

g m:lf(F ) s 2ty +( 9y2 +F, y+F )6 J) (b+{1+mp)y E‘:“m B

Where the definitions of the G, F , and h coefficients can be found in appendix C, as
determined by the Maple ODE solver.
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Solution for y

The relation between the stream function, y ,, and w, isgiven by (7),

N7 1= "W
Lety, berepresented by the infinite series,
3 :
y.=a (K)sn(px)

=1

Substituting the solution for w, and the form of y , into (7),

K2-|2p2K =.ze™. al( Y Ry +F ) (b+np)y+( A% +F5y +F oy +F7Y)elpy+U
I |

mzlf(F )e 2by+( 9y2+F10y+F11k oll-mo gnzl—m
_gl( y+F y+Fkb+mp ( y+Fy+F y+F kl+2mw+p
mzl%( ) - 2by +( Foy +F10y+F11k Pe{emie)y E;n =l+m

Again, the solution for K, was found using the Maple ODE solver and the Maple
output has been included as an appendix. The solution for K, was found to be,

K ={z,+2)6™ +&) g1y i,y shi ™™y sy sy +hy Hhyyle™ 4+
2723 ( )e3”+(m03f+h]y+mz)e b+{-mp)y Eﬁ_m 27)

(h y +h y+h )3 b-+mp)y +(h y +h RY 24+h y+h ) - (1+2m)py +1;l
)

g1
tal {l+m \
m=t ] Zby"'(h y +h10y+h11)  (blmb )y gn:Hm

12



Applying the boundary condition y |y:O =0, (bc3), equation (27) becomes,

-1
0=z, +é. {hg +hg +h12}

mF1

r=l-m

¥
+a ths +h, +hy+hy}
m=1

n=l+m

Applying the boundary condition y y|y:0 =0, (bc3), equation (27) becomes,

-1
0=2;- Ipz, +a{(h2+h8+h11)' ((rrp +b)13 +(2b}19+(b +lp - rmhlZ)}nzl-m
L

+é {(hz +hg +h10)‘ ((mp +b){'|3+(| +2mbh7 +(2b)18 +(b +Ip +mp}]ll)}n:|+m

The required valuesfor z, and z , arethen,

-1

Z, a{h +h +h12}n:| m” a{h +h; +hg +h11}

m=1 m=L

n=l+m

-1

Zszé.{((np +b - |p}13+(2b - |p)19+(b - n‘p)Hz)' 6"2 +hg +h11)}n=I—m

m=1
¥

a{((rm +b - |p}13 (an)h +(2b - |p)‘8+(b +mp)111)- (h2+h6+h10)}nzl+m

m=1

The exact Solution for y , isthen,

| By oy Je R,y sy sho ey e :
Ta I+(h )e (10y2+h11y+h12 s (oel-rib)y (h +h +h12)e i )’/ I
c%': A+((rrp+b |p}'3 (2b Ip)"g (b rrp)"lz (hz"'h +h11))yelpyl :
y,=al Prin - Jsinlipy)
i 1y ey hy e b 4y3+h y2+hey+h S .L.*
148 1+ ho)e™ + oy thiey +hy el sh +h+h, )& g

{1+ - ph (e, (2o- Ip)ws +(b+np - (n,+h +hm>)ye'%t.+m:|:§

13



Results
The solutions of both Y, and w, were calculated using a Matlab code (appendix

A) to compute and sum the first 50 Fourier series terms. Both solutions were plotted

together for b ={,7,1,10100}, in figures 1 through 5, and as can be seen, Y, and w,

are quite similar for small b values but become considerably lessso as b becomes large.
As b becomes large, the boundary condition (bcl) governing heat flux dictates

that the region of heat transfer becomes small in proportion to the width X. For this
reason the region of maximum vorticity migrates towards the corner of the crystal
interface and the outer wall as b isincreased. Notice that the vertical extent of the
solution domain is reduced in the plots for large b, asthe vertical extent of the flow
structures is also reduced at these b values.

Also, readily apparent, isaregion of zero vorticity located paralld to, and at
approximately a constant distance from, the crystal interface, a result of the no dlip
boundary condition (bc 3) imposed there. It is interesting to note that the vertical location
of this region appearsto beb invariant, at about Y =1 for all examined valuesof b .

F".-:i.I3I {bdue) and 'h'u'u {red) (beta=01]

10 ¢ |.| i' I..= ||| i :I. T —t I .III ill..l i ,il.l ot M
! | | 11
.. MR T A R ‘
| ! | 1 1 |

Fig1l
Y, and w, for b of %
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Fig4
Y, and w, for b of 10

Pl iblue) and W, (red) (beta=10)

Fig5
Y, and w, for b of 100

Psly (Dive) and W, (red) (beta=100)
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Because it is the cross terms, y W, - Y ,W,, , iN équation 6 which drive the

g
solution of Y, the value of these terms was computed to the 50" term in the Fourier
series and for aset of b ={,7,1,10100}. The calculation and plotting of these terms, as
depicted in figures 6 through 10, was done in Matlab (appendix B). The behavior of these
driving terms as afunction of b , was much as expected considering the heat flux
boundary condition imposed on the solution. As b isincreased, the location of the

maximum values of these driving terms migrates towards the corner of the crystal

interface and the outer wall.

Psigy "WxPSigy "W, (beta=.01)
2 T T T T T T T

Fig6
Y oyWox = Y oxWoy for b of 5
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PSi gy "WoxPSig"Wo, (beta=10)
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0.2
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Fig9
y OyWOX - y OXWOy for b Of 10

PSigy " Wox-PSigy "W, (beta=100)
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0.35

03

> 0.25

Fig 10
Y 0yWox =Y oW, fOr b of 100
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The solution for y ; was then calculated over the same range of
b ={5,4.110100}, and the results are given in figures 11 through 15. The calculation
of y , was also done in Matlab (appendix C) , however, the coefficient definitions in the
Matlab code were copied directly from the Maple ODE solver outputs. The solution of
y , appears to behave well for small b, but the solution, as computed, appears to become

unbounded whenever b in an integer multiple of p . This behavior is peculiar since the
solution of y, isdrivenby y , Wy, -y ,W,, , but the solution of 'y , w,, -y ,W,, does

not appear to be unbounded at these points, or even discontinuous.

Psi, (beta=.01)
2 T T T T T T T

181 —

16 o

1.4

081

06

04

02

Fig11l
y,for b of &
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Psi, beta=.1

1

o} 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig 12

Psi, beta=1

0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9

Fig 13
y,for b of 1
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Psi, (beta=10)

Fig14
y, for b of 10

Psi, (beta=100)
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0.8
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Fig 14
y, for b of 100
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In order to better understand the relative magnitudes of the solutions of y ,
Y 0yWox =Y oxWoy » @AY 4, the average absolute and maximum absolute value were

recorded and plotted versus b, for b ranging from % to 10. The results of this
calculationare depicted in figures 16 through 18.

The singular pointsin the solution of y ; can clearly be seenin figure 18, and, at
present, no explanation can be offered for there existence. The process of generating the
formulation of the solution using Maple and * cutting and pasting’ the output into Matlab
for computation was carried out in such away as to minimize any possible errors. As can
be seen in appendix C, however, the resulting code is quite complex and the values of the
coefficients vary widely in magnitude. It may be that the variation in magnitude of the
coefficients is beyond the machine accuracy of 15 digits, and therefore information is lost

during computations.

Psiy ws beta

10, . E e
{ | Maximum |
Mean |

Psi

1a* 1 - i L H i Lo i i i i L i £l
10 10 1a
beta

Fig 16
Maximum and Averagey , versus b
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This analysis finds that the order of the leading nonlinear term, vy ,, isindeed
substantially smaller than y ,. Theratioof y , toy ,, ison the order of 10°- 10°, for all
valuesof b lessthan one. It is not possible to generalize the results for b greater than 1,
asthe solution of Yy, isunbounded at multiple points on this interval. An investigation
into the genesis of these singularitiesin the solution of 'y, could help to better
understand the true behavior of y ; on thisinterval.

Qualitatively, the solution of y , appears to take the form of a single large eddy,
nearly centered within the solution domain. Varying the value of b isessentialy like

varying the aspect ratio of the ampoule of melt, and thus it appears as though the solution
of y , scalesin aspect ratio with the aspect ratio of the ampoule. Thisisin contrast to the

solution of y ; which appears to remain constant in aspect ratio regardless of the value of
b . Thesolution of y , is, however, qualitatively similar to y , in that the solution is

characterized by a single large eddy, roughly centered in width within the solution

domain. The solution of y , w;, -y (,W,, isdominated by three structures which vary

y
greatly in form and magnitude with variation of b . The solution of y , W, -y (,W,, does
appear to scale in aspect ratio to some degree, but not to the extent of y ,, and the shifting

relative locations of the solution extrema make it difficult to determine the degree of
scaling.
Considering the results for b lessthan one, it is clear that the effect of

nonlinearity in this range of problem aspect ratios is minute in comparison to the linear
solution. The reason for the smallness of the non linear effects may derive from the fact

that y , and w, have very similar solutions over thisrange of b , causing the forcing
term, y o Wy, - Y oWo, » t0 be small. Also, as noted earlier, the characteristic eddy in the
solution of y ;, does not scale with ampoul e aspect ratio, but rather appears to be located
nearly coincident with the region of zero vorticity noted in the solution ofw, . This seems

to suggest that the effects of nonlinearity, in this model problem, are largely confined to

this region and hence have little effect upon the overall circulation within the melt.
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Appendix A

Matlab Code for production of figures1 through 5

cl ear
bet a=100;
% - -Sol ve and plot WO---
pi =3. 1415926535898;
for x=1:1:101
for y=1:1:201
xc=(x-1)/100;
yc=(y-1)/100;
sun=0;
for n=1:1:50
sumEsumt2* (- 1) *n*n*pi *bet a/ (bet a*2-n"2*pi *2) *2* (((2*n*pi *(bet a-
n*pi ) +1/ 4* ( bet a*2- n"2* pi ~2) 2/ n"2/ pi ~2) / (bet a”2- n"2*pi *2) - (bet a"2-
n"2*pi 22) *yc/ (2*n*pi ) ) *exp(- n*pi *yc)-exp(-beta*yc)) *si n(n*pi *xc);
end
theta(y, x) =sum
end
end
xb=0:.01: 1;
yb=0:.01: 2;
[ Xa, Ya] =meshgri d(xb, yb);
contour( Xa, Ya,theta, 20,'r")
hol d
% --Sol ve and plot Psi_O---
for x=1:1:101
for y=1:1:201
xc=(x-1)/100;
yc=(y-1)/100;
sun¥0;
for n=1:1:50
sunmEsum 2* (- 1) *n*n*pi *bet a/ (bet a*2-n"2*pi 22) 23* (( 1+(n*pi -bet a) *yc+( ( bet a”2-
nA2*pi A2) 22/ (8*n”2*pi ~2) ) *yc”2) *exp(-n*pi *yc) - exp( -bet a*yc)) *si n(n*pi *xc);
end
theta(y, x) =sum
end
end
xb=0:.01: 1;
yb=0: . 01: 2;
[ Xa, Ya] =meshgri d( xb, yb) ;
contour (Xa, Ya, theta, 20,'b")
mex(max(abs(theta)))
title('Psi_0O (blue) and WO (red) (beta=100)")
x| abel (' X')
yl abel (" Y")
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Appendix B
Matlab Code for production of figures 6 through 10

clear
beta=100;
pi=3.1415926535898;
forx=1:1:201
for y=1:1:101
xc=(x-1)/200;
yc=(y-1)/200;
%---Determine Psi_y at each point
sumpsiy=0;
for n=1:1:200
sumpsiy=sumpsiy -2* (-1)n* n* pi* betal (beta’*2-n"\2* pi~2)"3* (( - betat+(n* pi* (betan* pi)+(beta*2-n\2* pin2)"2/(4* "\ 2* pin2))* yc-
(beta2-n"2* pin2)"2/(8* n* pi)* yc2)* exp(-n* pi* yc)+beta* exp(-betar yc))* sin(n* pi* xc);
end
%---Determine Psi_x at each point
sumpsix=0;
for n=1:1:200
SUMPSIX=SUMpPSiX -2* (-1)n* \2* pi"2* betal (beta*2 -n"2* pi~2)"3* ((1+(n* pi-beta)* yc+((beta*2 -
n2* pin2)"2/(8* n\2* pin2))* yc2)* exp(-n* pi* yc)-exp( -betar yc))* cos(n* pi* xc);
end
%---Determine W_x at each point
sumwx=0;
for n=1:1:200
SUMWX=SUMWX+2* (-1)An* n\2* pin2* betal (beta2-n"2* pin2)* (((2* n* pi* (betan* pi))/(beta2 -n2* pin2) 2+ 1/ (4* " 2* pin2)-
yc/(2* n* pi))* exp(-n* pi*yc) -1/(beta2-n2* pi”2)* exp(-beta* yc) )* cos(n* pi* xc);
end
%---Determine W_y at each point
sumwy=0;
for n=1:1:200
sumwy=sumwy+2* (- 1) n* n* pi* beta/(betal\2-n\2* pi~2)* ((2* "\ 2* pi"2* (n* pi-beta)/(beta2-m2* pin2)"2- 3/(4* n* pi)+yc/2)* exp(-
n* pi* yc)+betal(beta*2 -n2* pin2)* exp( -beta* yc))* sin(n* pi* xc);
end
theta(y,X)=sumpsiy* sumwx-sumpsix* sumwy;
end
end
xb=0:.005:1;
yb=0:.005:.5;
[XaY al=meshgrid(xb,yb);
contour(Xa,Y atheta,40,k")
max(max(abs(theta)))
title('Psi_0_Y*W_0_X-PSi_0_X*W_0_Y (beta=100)’)
xlabel ('X")
ylabel('Y")
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Appendix C
Matlab Code for production of figures11 through 15

pi=3.1415926535898;

forx=1:1:101
for y=1:1:201
xc=(x-1)/100;
yc=(y-1)/100;
sum=0;
for 1=1:1:10
%---Determine n=l-m summation---

sum1=0;

for m=21:1:1-1

n=I-m;

% --Lambdas--

Xml = -2*beta* m* pi* (-1) m/(beta*2-m"2* pir2)"3;

Xnl = -2*beta* n* pi* (- 1)"n/(beta2 -n"2* pir2)"3;

Xm2 = 2*betar m* pi* (betam* pi)* (- 1)"m/(beta2 -m"2* pir2)"3;

Xn2 = 2*beta* n* pi* (betan® pi)* (- D) r/(beta*2 -n"2* pin2)"3;

Xm3 = -(-1)"m* beta/4/m/pi/(beta’*2-m"2* pi"2);

Xn3 = -(-1)"n* beta/4/n/pi/(beta*2-n"2* pi"2);

Xm4 = 2*beta* m* pi* (-1)"m/(beta*2 -m"2* pi"2)"3;

Xnd = 2*beta* n* pi* (-1)"n/(beta2 -n2* pir2)"3;

Xmb5 = 2*peta* (- 1) m/(beta2 -m\2* pi~2)"3/m /pi* (2* m"3* pi"3* (betam* pi ) +(beta*2 -m"2* pin2)"2/4);

Xn5 = 2*beta* (- ) \r/(beta*2 -n"\2* pi~2)"3/n/pi* (2* " 3* pi*3* (betan* pi)+(beta2-n"2* pi~2)"2/4);

Xm6 = -beta* (1) m/(beta*2 -m"2* pi*2);

Xn6 = -beta* (-1)n/(beta'2-n"2* pi*2);

Xm7 = -2* beta* m* pi* (-1)"m/(beta2-m"2* pi*2)"2;

Xn7 = -2*beta* n* pi* (-1)"n/(beta2 -n"2* pi"2)"2;

% --Gammas—

Gammal = 1/2* m* pi* beta* Xn7* Xm3;

Gamma2 = 1/2* m* pi* beta* (Xn7* Xm2-Xnd* Xm6);

Gamma3 = 1/2* m* pi* beta* (Xn7* Xm1-Xn4* Xmb);

Gamma4 = 1/2* m* n* pi"2* (Xn6* Xm3-Xn3* Xm6);

Gammab = 1/2* m* pi* (Xm2* Xn6* n* pi+Xm3* Xn5* n* pk Xm6* X n2* n* pk Xm3* X n6+2* Xm6* Xn3-Xn3* n* pi* Xmb);

Gammab = 1/2* m* pi* (XmZ1* Xn6* n* pi+Xm2* X n5* n* pr Xm6* X n1* n* pk Xm2* Xn6+2* Xm5* X n3-
Xm5* Xn2* n* pi+Xm6* Xn2);

Gamma? = 1/2* m* pi* (-Xm5* Xn1* n* pi+Xm1* X n5* n* pi+Xm5* Xn2-Xm1* Xn6);

Gamma8 = 1/2* m* pi* beta* (Xmd* Xn7-Xnd* Xm?7);

Gamma9 = -1/2* m* n* pir2* Xm7* Xn3;

GammalO = 1/2* m* pi* (2* Xm7* Xn3+Xmd* Xn6* n* pi- Xm7* Xn2* n* pi);

Gammall = 1/2* m*pi* (Xm7* Xn2-Xm4* Xn6+Xm4* Xn5* n* pi- Xm7* Xn1* n* pi);

% --Phis-

Phil =((I-m)"2* (I+m)"2* pi*4-4* m* (I-m)* (I+m)* beta* pi*3+4* beta*3* m* pi+(6* M2 -
2*|"2)* beta\2* pi~2+beta*4)* Gammal/((I+m)* pi+beta)3/((mH1)* pi+beta)"3;

Phi2 = ((-4* (1"2-3* m""2)* beta* pi~2 -4* m* (-
m)* (I+m)* pi"3+12* beta\2* m* pi+4* beta*3)* Gammal+((I+m)* pi+beta)* (2* beta* m* pi+beta2+(m"2-
[72)* pi~2)* Gamma2* ((m+1)* pi+beta))/((I+m)* pi+beta)3/((m-1)* pi +beta)"3;

Phi3 =
((6* beta*2+12* beta* m* pi+(2* ["2+6* m"2)* pi*2)* Gammal-+((I+m)* pi+beta)* ((2* beta-2* m* pi)* Gamma2-+((I+m)* pi+
beta)* Gamma3* ((m+1)* pi+beta))* ((m-1)* pi+beta) )/((1+m)* pi+beta)*3/((m-1)* pi+beta)3;

Phi4 =-1/8* 1/I/pi* Gamma4;

Phi5 =-1/8* (2* ["2* pi"2* Gammad+4/3* pi”*3* |"3* Gammab)/pi"4/1"4;

Phi6 =-1/8* (3* pi* I* Gammad+2* pi"3* 1"3* Gammab+2* | 2* pi"2* Gammab)/pi4/1"4;

Phi7 = -1/8* (3* Gammad+4* pir3*1"3* Gammal7+2* pi\2* |1"2* Gammab+2* pi* [* Gammab)/pi4/I1"4;

Phi8 = 1/(-1"2* pi"2+4* beta*2)* Gammas;

Phi9 = (4* (I-1/2* m)"2* m\2* pi~4+4* beta*3* (I-m)* pi+4* (-3* I* m+H " 2+3/2* m"2)* beta“2* pi~2-8* (I-1/2* m)* beta* (I-
m)* m* pi*3+beta4)* Gamma9/(betam®* pi)3/((2* I-m)* pi+beta)"3;

Phi10 = ((8* (-3*I* m+I"2+3/2* m"2)* beta* pi~2-8* (I-1/2* m)* (I-m)* m* pi*3+4* beta3+12* beta“2* (I-
m)* pi)* Gamma9+(betam* pi)* (2* beta* (I-m)* pi+beta*2 -2* (I-1/2* m)* m* pi*2)* GammalO* ((2*-m)* pi+beta))/(beta
m* pi)*3/((2* km)* pi+beta)”3;

Phi1l = ((6* beta2+12* beta* (-m)* pi+( -12* [* m+8*|"2+6* m"2)* pi”2)* Gamma9-+(betam* pi)* ((2* beta+2* (I-
m)* pi)* GammalO+Gammall* (betam®* pi)* ((2* I-m)* pi+beta))* ((2* I-m)* pi+beta))/(beta-m* pi)*3/((2* I-m)* pi+beta)*3;

% —Etas-

etal = ((I-m)"2* (I+m)"2* pi~4-4* m* (I-m)* (1+m)* beta* pi*3+4* beta*3* m* pi+(6* M2 -
2*|"2)* beta2* pi2+beta4)* Phi 1/((I+m)* pi+beta)*3/((m-1)* pi+beta)"3;

28



eta2 = ((-4* (1"2-3* "2)* betar pir2-4* m (-
M) (1-+m)* pin3+12* beta2* i pi-+4* beta3)* Phi L+((1+M)* pi-+beta)* (2* beta m* pi-+beta2+(mn2 -IA2)* pin2)* Phi2* ((m-
1Y pi-+beta))/((1+m)* pi+beta) \3/((mH)* pi+beta)3;
a3 =

((6* beta*2+12* beta* m* pi+(2* ["2+6* m"2)* pi”2)* Phi 1+((1+m)* pi+beta)* ((2* beta+2* m* pi)* Phi 2+((1+m)* pi+beta)* Phi
3* ((m-1)* pi+beta))* ((m-1)* pi+beta))/((I+m)* pi+beta) *3/((m-1)* pi+beta)"3;
etad =-1/10* 1/I/pi* Phi4;
etab =-1/10* (5/4* 1"4* pi~4* Phi5+5/2% | 3* pi~3* Phi4)/I1"5/pi5;
etab =-1/10* (5/4* |* (2* I"2* pi~2* Phi5+4/3*|"3* pi~3* Phi6)* pi+5* ["2* pi”2* Phi4)/I"5/pi"5;
eta7 =-1/10* (5/4* I* (3*I* pi* Phi5+2* |11 2* pi~2* Phi6+2* |"3* pi~3* Phi7)* pi+15/2* I* pi* Phi4)/|"5/pi"\5;
eta8 = -1/10* (15/2* Phi4~+5/4** (3* Phi5+2* Phi 7% 172* pi~2+2* |* pi* Phi6)* pi )/I"5/pi”5;
etad = -1/(1"2* pin2-4* beta*2)* Phi8;
etal0 = -1/2* (m"2* (I-1/2* m)"2* pi~4+beta*3* (I-m)* pi+(3/2F m"2-3* |* m+H"2)* beta*2* pi~2-2* (I-m)* m* beta* (I-
1/2* m)* pin3+1/4* beta*4)* Phi9/(m* pi- beta)3/((1-1/2* m)* pi+1/2* beta)"3;
etall = -1/2* ((2* (3/2* m"2-3*I* mH"2)* betar pin2 -2* (I-m)* m* (I-1/2* m)* pi~3+beta*3+3* beta*2* (I-m)* pi)* Phi9+(m* pi-
beta)* ((I-1/2* m)* pi+1/2* beta)* (-beta* (I-m)* pi-1/2* beta2+m* (1-1/2* m)* pi~2)* Phi 10)/(m* pi- beta)3/((I-
1/2* m)* pi+1/2* beta)"3;
etal2 = -1/2* ((3/2* beta*2+3* beta* (1-m)* pi+(-3* I* m+3/2* m"2+2*|"2)* pi"*2)* Phi 9+(m* pk- beta)* ((I-
1/2* m)* pi+1/2* beta)* ((-beta (I-m)* pi)* Phi10+Phi 11* (m* pi-beta)* ((I-1/2* m)* pi+1/2* beta)))/(m* pi- beta) *3/((I-
1/2* m)* pi+1/2* beta)"3;

suml=suml+((etal*yc 2+eta2* yc+eta3)* exp(-
(betatm* pi)* yc)+(etad* yc\S+etab* yc+etab* yc\3+etar* yc 2+eta3* yc)* exp(-1* pi* yc)+etad* exp(-
2*beta* yc)+(etal0* yc2+etal 1* yc+etal2)* exp(-(betat(I-m)* pi)* yc) -(eta2+(1* pi- (betat+m* pi))* eta3+eta8+(1* pi-
2*beta)* etaQ+etal1+(m* pi-beta)* etal2)* yc* exp(-I* pi* yc) - (eta3+etad+etal 2)* exp(-1* pi* yc));
end
%---Determine n=I+m summation---
sum2=0;
for m=1:1:10
n=I+m;
% --Lambdas--
Xm1l = -2* beta* m* pi* (1) m/(beta*2-m"2* pir2)"3;
Xnl = -2*beta* n* pi* (-1)"n/(beta2 -n"2* pi"2)"3;
Xm2 = 2* beta* m* pi* (betam* pi)* (- 1) "m/(beta2 -m"2* pi"2)"3;
Xn2 = 2*beta* n* pi* (betan* pi)* (- 1) n/(beta\2 -n"2* pir2)"3;
Xm3 = (-1)"m* beta/4/m/pi/(beta*2-m"2* pi"2);
Xn3 = -(-1)"n* betal4/n/pi/(beta\2-n"\2* pi~2);
Xmd = 2*beta* m* pi* (-1) m/(beta2 -m"2* pir2)"3;
Xnd = 2*beta* n* pi* (-1 n/(beta2 -n"2* pin2)"3;
Xmb = 2*beta* (- 1) m/(beta*2 -m"2* pir2)"3/m/pi* (2* m"3* pi~3* (betam™* pi) +(beta*2 -mn2* pir2)"2/4);
Xn5 = 2*betar (- 1) n/(beta*2 -n2* pi~2)"3/n/pi* (2* "\ 3* pi3* (betan* pi)+(beta*2-n"\2* pi~2)~2/4);
Xm6 = -beta* (-1) m/(beta2 -m"2* pi"2);
Xn6 = -beta* (-1)"r/(beta*2 -n2* pi*2);
Xm7 = -2*beta* m* pi* (-1)"m/(beta2-m"2* pi"2)"2;
Xn7 = -2*beta* n* pi* (- 1) n/(bete*2 -n"2* pin2)"2;
% --Gammas-
Gammal = 1/2* m* pi* beta* Xn7* Xm3;
Gamma2 = 1/2* m* pi* beta* (Xn7* Xm2-Xnd* Xm6);
Gamma3 = 1/2* m* pi* beta* (Xn7* Xm1-Xnd* Xm5);
Gamma4 = 1/2* m* n* pi~2* (Xn6* Xm3-Xn3* Xm6);
Gammab = 1/2* m* pi* (Xm2* Xn6* n* pi+Xm3* Xn5* n* pk Xm6* X n2* n* pk Xm3* X n6+2* Xm6* Xn3-Xn3* n* pi* Xmb5);
Gammab = 1/2*m* pi* (Xm1* Xn6* n* pi+Xm2* X n5* n* pk Xm6* Xn1* n* pk Xm2* Xn6+2* Xm5* Xn3-
Xmb5* Xn2* n* pi+Xm6* Xn2);
Gammar = 1/2*m* pi* (-Xm5* Xn1* n* pi+Xml* Xn5* n* pi+Xm5* Xn2-Xm1* Xn6);
Gamma8 = 1/2* m* pi* bet & (Xm4* Xn7-Xnd* Xm?7);
Gamma9 = -1/2* m* n* pif2* Xm7* Xn3;
GammalO = 1/2* m* pi* (2* Xm7* Xn3+Xmd* Xn6* n* pi- Xm7* Xn2* n* pi);
Gammall = 1/2* m* pi* (Xm7* Xn2-Xm4* Xn6+Xm4d* Xn5* n* pi- Xm7* Xn1* n* pi);
% --Phis-
Phi 1 =((I-m)"2* (I+m)"2* pi~4-4* m* (I-m)* (I+m)* beta* pi~3+4* beta*3* m* pi+(6* M2 -
2*1°2)* betel\2* pi2+beta*4)* Gammal/((I+m)* pi+beta)"3/((mH1)* pi+beta)"3;
Phi2 = ((-4* (1"2-3* m"2)* beta* pi~2 -4* m* (I-
m)* (I+m)* pi*3+12* bete\2* m* pi+4* beta*3)* Gammal+((I+m)* pi+beta)* (2* beta* m* pi+beta*2+(m"2-
[72)* pi~2)* Gamma2* ((m:1)* pi-+beta))/((I+m)* pi+beta)3/((m-1)* pi+beta)"3;
Phi3 =
((6* beta*2+12* beta* m* pi+(2* 1" 2+6* m2)* pi"2)* Gammal+((I+m)* pi+beta)* ((2* betat+2* m* pi)* Gamma2+((I+m)* pi+
beta)* Gamma3* ((m+1)* pi-+beta))* ((m-1)* pi+beta))/((I+m)* pi+beta) 3/((m-1)* pi+beta)"3;
Phid = 1/4* (3*172* pi"3* mM 4+ A3* pit3* m"3+pi3* m6+3* |* pi~3* m"5)* Gammad/pi5/m™ 4/ (I+m)"\4;
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Phi5 =
V4* ((15/2% [* pin2* mMA+6* 11 2% pin2* m3+3/2%|1N3* pin2* m"2+3* pin2* m"5)* Gammad-+(I+m)* pi* (1"2% pin2* m2+2* | *
pinZ* M3+m4* pin2)* Gammas* m)/pi5/m 4/ (I+m)”4;

Phi6 =
V4% ((3/2*1°3* pi* m+9/2* pi* mM4+9* [* pi* m"3+6* 11 2* pi* m™2)* Gammad-+(1+m)* pi* ((2* pi* m"3+3* I* pi* m"\2+H"2* pi*
m)* Gammab+(I+m)* pi* (pi* I* m+m"2* pi)* Gamma6* m)* m)/pi"5/m™4/(1+m)"4;

Phi7 =
V4* ((3*1N2* m+3/4* 113+3* m"3+9/2* |* m\2)* Gammad+(I+m)* pi* ((1/2* |"2+3/2* [* m+3/2* m"2)* Gammab-+(1+m)* pi* ((
1/2*[+m)* Gammab+pi* m* Gammar* (I+m))* m)* m)/pi"5/m"4/(1+m)"4;

Phi8 = 1/(-1"2* pi"2+4* beta*2)* Gammas;

Phi9 =
(4% (I+1/2* m)"2* m\2* piN4+4* beta*3* (1+m)* pi+4* (3/2* m"2+3* |* m+"2)* beta\2* piA2+8* (I+m)* (I+1/2* m)* beta* m* pi
~3+beta4)* Gammad/((2* [+m)* pi+beta)"3/(betattm* pi)*3;

Phi10 =
((8* (3/2F M"2+3*|* m+"2)* beta* pi~2+8* (I+m)* (1+1/2* m)* m* pi"3+4* beta*3+12* beta*2* (| +m)* pi)* Gamma9d+(2* beta
* (I+m)* pi+beta*2+2* (1+1/2* m)* m* pi~2)* GammalO* ((2* [+m)* pi+beta)* (beta+m* pi))/((2* |+m)* pi+beta)3/(beta+m*
pi)"3;

Phill =
((6* beta2+12* beta* (I+m)* pi+(6* M"2+8*|172+12* |* m)* pi*2)* Gammad-+((2* beta+2* (I+m)* pi)* Gammal0+((2* | +m)*
pi+beta)* Gammall* (betat+m* pi))* ((2* |+m)* pi+beta)* (betatm* pi))/((2* 1+m)* pi+beta) "3/ (beta+m* pi)*3;

% -Etas-

etal =((I-m)"2* (I+m)"2* pitd+(-2* |7 2+6* m"2)* betal\2* pi " 2+4* beta\3* m* pi+beta*4-4* m* (I-
m)* (I+m)* beta* pi~3)* Phi 1/((I+m)* pi+beta)3/((I-m)* pi +beta)"3;

eta2 = ((-4* (1"2-3*m"2)* beta* pi*2-4* m* (I-m)* (I+m)* pi*3+4* beta3+12* beta2* m* pi)* Phi 1+((1+m)* pi+beta)* (-
2* beta* m* pi-beta2+(-m"2+1"2)* pi~2)* Phi 2* ((I-m)* pi- beta) )/ ((I+m)* pi+beta) 3/((I-m)* pi+beta)"3;

eta3 = ((12* beta* m* pi+(2*1"2+6* M"2)* pi~2+6* beta*2)* Phi 1-+((1+m)* pi+beta)* ((-2* beter
2*m* pi)* Phi2+Phi3* ((I+m)* pi+beta)* ((I-m)* pi-beta))* ((I-m)* pi-beta))/((I+m)* pi+beta) 3/((I-m)* pi+beta)"3;

etad = 1/4* (3*1"2* pin3* m N AHN3* pit3* m3+piA3* m6+3* I* pir3* m"5)* Phid/pin5/m™4/(m+)™4;

etab =
V4* ((15/2* I* pin2* mNA+6% |2 pin2* mA3+3/2* [N3* pit2* m2+3* pin2* mN\5)* Phid+(mH )* (IN2* pin2* mN2+2% |* pin2* m"
3+pin2* m4)* PhiS* m* pi)/pir5/m™ 4/ (m+ ) 4;
1/4* ((3/2*173* pi* m+9/2* pi* M 4+9* I* pi* mN\3+6* 17 2* pi* m™2)* Phid+(1+m)* pi* ((2* pi* m"3+3* [* pi* m"2+1"2* pi* m)* P
hi5+(I+m)* pi* (pi* I* m+m"2* pi)* Phi6* m)* m)/pi"5/m™4/(1+m)"4;

etar =
V4* ((3*1M2* m+3/4* 1N3+3* mN3+9/2* |* m\2)* Phid+(1+m)* pi* ((1/2* ["2+3/2* |* m+3/2* m2)* Phi5+(1+m)* pi* (1/2* [+m
)*Phi6+pi* m* Phi7* (I+m))* m)* m)/pi"5/m™4/(1+m)"4;

eta8 = 1/(-1"2* pir2+4* beta2)* Phi8;

etad =
(4% 2% (1+2/2* m)"2* pi~4+8* m* (1+1/2* m)* betar (m+)* pit3+4* beta\3* (m+1)* pi+4* (1" 2+3* * m+3/2* m"2)* beta*2* pi
~2+beta*4)* Phi9/((2* 1+m)* pi+beta)"3/(betatm* pi)"3;

etal0 =
((8* (1"2+3* I* m+3/2* m"2)* beta* pi~2+8* m* (I+1/2* m)* (m+l)* pi"3+4* beta*3+12* beta*2* (m+ )* pi)* Phi 9+((2* | +m)* pi
+beta)* (beta+m* pi)* (2* beta* (m+1)* pi+beta2+2* m* (1+1/2* m)* pi~2)* Phi 10)/((2* 1 +m)* pi+beta) 3/ (betat+m* pi)3;

etall =
((12* beta* (m+)* pi+(12* |* m+6* m"2+8* ["2)* pi"2+6* beta*2)* Phi 9+((2* |+m)* pi+beta)* (betat+m™* pi)* ((2* betat+2* (m+
)* pi)* Phi 10+((2* |+m)* pi+beta)* Phi 11* (beta+m* pi)))/((2* 1+m)* pi+beta)3/(betatm* pi)"3;

sum2=sum2+((etal* yc2+eta2* yctetal)* exp( - (betatm®* pi)* yc)+(etad* yc3+etab* yc\2+etab* yctetar)* exp( -
(1+2* m)* pi* yc)+eta8* exp(-2* beta* yc)+(etad* yc 2+etal0* yc+etal 1)* exp(-(betat(1+m)* pi)* yc)- (eta2+(1* pr
(betatm* pi))* eta3+etab+(-2* m* pi)* eta7+(1* pi- 2* beta)* etaB+etal O+( -betam* pi)* etal1)* yc* exp(-1* pi*yc)-
(eta3+etar+eta8+etall)* exp(-I* pi*yc));
end
sum=sum+(suml-+sumz2)*sin(l* pi*xc);
end
theta(y,X)=sum;
end
X
end
xb=0:.01:1;
yb=0:.01:2;
[Xa,Y a=meshgrid(xb,yb);
contour(Xa,Y atheta,40,’k’)
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