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Abstract

Rectangular twin jet engines used on tactical aircraft have several advantages
compared to circular twin jet engines, namely, reducing an aircraft’s weight and drag,
improving its maneuverability, and integration of propulsion and aerodynamics.
However, relatively little research has been done on the flow and acoustic characteristics
of rectangular twin jet engines. Coupling between the two jets due to their close
proximity introduces unsteady pressure fluctuations in the near field and noise in the far
field which, if not controlled, can cause high levels of sonic fatigue as well as intense
radiated noise. This can damage critical components close to the nozzles and is a health
concern for those nearby. This project will investigate the use of Localized Arc Filament
Plasma Actuators (LAFPAS). LAFPAs, controlled electronically, create plasma arcs at
the nozzle lip, producing thermal perturbations with desired frequencies in the flow
which interrupt the predominant mechanism of jet noise, screech. Additionally, LAFPAS
can alter the coupling behavior of the jets. However, due to the complex nature of the
flow, it is difficult to predict the behavior of the jets to excitation by LAFPAs. As such, a
physics-based empirical model has been developed to predict the response of the flow to
certain actuation parameters. To accurately model this response, two important
parameters must be determined: the locations of shock cells within the flow and the
velocity of the large-scale flow structures convecting downstream within the jet,

interacting with the shock waves, and generating screech tones. In this research, a method



for empirically predicting streamwise shock locations based solely on flow Mach number
is developed. Additionally, a novel method of estimating convective velocity is presented
using Empirical Mode Decomposition (EMD) to isolate the hydrodynamic pressure from

the measured overall (acoustic and hydrodynamic) pressure just outside the jets.
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Nomenclature

Ambient speed of sound [m/s]

Equivalent nozzle diameter [m]

Critical frequency [HZz]

Nondimensional shock cell location [m]

Nozzle design Mach number [-]

Flow Mach number [-]

Convective velocity [m/s]

Flow velocity [m/s]

Screech feedback loop period for reference jet [s]
Screech feedback loop period for secondary jet [s]
Nozzle center-to-center spacing [m]

Shock spacing coefficient [-]

Initial shock location coefficient [-]

Coupling phase angle [rad]



Chapter 1: Introduction

1.1 Jet Noise

The advent of the turbojet engine forever changed the world, allowing us to fly
further and faster than propellor-driven aircraft ever could; however, there is a drawback
to this performance — noise. The roaring low-frequency drone of jet-powered aircraft
flying overhead is considered routine today, but efforts to reduce the noise generated by
jet engines have been underway since their adoption. NASA began exploring methods to
address jet noise as early as 1945, soon after the first turbojets began flying [1]. The
simplest way to reduce jet noise is to reduce the exit velocity of the jet — for low
supersonic Mach numbers, sound power levels scale with exit velocity by a power of six
[2]! In high-bypass ratio turbofans, the large engines mostly used on commercial
airliners, a reduced exit velocity has the added benefit of increasing overall efficiency.
Noise generated by high-bypass ratio turbofans has steadily decreased over time due to
incremental efficiency improvements, stricter FAA regulations, and the advancement of
noise reduction technologies such as chevrons (See Figure 1.1) [3]. However, in tactical
aircraft such as fighter jets, which have extremely high specific thrust demand, these
large fan diameters are impractical. To compensate, they use smaller low-bypass

turbofans with much faster exit velocities which are much noisier. Jet noise is more than
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just an annoyance, it can have serious long-term consequences for both people working

near these aircraft and on the aircraft structure itself.

Figure 1.1: Chevrons on the nozzle of a GE90 mounted on a Boeing 777 [4]

Due to the complex nature of jet noise, little research has been done on less
traditional jet configurations such as jets with non-axisymmetric nozzles [5]. The Gas
Dynamics and Turbulence Laboratory (GDTL) at The Ohio State University has done
extensive work in jet noise reduction with a focus on active control methods. One method
explored is the use of Localized Arc Filament Plasma Actuators (LAFPAS) to control
supersonic flows at various operating regimes. LAFPASs produce periodic thermal
perturbations at the nozzle lip which alter jet behavior. In previous work at the GDTL,
LAFPASs have been used with single and twin axisymmetric jet configurations. This work
focuses on their use with closely-spaced, rectangular twin jets.

1.1.1 Supersonic Jet Flow

Many jet engines exhaust flow in the supersonic regime. That is, flow which is

travelling at faster than the ambient speed of sound. To accelerate a compressible fluid

such as air to supersonic speeds from subsonic (M; < 1) speeds, flow must pass through a
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converging-diverging (C-D) nozzle. Due to a large pressure difference between the
upstream of the nozzle and the ambient surroundings air, flow is accelerated through
converging section of the nozzle until it reaches Mach 1 at the nozzle’s smallest Cross-
sectional area, also known as the throat. After this point in the nozzle, the flow
accelerates further as it expands through the remainder of the nozzle. For any given C-D
nozzle there is a design Mach number (M) at which the flow is ideally expanded. This
design Mach number is solely a function of the ratio between the nozzle’s throat and exit
areas.

When flow is exhausting from a C-D nozzle at a pressure ratio other than the
design condition shock waves can be generated at the nozzle exit. For the purposes of this
work, it is necessary to understand both the overexpanded (Mach number less than the
design Mach number) and underexpanded (Mach number higher than the design Mach
number) flow regimes. In overexpanded the pressure ratio between the nozzle exit and
ambient air is lower than the design pressure ratio. Overexpanded flow will exhaust from
the nozzle at the design Mach number but at a static pressure lower than the ambient air.
Due to this pressure difference, the flow turns in on itself producing an oblique shock

which is shown in Figure 1.2.
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Figure 1.2: Diagram showing overexpanded flow exiting a converging-diverging nozzle [6]

In underexpanded flows, the ratio between the pressure at the nozzle exit and the
ambient air pressure is greater than the design pressure ratio. Similarly, the flow will
exhaust from the nozzle exit at the design Mach number but conversely the flow at the
nozzle exit has a higher static pressure than the ambient air. As such, the flow expands
outward in an expansion fan in order to equilibrate the pressure; it accelerates as it is

expanded. This phenomenon is shown in Figure 1.3.

WM%{’Q -
Flow ~

— P
Figure 1.3: Diagram showing underexpanded flow exiting a converging-diverging nozzle [6]
It is important to understand both of these off-design flow regimes because
aircraft cannot always, and rarely do, exhaust ideally expanded flow from their engines.
Several factors affect ambient static pressure such as altitude and weather patterns and

although some tactical aircraft are equipped with variable geometry nozzles, they cannot

always compensate for outside factors.



As noted, in both off-design regimes there exist some kind of shock system after
the nozzle exit which equilibrate the static pressure of the flow to the static pressure of

the ambient air.

Figure 1.4: J-58 turbojet test fire with full afterburner showing shock diamonds [7]

In supersonic jet flows, this shock system, a series of shocks, continue to form
downstream of the nozzle exit in a pattern known as shock diamonds which is shown in
Figure 1.4. Expansion fans and oblique shocks in the jet plume extend outward until they
reach to sonic line within the jet shear boundary where they are then reflected back
inward. This process continues downstream until the shock system is dissipated by
viscous forces. This train of reflecting shocks is known as the jet core and it decreases in
size as the flow moves downstream. The area surrounding the jet column where the
ambient and supersonic air interact is called the mixing layer. These components are

labeled in Figure 1.5.
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Figure 1.5: Diagram showing moderately underexpanded flow ejecting from a converging nozzle [8]

1.1.2 Components of Jet Noise

Jet noise can be split into two categories: mixing noise and Shock Associated
Noise (SAN). The latter can be further divided into Broadband Shock Associated Noise
(BBSAN) and screech. Mixing noise is generated dominantly by large-scale turbulent
structures (LSSs) convecting downstream in the jet. A small portion of mixing noise is
also due to fine-scale structures as well [9]. Turbulent structures result from small
perturbations in the mixing layer near the nozzle lip which cause the fast moving jet flow
to mix with the ambient surroundings. The large velocity gradient between the jet and its
surroundings causes the flow to form vortices which become larger as they convect
downstream [10].

In a single axisymmetric supersonic jet, mixing noise intensity is highest in the
downstream direction and often occupies the lower frequency portion of the jet noise
spectrum. The mixing noise intensity and directivity are dependent on jet Mach number

and the ratio of jet and ambient temperature [9].
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BBSAN is unique to supersonic jets because it is caused by the interactions of
shock within the flow with the ambient air. Specifically, BBSAN is generated by large
scale turbulent structures interacting with the shock cells in the jet core. When LSSs pass
over a shock cell it generates an acoustic wave and is perceived as noise. Screech is a
special case of SAN which occurs when this same mechanism creates a self-perpetuating
feedback loop. The flow at the nozzle lip is particularly sensitive to perturbations due to
its high energy density, so when the acoustic wave reaches the lip it creates an instability
wave which travels downstream until it interacts with a shock cell and the process is
repeated. This generates a discrete tonal noise, the fundamental screech frequency,
followed by a series of harmonics whose frequencies are integer multiples of the
fundamental frequency. Figure 1.6 shows a typical jet noise spectrum.

This phenomenon was discovered by Powell in 1951 who, using a homemade
Schlieren imagery setup, was able to photograph this effect [10]. Since then, many

researchers have made efforts to predict screech frequency.
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Figure 1.6: Typical supersonic jet noise spectrum from underexpanded axisymmetric jet with
microphone at 30° with respect to the nozzle streamwise axis [11]

1.1.3 Consequences

Numerous studies have shown that long-term exposure to aircraft noise increases
risk for health issues such as cardiovascular disease and hypertension even for those who
just live near an airport [12], [13]. These issues are even more concerning for those who
work near aircraft on a daily basis, such as military personnel on aircraft carriers. The
nearly constant exposure to noise with little recovery time can lead to permanent hearing
loss even if crew wear protective equipment [14]. Jet noise can also damage components
on the aircraft itself.

In tactical aircraft such as fighter jets, the engine nozzle exits are often near
critical control surfaces such as the F-22 shown in Figure 1.7. This introduces rapid
pressure fluctuations which can fatigue nearby components over time. With the extensive
use of composites and costly stealth coatings in newer aircraft this issue is becoming

increasingly relevant [15]. Many fighter jets use a twin jet configuration in which two
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engines are mounted very close to one another (such as the F-22) which can be desirable
for jet performance. However, coupling between the two jets due to their proximity can
introduce much stronger pressure fluctuations in the near field compared to a single jet.
Because of this, sonic fatigue is of particular interest for twin jet configurations,
especially due to the complex mechanical components near and around the nozzles which
are necessary to meet the high performance requirements of next generation tactical

aircraft [16].

Figure 1.7: F-22 Raptor with afterburners on [17]

1.2 Rectangular Twin jet Configuration

Rectangular twin jets have multiple advantages compared to more conventional
axisymmetric configurations which address rising performance demands for next-
generation aircraft. Their shape allows for smoother integration into the body of the
aircraft and therefore less drag and weight [18]. Additionally, the two-dimensional nozzle
geometry allows for simpler thrust vectoring implementation as well as thrust reversal.
These benefits poise rectangular twin jets as an attractive option for new aircraft so it is

essential to better understand the flow characteristics of this configuration.
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Recent work in the GDTL has explored the coupling modes of rectangular twin jets
[5]. Jets in this configuration couple in both in-phase or out-of-phase flapping modes.
When the jets are coupled in-phase, wavefronts reach both nozzle lips simultaneously.
These wavefronts do not necessarily originate from the same jet — due to their spacing.
Coupling behavior changes with M; [19]. After extensive work at the GDTL, it has been
shown that the jets primarily couple out-of-phase in the underexpanded regime and in-
phase in the overexpanded regime. Around the design Mach number, flow transitions
from out-of-phase to in-phase.
1.3 Empirical Screech Closure Model

The purpose of this thesis is to aid the development of an empirical method to
predict screech and coupling behavior in a supersonic rectangular twin jets configuration.
The basis for the method was developed by Dr. Nathan Webb, a research scientist at the
GDTL. It is based on interactions between turbulent structures and shocks in the flow.
Accurate predictions of jet behavior require estimates of both shock cell locations and
convective velocity; methods for estimating both parameters are explored in this work.
1.3.1 Motivation

Predicting screech and coupling in supersonic jets has long been a topic of

interest. Previous research has developed methods of predicting frequencies at which
screech could occur for given conditions [20]. However, at this time, few works
investigate the prediction of an exact screech frequency and its harmonics. Given the
importance of screech and coupling phenomena, a method of accurately predicting jet

behavior would be extremely beneficial in developing active jet flow and acoustic control

20



methods. In the GDTL, this model will inform actuation parameters for LAFPAS to be
used with supersonic rectangular twin jets.
1.3.2 Governing Principles

The basis for this model relies on the interactions between large-scale structures
and shock tips downstream of the nozzle lip. The time required to complete one screech
feedback cycle to shock tip i is given by the Equation 1 below and is governed by the

convective velocity of the LSS (U.) and the ambient speed of sound (c) where Ly ; is the

distance of shock tip i from the nozzle lip.

1 1 1
i = Loi (5 +) ?
c

Similarly, in order to model the interactions with the second nozzle in twin jets a
slightly modified equation is used that accounts for the extra distance the acoustic waves
travel where s is the spacing between the two nozzles’ centerlines.

I P @
' U, c

Supposing the LSS are generated at a particular frequency (f), and that the

acoustic feedback waves are sinusoidal. The interference pattern W (t) of the feedback

waves from both jets at the nozzle lip can be written as the following equation.

n

w(t) = Z cos 2nf(t—15;)) + Z cos(2nf(t — o) + ¢) 3)

i=m
Where ¢ describes the coupling mode between the two jets (in-phase: ¢ = 0, out-

of-phase: ¢ = m). Also, where m and n are respectively the upstream-most and
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downstream-most shock tip interactions of interest. Typical values are 2 and 5 for m and
n respectively. It was assumed that structures upstream of the 2" shock cells would not
be sufficiently developed for LSS/shock tip interaction to occur. Additionally, it was
assumed that downstream of the 5™ shock cells the structures would have disintegrated or
would be too weak to interact in a meaningful way. Evaluating Equation 3 at t = 0 yields
the amplitude of the perturbation which reinforces the feedback loop at a given frequency
and flow conditions. This is hereafter referred to as the “perturbation amplitude.” The
perturbation amplitude can be calculated for both in-phase and out-of-phase conditions

over a range of frequencies for a given flow condition. Sample results for the M; =

1.50 case are shown in Figure 1.8.

8 1 ! 1 1
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6k Out-of-Phase Coupled
Predicted Screech Freq.

- = = Powell's Criterion Fregs.

T LI
m noa

D

0.1 0.15 0.2 0.25 03 035 04 0.5 0.6
Strouhal Number (St = f*DE/UJ)

Perturbation Amplitude

1
1
I 1 I I

I 1 | 1

1 I 1 1 1 1

1 I 1 I | 1

1 I 1 1 1 1

-4 F 1 I 1 I 1 1
1 I 1 | | 1

1 I 1 | 1 1

1 1 11 1 1 1

Figure 1.8: Sample screech closure model perturbation amplitude plot for M; = 1.5

Note, the magenta dashed lines represent frequencies that satisfy “Powell’s timing
criterion”, essentially frequencies at which the feedback loop has the potential to be self-
sustaining [21]. The blue and red lines respectively represent the perturbation amplitude

for in-phase and out-of-phase coupling modes. For the purposes of this work, it is enough
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to say that higher perturbation amplitudes indicate stronger feedback waves, and
therefore the jet will eventually screech at the frequency with the highest perturbation
amplitude. The exact screech frequency is then assumed to be the largest perturbation
amplitude at which Powell’s timing criterion is satisfied.

In summary, the model requires the following parameters: the ambient speed of
sound, the convective velocity of the LSS, and the distance of the 2nd-5th shock tips
from the nozzle lip. The sound speed is trivially calculated using the temperature from a
thermocouple in the testing chamber, but the other two parameters need to be determined.
This is the focus of this research.

1.3.3 Localized Arc Filament Plasma Actuators (LAFPAS)

LAFPAs are novel active flow control devices developed by the GDTL.
Fundamentally, they work by introducing large thermal perturbations into a flow which
have the potential to disrupt natural flow structures. LAFPAS were not specifically used
for this work but their potential to control coupling and screech in the configuration
analyzed is well documented [5]. The output of the screech closure model will provide

insight into LAFPA excitation parameters which will alter desired flow characteristics.
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Chapter 2: Experimental Methodology

2.1 Anechoic Chamber

All experimental testing was done at the GDTL at Ohio State’s Aerospace
Research Center (ARC). Compressed air is stored in a series of high pressure tanks with a
capacity of 43 m*® and maximum pressure of 16 MPa. The air is dried, filtered, and fed to
the jet plenum. The pressure in the plenum is maintained by a computer-controlled valve
in order to achieve the desired exit Mach number. Air from the plenum is then exhausted
horizontally through the nozzle assembly, into an anechoic chamber. This air exits via a
collector opposite of the nozzle where it is directed outdoors. If necessary, the flow can
be heated up to a stagnation temperature of 500 °C; this was not used for this study.
Additionally, forward flight conditions can be simulated at airspeeds up to 100 m/s
through a co-flow duct that surrounds the nozzle assembly. This duct was not used for
this work and was covered in acoustic foam to prevent reflections.

A schematic of the anechoic chamber is shown in Figure 2.1. It measures 6.2 m x
5.6 m x 3.4 m and has a cut-off frequency of 160 Hz (the lowest frequency which the
sound proofing is effective). This cut-off frequency is well above those of interest in this
research. Figure 2.2 shows a panoramic view of the chamber. Further details on the

chamber are given by Hahn [22].
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Figure 2.1: Schematic of the GDTL's anechoic chamber

Figure 2.2: Panoraic view of anechoic chamber showing nozzle assembly (right) and collector (left)
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2.2 Nozzles

The rectangular twin jet nozzle assembly was designed and built by the GDTL with
modularity in mind. The nozzle assembly consist of two sharp-throated converging-
diverging nozzles with a design Mach number (M;) of 1.50. A dimensioned section view
and isometric view are shown in Figure 2.3. The nozzles in the current configuration have
an aspect ratio (AR) of 2 with width and height of 24.13 mm and 19.25 mm respectively.
The nozzles have an equivalent area-based diameter (D,) of 19.25 mm. That is, what the
diameter of the nozzles would be if they were axisymmetric at the same exit area. The

center-to-center spacing between the jets is 43.38 mm which is equivalent to 2.25D,,.

All dimension are in mm
o

158.50 24.13 12.06 | 33.51

38.79 " 1952 ‘1239

(a) (b)

Figure 2.3: a) Dimensioned section view of nozzle showing sharp throat; b) twin jet assembly showing
nozzle spacing

The nozzle assembly is fastened to the end of a pressurized air pipe and is sealed
with a custom metal O-ring. Figure 2.4 shows the nozzle installed in the co-flow channel.

After the assembly’s installation, a thorough campaign was performed to verify the
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ideally expanded Mach number. Far-field microphone data was analyzed over a range of
Mach numbers from 1.40 to 1.60 in increments of 0.05. The ideally expanded Mach
number was inferred based on the spectra (specifically the screech amplitude and
BBSAN peaks). Note, that due to the sharp throat design, shocks are still present in the
jet when ideally expanded. It was found that the ideally expanded Mach number was very

near M; = M; = 1.50.

)\

Figure 2.4: Nozzle assembly installed in co-flow chamber

The LAFPA housings are made of boron nitride to prevent arcing to metal
components. There is a 1 mm wide by 0.5 mm deep groove in the actuator block where
the tungsten electrode tips sit, approximately 1 mm upstream from the nozzle lip.
Previous testing at the GDTL has established that this groove does not affect the control
authority of the LAFPAs [23]. The tungsten electrode tips sit flush with the inner nozzle
wall, and there are set screw holes located around the perimeter of the nozzle lip. Figure

2.5 shows cross sections of both the nozzle assembly and an actuator block.
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Figure 2.5: a) Cross-section of nozzle assembly; b) cross-section of actuator block

2.3 Linear Microphone Array

A linear array of 10 Briel & Kjaer 4939 ¥4 in. microphones (with grid caps installed)
was used to measure convective velocity. They have a relatively flat frequency response
up to approximately 80 kHz and a dynamic range of 28 to 164 dB with a sensitivity of 4
mV/Pa. The microphones were secured using a ceiling-mounted stand which was covered
in acoustic foam to prevent reflections. The microphones were set in two separate
configurations over the centerline of the right jet (looking upstream) with the first
optimized for the overexpanded regime (M; = 1.20 — 1.50) and the second for the
underexpanded regime (M; = 1.60 — 1.90). Figure 2.7 shows the two configurations and
the mount. The locations of the microphones in these configurations were optimized to
best capture the shock cells for the given flow regime. Ryan Leahy, a graduate student at
the GDTL, determined these best locations by analyzing shock locations in instantaneous
schlieren images at various flow Mach numbers (see Figure 2.6). It was determined for
both arrays that an angle of 10° relative to the horizontal was best in order to keep the
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microphones close to but outside the jet mixing layer. Initial microphone locations for

configurations 1 and 2 respectively are as follows: (*/,, = 1.1,”/, = 1.89) and

(%/p, = 42,7/}, = 2.24).

Mj = 1.40 nondimensionalized

2.831
2.204
1.578
0.952
0.326 K8
0.301
0.927
1.553

0.764 2.016 3.269 4.521 5774 7.026 8.279
x/De

Mj = 1.70 nondimensionalized 7 8 9
2.831 : o

2.204
1.578
0.952
0.326
0.301
0.927

1.553

0.764 2.016 3.269 4.521 5774 7.026 8.279
x/D,

Figure 2.6: Schlieren images showing two linear near field microphone configurations
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Figure 2.7: a) Config. 1 for overexpanded regime; b) Config. 2 for underexpanded regime; c) Linear
microphone mount

2.4 Time-Averaged Schlieren Imaging

Time-averaged schlieren images were collected using a standard Z-type schlieren
system with a LaVision Imager cCMOS camera with a 5.5 MP sensor. The knife edge
was oriented vertically to highlight horizontal density gradients. For each M;, 300 images
were captured at 50 frames per second at a resolution of 2500 x 2150 pixels. Light was
provided by a HPLS-36 high-powered pulsed LED from Lightspeed Technologies with a
pulse width of 500 ns. This pulse width is narrow enough to showcase even the highest

frequency screech tones. Figure 2.8 shows a panoramic view of the schlieren setup.
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2.5 Data Acquisition

Signals collected by the near field linear microphone array were amplified and
filtered via a band-pass between 20 Hz and 100 kHz using Briel & Kjar 2690 Nexus
conditioning amplifiers. Microphone gain values were set using a Briel & Kjer
calibrator (model 4231). For each M; tested, 100 blocks were collected at 32,768 samples
per block and a sampling rate of 200 kHz. The signal was recorded with a National
Instruments PX1-6133 A/D board and LabVIEW software. Figure 2.9 shows a schematic
of the DAQ including a thermocouple near the nozzle exit and equipment for the

LAFPAs.
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Figure 2.9: Schematic of DAQ for microphones, thermocouple, and LAFPAS
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Chapter 3: Empirical Prediction of Shock Locations

3.1 Literature Review

The following method of shock location prediction is an expansion upon the work
of Prandtl and his now famous “Prandtl Formula.” In 1904, Prandtl developed a formula
based on small perturbation theory for the “wavelength” — initial shock cell location — of

a nearly ideally expanded axisymmetric supersonic jet (Equation 4) where d,, is the

nozzle diameter for a converging nozzle or the throat diameter for a C-D nozzle and WT’” 5

the mean flow Mach number with respect to the ambient speed of sound, c.

2
m

L = 1.306d,, (WT) ~1 4)

The coefficient 1.306 comes from the first term of the Bessel series; at the time
further terms could not reasonably be computed [24] . Years earlier, Emden developed a
similar formula using pressure ratio in place of Mach number (although they were
functionally identical) specifically for choked jets [25]. Much of the work in this area
noted peculiar regularly spaced discs within the jet which, of course, we know now were
shock cells [26].

In 1950, Pack, refined Prandtl’s coefficient of 1.306 to 1.22, estimating the first 40
terms of the Bessel series using an early computer. This value applied well to

experimental data but seemingly only for the initial shock cell [27]. Sometime later
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Harper-Bourne, in a paper investigating the sources of jet noise, found that a value of 1.1
sufficed for the initial coefficient when using a convergent nozzle. It was also noted that
the distance between shocks seemed to decrease downstream by about 6% per shock
when compared to the initial shock distance [28]. More recently, Mancinelli et al., in an
effort to predict screech tones, used the original statement of Prandtl’s formula (Equation
4) and a spacing coefficient based on the work of Harper-Bourne to predict shock
locations in a convergent nozzle. They introduce a spacing coefficient a and used an
average value of 0.06 from Harper-Bourne [29]. Equation 5 shows their equation for the

initial shock and Equation 6 describes all subsequent shocks n. These distances are

L, = 1.306 /sz -1 (5)

L,=Li((1—a)n+a) (6)

normalized by nozzle diameter.

Although many of these previous analyses have used convergent nozzles, the
derivation of Prandtl’s formula does not exclude C-D nozzles — which were used in this
work at the GDTL [26]. Hereafter, k is used to represent the coefficient in the initial
shock equation as this value varies with M; which agrees with trends in literature; most
previous studies were performed over Mach number ratios narrow enough that an average

value sufficed.
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3.2 Methodology
3.2.1 Schlieren Images

Experimental shock locations were determined by analyzing time-averaged

schlieren images at each M; tested. M; values of 1.30-1.90 were explored in 0.05
increments excluding M; = 1.50 and M; = 1.55 due to their relatively weak shock

structure. Shock locations appear on schlieren images (in the configuration used) as sharp
transitions from white, signifying less dense air, to black, more dense air. Early shocks
are generally very sharp, but shock cells further downstream get muddled due to turbulent
mixing (See Figure 3.1). Shock locations measured downstream may, for this reason, be
less accurate. Shock cells 1-5 were analyzed; after the 5™ shock cell, the jet column is
mostly dominated by turbulence. Distances were converted from pixels to inches using

the known nozzle height. Hereafter, all shock locations are nondimensionalized by D,.

M. = 1.35, dp/dx M =1.80, dpldx

800 3000 800 3000
oo 1000 2000 o 1000 2000
> 41200 1000 > 1200 1000
1400 0
1400 0
500 1000 1500 2000 2500
500 1000 1500 2000 2500 i
xIDe »
Overexpanded Underexpanded

Figure 3.1: Sample schlieren images for overexpanded and underexpanded flow showing shock
locations

3.2.2 Analysis of the Results

This method builds on the idea of the two-coefficient fit proposed by Mancinelli.

However, instead of attempting to analytically determine physics-based coefficients, an
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empirical analysis was performed?. The method itself is very simple, but many slight
variations were explored in order to most efficiently determine the shock locations. A
range of both x and a values were analyzed for each M;. A range of 0-2 was analyzed for
k with a step size of 0.01. For «, a range of -3 to 3 was used with the same step size.
These bounds were chosen based on early results and were reduced from an original
range of -10 to 10 with a 0.01 step size in order to reduce computing time. Negative
values for x were not used as a negative initial shock location is nonphysical for the
flows explored in this study. For every possible combination of a and k shock locations

were calculated for each M; using the same equations as Mancinelli but with a variable

initial shock coefficient [29].

L1=K/Mj2—1 @)

L,=Li((1—a)n+a) (8)
For each combination, the predicted values were compared to the experimental

values using the L2 norm shown in Equation 9 below.

m
2
|Error||, = Z(Ln,predicted - Ln,experimental ) )

n=1

The combinations which minimized this value were chosen as the “best”

coefficients for each M;. Predicted shock locations were then calculated using these

! Because Prandtl originally developed this model using small perturbation theory, which does not apply
for cases not very near to the ideally expanded Mach number, the equation is essentially empirical in and of

itself. It just so happens that shock locations vary with .,/M; — 1 and coefficient values around 1.2

coincidentally serve as good estimates in off-design conditions [27].
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coefficients for each M;. The best coefficients were also fit with a linear regression with
respect to M;. Based on initial results, several different methods of coefficient estimation

were explored for both underexpanded and overexpanded flow regimes in order to both

maximize accuracy and ease of application.

3.2.3 Flow Regime Considerations

This method of shock location estimation was largely developed based on
underexpanded flows in which the flow passes through an expansion fan at the nozzle
exit before an oblique shock. The first shock cell occurs at this oblique shock. In
overexpanded flows, there is no expansion fan at the nozzle exit, just an oblique shock,
meaning the initial shock occurs much further upstream. This method is not well-
equipped to capture this behavior. The closer initial shock alters the downstream
predictions and makes the whole shock train less accurate. As such, an alternate but
similar method was explored in the overexpanded regime.

It is proposed that when determining the best coefficients for overexpanded flows,
the initial shock (L,) be used as the origin from which the remainder of the shock cells
are measured. Now, what was the second shock (L,) becomes L,’. The best coefficients

are calculated using this new coordinate system with L, excluded. Then, the predicted

value of L, is estimated by 1/2. This, although assuming an equal shock spacing

between the first two shocks, improves accuracy in comparison to the original method.
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3.3 Results

Initial results showed that coefficients which gave accurate predictions for one flow
regime did not necessarily transfer well to the other. Because of this, the flow regimes
were analyzed independent of one another. The experimental shock location data was
averaged based on schlieren images from two separate dates and is tabulated in Appendix
A. Appendix B lists the coefficients used in each prediction iteration at each M;, R*
values, and L2 error norms. Appendix B also shows the predicted shock values for every
combination of coefficients analyzed in Figure B.1 through Figure B.14.
3.3.1 Underexpanded Regime

In the underexpanded regime, coefficients which minimized error yielded

strikingly accurate results. Over all underexpanded Mach numbers analyzed, predictions
made using the best coefficients averaged an R? value of 0.9994. It was found that x had
a strong linear relationship with M; (R* = 0.9206), however, «, did not (R* = 0.2820).

Predictions made using coefficients calculated purely from the linear fits with M; had an
average R? value of 0.9993, a negligible difference from the best coefficients. Generally,
best k values varied in magnitude much more than a with ranges of 1.039 — 1.218 and
—0.0887 — 0.0028 respectively.

In subsequent iterations, a value of « = 0 was used which had been used for
underexpanded flows and yielded accurate predictions in the past [27]. The best values
for k with this set a value were recalculated and refit with M;. Without the spacing

coefficient, the linear relationship between k and M; is stronger than the previous fit, with

R? = 0.9949 (See Figure 3.2). Predictions using x from the linear fit and @ = 0 were
38



most accurate, although by a statistically insignificant margin (average R? = 0.99946).
Table 1 gives a statistical summary of each iteration showing average R? and L2 error

norm.

K VS Mj With Linear Fit (Optimized for Entire Shock Train)

k =0.70M; — 0.072

125 -

2 115 e

PEe ©  Calculated "Best"
110 i = = = Linear Fit

R% = 0.9949

1.6 1.65 1.7 1.75 1.8 1.85 1.9

M.
i

Figure 3.2: Linear fit xc with M; using a = 0 for underexpanded regime

Table 1: Statistical summary of underexpanded flow predictions

Method Average R?> | Average ||Error||,
Best Coefficients 0.99938 0.12882
Linear Fitk & a 0.99926 0.14393
Linear Fitk,a =0 0.99946 0.12142

3.3.2 Overexpanded Regime

Overexpanded predictions were made through a similar, although more thorough,
iterative process using the same equations as the underexpanded regime. Again, the best
coefficients performed well with an average R? of 0.99708 but a slightly higher L2 error
norm in comparison to the best coefficients’ underexpanded regime predictions. Similar
results were achieved using a linear fit for both coefficients although « did not show a

strong linear correlation with M; as shown in Figure 3.3.
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Coefficients (k & a) vs Mj With Linear Fit
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Figure 3.3: Linear fit for best overexpanded coefficients with respect to M;

Using « values from the linear fit with an averaged a (because there was no clear
trend with M;) gave similarly accurate results with a slightly higher error norm. Best
coefficient values at M; = 1.35 notably depart from the upward trend of other M;. The
linear fit was recalculated excluding the coefficient at M; = 1.35. The linear fit was

stronger for both « and x and the predicted shock values had slightly lower error norms

compared to overall linear fit (See Figure 3.4).
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Figure 3.4:

Coefficients (x & o) vs Mj With Linear Fit
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Linear fit for best overexpanded coefficients with respect to M; excluding M; = 1.35

The a = 0 case which performed well in the underexpanded regime was

underwhelming. Both best k values and linear fit k were analyzed, both yielding average

error norms over double all other methods explored. Predictions using the alternate

method described in 3.2.3 performed well also and yielded the lowest error norms and

highest R?s of any of the approaches.
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Table 2: Statistical summary of overexpanded flow predictions

Method Average R?> | Average ||Error||,
Best Coefficients 0.99708 0.15033
Linear Fitk & a 0.99694 0.15363
Linear Fit x, Average a 0.99619 0.17186
Linear Fit k & a
(No M, = 1.35) 0.99691 0.15497
Bestk,a =0 0.98375 0.35607
Linear Fitk,a =0 0.98368 0.35691
Alternate Method — 0.99749 0.13838
Best Coefficients ' '
_Alterngte Method — 0.99749 0.13913
Linear Fit x, Average a
Alternate Method — 0.99501 0.19598

Bestk,a =0

3.4 Discussion

Initially, coefficient values reported from literature were used as a first-order
estimate which predicted shock location very poorly likely due to the nozzle geometry, as
they were developed for circular jets. Previous work has almost exclusively focused on
underexpanded circular jets. It is notable that the x values in the underexpanded regime
are similar to those used by Prandtl and Pack, 1.306 and 1.22 respectively [24], [27]. Best
k values ranged from approximately 1.0 - 1.2. Nearly all best a values were negative but
on the order of magnitude of the 0.06 found by Harper-Bourne [28]. The negative value
indicates that the distance between subsequent shocks was increasing which was the case

for moderately underexpanded Mach numbers (1.50 < M; < 1.70) although only

slightly. The relatively small values of best &« compared to x and the nearly constant
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distance between shocks in this regime reduced reliance on a. As reported, the most
accurate predictions came from predictions made with k given by the linear fit and a =
0. Substituting the linear fit into the original shock location formula yields the following
equation — a highly accurate empirical prediction of underexpanded shock locations for

the nozzle geometry used.
L, =n(0.70M; — 0.072) [M? — 1 (10)

This same equation does not apply to the overexpanded regime. In fact, it
performs quiet poorly. Overall, the overexpanded predictions were slightly less accurate
and had slightly higher error norms. That said, predictions still performed very well.
Using the non-altered method, k values were much lower compared to those in the
underexpanded regime, ranging from approximately 0.5 - 0.6. These lower ¥ values are
compensated for by much larger a values for the best coefficients. a values for non-
altered cases were an order of magnitude larger for the overexpanded regime. This is due
to the different flow physics between the two regimes. The k values being roughly half of
those in the underexpanded regime is a direct consequence of the closer first shock to the
nozzle exit. The larger a values compensate for the much reduced initial shock location.
However, using the altered method, x values range from roughly 0.9-1.2, very similar to
the underexpanded regime. Spacing coefficients found with this method are much
reduced but stay fairly constant around 0.18. The altered method is slightly more accurate
than the traditional technique, specifically when using x from the linear fit and an

average a of 0.178. Substituting these values into the original shock equations gives the
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following slightly more cumbersome equations. These empirical equations capture a

phenomenon which the original set do not however.
L, = (0.63M; — 0.3225) [M? —1 (11)

L, = L,(1.644n — 0.288) forn > 1 (12)
Because all results were normalized by equivalent nozzle diameter, it is expected
that these estimate would perform well for any supersonic jet. Also, it should be noted
that, experimental shock locations vary by up to 5% between data sets. All methods
analyzed were comfortably within that margin of error. Those presented in this final
subsection balanced both accuracy and ease of implementation for the purposes of

implementation in the earlier discussed screech closure model.
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Chapter 4: Prediction of Convective Velocity Using Empirical
Mode Decomposition

4.1 Literature Review
4.1.1 Near Field Pressure Decomposition

Work by Arndt et al. and Coiffet et al. has shown that the irrotational near field
pressure carries information on turbulent structures within a jet [30], [31]. This
convecting turbulence makes up the hydrodynamic component of the pressure.
Superimposed over the hydrodynamic pressure fluctuations are acoustic pressure
fluctuations which propagate spherically outward at sonic speed [32]. These pressure
components can be decomposed to isolate the hydrodynamic fluctuations which reveals
information about the turbulent structures convecting downstream [33]. Figure 4.1 shows
a spectrum of sample near field pressure data and highlights the difference in waveform
shape for acoustic and hydrodynamic components. Work by Crawley et al. [34] at the
GDTL has focused extensively on the decomposition of the irrotational near field
pressure components using three different methods to varying degrees of success:
multidimensional Fourier transform, continuous wavelet transform, and Empirical Mode
Decomposition (EMD). EMD is the method explored in this work and it was found to

have performed well if the two pressure components were distinct, which is admissible
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for the purposes of estimating convective velocity. Using EMD to decompose near field

pressure components was first proposed by Kuo et al. [35].
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Figure 4.1: Normalized near field pressure plotted against wavenumber (frequency analog) at different
radial microphone positions) [35]

4.1.2 Convective Velocity Estimation

Relatively little research has been conducted on the estimation of the convection
speed of LSS in supersonic jets. Much of what has been done has been exploratory and
focused mostly on validating new methods. There is, at this time, no tried and true
method to estimate convective velocity in a supersonic flow. Much previous work
involves detailed analysis of high-speed schlieren images or the measurement of phase
shift between two sensors at various axial distances [36]. Typical values for U./U; range
from 0.4-0.85 for an unheated supersonic jet [37].

4.1.3 Empirical Mode Decomposition
EMD is a time-frequency data analysis method that was specifically developed to
analyze nonlinear and non-stationary data. It was introduced as an alternative to Fourier

spectral analysis which is limited to both linear and stationary signals [38]. However,
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whereas Fourier transforms can only output sine or cosine waves, EMD analysis allows a
physically-meaningful output which can vary in both instantaneous frequency and
amplitude over the full frequency range of a signal. This algorithm outputs several
distinct Intrinsic Mode Functions (IMFs). IMFs must satisfy two mathematical criteria as
proposed by Huang et al.: ““(1) in the whole data set, the number of extrema and the
number of zero crossings must either equal or differ at most by one; and (2) at any point,
the mean value of the envelope defined by the local maxima and the envelope defined by
the local minima is zero” [38].

A simplified form of the EMD algorithm is as follows: find the local minima and
maxima of an input signal x(t), use those local minima and maxima to create envelopes
of x(t) and also to create a mean envelope. The output function is the residual Y (t) =
x(t) - m(t). This process is known as sifting. This is repeated several times using the
residual signal Y (t) as the new input signal x(t) until one of several criteria are met.
Each repetition of the process creates a new “mode.” Each of these constructed modes is
an IMF [39]. The exit criteria used in this work was the maximum allowed number of
IMFs. A maximum of 7 IMFs was used based on similar work by Crawley et al. [40].
4.2 Post-Processing

4.2.1 Separating Hydrodynamic & Acoustic Pressure Components

Pressure data for each microphone was decomposed separately. A scaling factor
of 1000 was applied and then MATLAB’s “emd” function was used to decompose the
raw signal of each microphone into 7 IMFs. The power spectral density (PSD) was

calculated for each IMF. IMF’s whose spectral maximum, disregarding the screech tone
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and its harmonics, occurred at a frequency greater than some critical frequency were
designated acoustic. A moving median filter was used to smooth screech tones from the
spectrum so that IMFs could accurately be categorized. The feasibility of this sorting
method was confirmed via manual checks for several microphones at each M; analyzed.
Figure 4.2 below shows both the raw and smoothed IMFs along with their categorization.
The raw — unsmoothed — hydrodynamic IMFs were summed and used for cross-

correlation later on.
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Figure 4.2: Decomposed near field pressure data from mic. 7 at M; = 1.50 : a) Raw IMFs; b) IMFs
smoothed using moving median filter for decomposition

The criteria used for critical frequency is defined by Sinha et al. as f,.;; = U./y
where y is the y-location of the microphone analyzed with respect to the centerline of the
jet [41]. Previous work has used a critical wavenumber ky* as proposed by Kuo et al.
where k = 2nf,.i: /a, [35]. However, it’s been found that the former definition performs

well over a range of Mach numbers and produces comparable results. Estimates of U,
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based on concurrent work in the GDTL were used as a first-order estimate of critical
frequency.
4.2.2 Filtering & Cross Correlation

The decomposed pressure data was filtered to remove the screech tone using a
bandstop filter at +400 Hz around the screech tone along with a lowpass filter which
filtered data just prior to and beyond the first harmonic. While this did remove the
screech tone, it also nearly flattened the spectral waveform at frequencies above the
fundamental tone, removing the k=667 decay shown in Figure 4.2. Figure 4.3a shows a
sample filtered waveform in comparison to the unfiltered hydrodynamic pressure.
Various other methods of filtering were explored including a wavelet synchrosqueezed
transform (WSST). WSST is similar in function to EMD and can be used to remove
specified modes within a defined frequency range of a signal [42]. While this method was
partially successful it could not completely remove the screech tone. A frequency range
on the order of 1000 Hz was necessary in order to effectively remove the tone. At this
range, the shape of the spectrum surrounding the screech tone was drastically altered.
Figure 4.3b shows a hydrodynamic signal filtered with WSST with a frequency range of

600 Hz where the screech tone is still largely present although slightly diminished.
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Figure 4.3: a) Hydrodynamic pressure component with bandstop filter applied at screech frequency and
lowpass filter slightly before the first harmonic; b) hydrodynamic signal filtered using WSST at 600 Hz
range around screech tone

At each M;, cross correlations were calculated between all microphones in the
array downstream of a specified reference microphone using MATLAB’s “xcorr”
function. Microphone 4 was used as the reference microphone for all estimations. At
microphones further upstream, the turbulent structures are not sufficiently developed (See
Figure 4.4). Cross correlations between each possible combination of microphones in the
linear array downstream of the reference microphone were calculated. The lags between
structures which showed high correlations were then used to calculate U, based on the
known microphone spacing. All U, results were normalized with U; based on the jet total

temperature and Mach number.
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Normalized Power Spectrum

20

x/Ly

Figure 4.4: Streamwise normalized power spectrum showing vortex roll up after roughly 3 shocks,
adapted from Samimy et al. [43]

Possible variation of U, due to the finite microphone diameter (6.35 mm)
determined error bars for each estimated U.. If the difference in estimated minimum and
maximum U, exceeded 0.1U; a data point was considered inadmissible. Additionally,
nonphysical values were not considered (U, < 0). If the maximum correlation between
two microphones occurred before 0.1 ms data point was not considered. This usually

occurred between a pair of adjacent microphones due to their proximity. Estimations

which met all other conditions but did not fall into the range 0.4 < UC/U, < 0.8 were not
]

dismissed but may be inaccurate.
4.3 Results

Figure 4.5 shows a sample of correlation data for M; = 1.50 between each possible
microphone pair using microphone 4 as the reference. Many of the estimated U, values
did not meet the set admissibility criteria. In adjacent pairs, the delay was almost always
shorter than the set value of 0.1 ms. Figure 4.6 shows the axial convective velocity
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estimation at the same Mach number. Generally, microphones further away from one

have smaller error bars than pairs near one another.

Correlation between various Mic. pairs, M, =1.50
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Figure 4.5: Correlations between microphone pairs at M; = 1.50 showing admissibility criteria
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Axial variation of convective velocity, Mj =1.50

15 Reference Mic.4 15 Reference Mic.5 15 Reference Mic.6 15 Reference Mic.7
1 u_iu GS* 1 u/u =08 * 1 uJ/u =08 1U‘U 08 l
=N ! Xk =N ¢l F ek =N ! £ ek =N ¢ Iz
o o + o o L
=] + =) =) =] 4
0.5 U U, =04 0.5 [UJU =04 0.5 [UJU =04 0.5 [U U =04 I
0 0 0 0
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
x/D x/D x/D x/D
e e e e
15 Reference Mic.8 15 Reference Mic.9

uJU =08

uJ
i
“C
=
i
=
U,
i
——f-Os——

= 1 =
0.5 (U U, =04 0.5 [U U =04

0 2 4 6 8 0 2 4 6 8
x/D x/D
e e

Figure 4.6: Axial convective velocity estimations for M; = 1.50

Figure 4.7 shows the admissible U, estimations for all Mach numbers analyzed.
Values estimated using both decomposed and nondecomposed pressure components are
shown along with the U, estimations used to calculate critical frequency. For a set M;,
convective velocity estimations showed large variations with streamwise distance. At
strongly underexpanded Mach numbers the amount of admissible data points reduced
significantly. The U, /U; estimates made using decomposed pressure data are consistently
less than the U, estimate values. However, both consistently decrease with rising Mach

number.
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Uc Estimation With Decomposed And Nondecomposed Near Field Pressure
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Figure 4.7: Admissible U, estimations calculated using separated and unseparated pressure
components compared to expected results

4.4 Discussion

The variation in results and amount of inadmissible data points has several likely
causes. Some of the issues presumably stem from the method used to remove the screech
tone and its harmonics from the hydrodynamic signal. As noted before, the filtering
process used drastically alters the shape of the waveform. This phenomenon becomes
worse at strongly underexpanded Mach numbers. Figure 4.8 shows the filtered
hydrodynamic signal at M; = 1.85. Note, the bandstop filter designed to remove the
screech tone has affected the entire range of Strouhal numbers from 0.01 to the screech
tone at approximately 0.2. Then, the low pass filter drastically reduces SPD at
frequencies greater than the first harmonic, removing the expected decay (See Figure

4.1).
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Generally, the estimations do follow the expected trends from literature. U./U;
decreases for higher M;. For most Mach numbers analyzed, with the exception of M; =

1.75, values cluster with a few outliers. The screech closure model requires a single
averaged value. Based on the current results, an average may not give the best results due
to the number of unacceptable data points and the microphone array does not have the
spatial resolution required to give accurate estimations further upstream due to the

earlier-described effect between adjacent pairs.
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Figure 4.8: Filtered hydrodynamic pressure component SPD versus Strouhal number at M; = 1.85
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Chapter 5: Conclusions

5.1 Summary

Two parameters were estimated to aid the development of a physics-based screech
closure model for a supersonic rectangular twin jet configuration. Locations of shocks
within the jet flow were predicted via an empirical method established by Prandtl and
built upon by researchers over the course of the 20" century. Additionally, the velocity at
which large-scale turbulent structures in the jet mixing layer convect downstream was
estimated using decomposed near field hydrodynamic pressure data from a linear
microphone array.

Normalized shock location predictions solely as a function of M; proved highly
accurate compared to experimental data from time-averaged schlieren images for the
entire range of Mach numbers analyzed. In order to improve predictions, the
underexpanded and overexpanded regimes were analyzed separately. In the
underexpanded regime, results were similar to those obtained by previous researchers
working with axisymmetric converging jets. In the overexpanded regime, a slightly
altered method was explored after less accurate initial results. The altered method —
which accounts for the different flow physics between the two regimes — performed well
and at the same order of accuracy as the underexpanded regime. Results in both regimes
showed less variation from the averaged experimental data than the data sets did from
one another. The final shock location equations presented have been optimized for the
specific jet configuration analyzed but a similar analysis could be performed for other

nozzle geometries.
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Convective velocity estimations used two different configurations of streamwise
linear microphone arrays to capture near field pressure data in the overexpanded and
underexpanded regimes. Pressure data was decomposed into hydrodynamic and acoustic
components using EMD which previous research has proven reasonably effective.
Pressure data from each microphone was split into 7 IMFs which were designated
hydrodynamic if their smoothed peak occurred at a frequency less than some critical
frequency. This critical frequency was based on microphone position and approximate
values of U,. Convective velocity was calculated using the time difference between
microphone cross correlations for the summed hydrodynamic components. Estimated U,
values followed expected trends for the most part but at higher underexpanded Mach
numbers erroneous data points began to dominate. Both components of this work
meaningfully contribute to the development of a screech closure model for the
rectangular twin jet configuration.

5.2 Future Work

5.2.1 Shock Location Prediction

The empirical method of shock location prediction examined was highly accurate.
Future iterations should focus on practical implementation and determine what level of
accuracy is truly necessary — especially for the purposes of developing a screech and
coupling model. Instead of a shock equation for each flow regime, perhaps one could
develop a single equation which predicts shock locations at a lower accuracy for the

entire range of Mach numbers explored.
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5.2.2 Convective Velocity Estimation

Although decomposition of irrotational pressure components has been proven
successful in the past, its validity should be confirmed for this specific application.
Additionally, future work should determine a more precise and less destructive method of
removing the screech tone and its harmonics from the decomposed hydrodynamic
pressure data. The current method fundamentally alters the waveform shape which could
result in inaccurate convective velocity estimations. This issue seems to be exacerbated at
strongly underexpanded Mach numbers. Additionally, the pressure components were
decomposed using a critical frequency estimate based on a first guess of U.. Future work

should iteratively determine f_,;; until some convergence criterion is reached.
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Appendix A: Experimental Shock Locations

Table A.1: Experimental shock locations from August 20th, 2021

M; 120 | 1.25 | 130 | 1.35 | 140 | 145 | 1.65 | 170 | 1.75 | 1.80 | 1.85 | 1.90

1| 0.1504 | 0.2167 | 0.2983 | 0.3340 | 0.3952 | 0.4589 | 1.0428 | 1.1780 | 1.2162 | 1.2774 | 1.3972 | 1.4967
Shr?;k 2 | 05813 | 0.7343 | 0.9179 | 1.0377 | 1.1856 | 1.3335 | 2.1621 | 2.3585 | 2.5624 | 2.7766 | 2.9474 | 3.1234
di}frtgr’:fe 3| 1.0275 | 1.2340 | 1.4814 | 1.7032 | 1.9684 | 2.2386 | 3.2967 | 3.6027 | 3.8500 | 4.1534 | 4.4058 | 4.6302
nozzle | 4 | 14100 | 1.7108 | 1.9811 | 2.3049 | 2.6313 | 2.9525 | 4.3906 | 4.7399 | 5.1249 | 5.4920 | 5.8184 | 6.2161
O S 7050 | 24162 | 24120 | 28123 | 3.1667 | 36052 | 53620 | 5.9535 | 6.4430 | 6.9300 | 73227 | 77842

Table A.2: Experimental shock locations from October 21st, 2021

M; 120 | 125 | 130 | 1.35 | 140 | 145 | 165 | 1.70 | 1.75 | 1.80 | 1.85 | 1.90
Shock | 1| 0-1522 | 01991 | 02810 | 0.3044 | 03513 | 04333 | 10656 | 11710 | 1.2178 | 1.2763 | 14052 | 14871
Tip | 2| 05386 | 0.6674 | 0.8548 | 1.0187 | 1.1710 | 1.3349 | 2.1780 | 2.3419 | 2.5527 | 2.7986 | 2.9977 | 3.1850
di}frtgr’:fe 3109368 | 1.1827 | 1.4403 | 1.6511 | 1.8735 | 2.1077 | 3.2436 | 3.5129 | 3.7939 | 4.0984 | 4.3560 | 4.6019
nozzle | 4 | 1.2646 | 16393 | 19321 | 2.2717 | 25995 | 3.0211 | 43208 | 4.6487 | 5.0234 | 53864 | 57260 | 6.1241
(Nl 15771 7006 | 20375 | 24239 | 2.8923 | 3.2084 | 3.6885 | 53279 | 5.7143 | 61944 | 6.6276 | 7.0492 | 7.5410

Table A.3: Averaged experimental shock locations

M; 120 | 125 | 130 | 1.35 | 1.40 | 145 | 165 | 1.70 | 1.75 | 1.80 | 1.85 | 1.90
Shock | 1| 0-1513 | 02079 | 02897 | 0.3192 | 0.3732 | 04461 | 10542 | 11745 | 1.2170 | 12769 | 14012 | 14919
Tip | 2| 05600 | 0.7009 | 0.8863 | 1.0282 | 1.1783 | 1.3342 | 21701 | 2.3502 | 2.5576 | 2.7876 | 2.9725 | 3.1542
difsrtggce 3| 09821 | 1.2084 | 1.4608 | 1.6771 | 1.9209 | 2.1732 | 3.2701 | 35578 | 3.8220 | 4.1259 | 4.3809 | 4.6160
nozzle | 4 | 1.3373 | 16751 | 19566 | 2.2883 | 2.6154 | 2.9868 | 4.3557 | 4.6943 | 5.0741 | 5.4302 | 57722 | 6.1701
(nl 751 17523 | 20769 | 24179 | 2.8523 | 3.1876 | 3.6469 | 53449 | 58339 | 63187 | 6.7788 | 7.1859 | 7.6626




Appendix B: Various Shock Location Prediction Results

Table B.1: Summary of underexpanded shock location prediction results

Method M; 1.60 1.65 1.70 1.75 1.80 1.85 1.90
R? 0.99959 | 0.99935 | 0.99983 | 0.99964 | 0.99878 | 0.99908 | 0.99939
Best ||Error|l, | 0.08372 | 0.11430 | 0.06430 | 0.10022 | 0.19912 | 0.18226 | 0.15779
Coefficients K 1.039 1.060 1.127 1.118 1.126 1.188 1.218
a -0.0106 | -0.0312 | 0.0028 | -0.0553 | -0.0887 | -0.0415 | -0.0418
R? 0.99946 | 0.99939 | 0.99956 | 0.99950 | 0.99888 | 0.99895 | 0.99909
Linear Fit c & | IIError|l, | 0.09642 | 0.11121 | 0.10263 | 0.11903 | 0.19048 | 0.19470 | 0.19301
a K 1040 | 1.069 | 1.097 | 1125 | 1154 | 1.182 | 1210
a -0.0160 | -0.0233 | -0.0307 | -0.0380 | -0.0454 | -0.0527 | -0.0601
R? 0.99948 | 0.99946 | 0.99978 | 0.99961 | 0.99905 | 0.99937 | 0.99947
Linear Fitx, | IErroril, | 0.09434 | 0.10486 | 0.07171 | 0.10543 | 0.17561 | 0.14999 | 0.14800
a=0 K 1.052 | 1088 | 1123 | 1158 | 1.193 | 1.228 | 1.263
a 0 0 0 0 0 0 0

B-1




Table B.2: Summary of overexpanded shock location prediction results

Method M; 1.30 1.35 1.40 1.45
R? 0.99687 0.99807 0.99612 0.99723
L [|Error||, 0.12448 0.11598 0.18389 0.17697
Best Coefficients
K 0.530 0.530 0.600 0.640
a -0.600 -0.740 -0.580 -0.580
R? 0.99678 0.99788 0.99589 0.99723
_ _ ||Error]l, 0.12631 0.12161 0.18941 0.17720
Linear Fitk & a
K 0.515 0.555 0.595 0.635
a -0.658 -0.636 -0.614 -0.592
R? 0.99572 0.99750 0.99537 0.99616
_ _ ||Errorl, 0.14572 0.13212 0.20101 0.20861
Linear Fit k, Average
K 0.515 0.555 0.595 0.635
a -0.625 -0.625 -0.625 -0.625
R? 0.99685 0.99755 0.99606 0.99718
Linear Fitk & a [|[Error||, 0.12486 0.13087 0.18548 0.17868
(No M; = 1.35) K 0.529 0.566 0.602 0.639
a -0.599 -0.591 -0.5843 -0.577
R? 0.98464 0.98217 0.98344 0.98476
||Error]||, 0.27591 0.35277 0.38014 0.41547
Bestk,a =0
K 0.761 0.815 0.854 0.910
a 0 0 0 0
R? 0.98463 0.98205 0.98329 0.98474
. . || Error||, 0.27601 0.35400 0.38188 0.41574
Linear Fitk,a =0
K 0.763 0.811 0.859 0.908
a 0 0 0 0
R? 0.99804 0.99739 0.99619 0.99832
Alternate Method — [|[Error||, 0.09846 0.13501 0.18223 0.13781
Best Coefficients K 0.990 1.050 1.140 1.170
a 0.180 0.150 0.210 0.170
R? 0.99747 0.99840 0.99633 0.99775
Alternate Method — [|[Error||, 0.11202 0.10580 0.17906 0.15963
Linear Fit x, Average a K 0.993 1.056 1.119 1.182
a 0.178 0.178 0.178 0.178
R? 0.99417 0.99723 0.99397 0.99468
Alternate Method — || Error||, 0.16997 0.13903 0.22939 0.24552
Bestk,a =0 K 0.870 0.940 0.980 1.040
a 0 0 0 0




Shock Cell Location Comparisons Using Harper-Bourne/Pack Method

(Using "Best" Coefficients)
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Figure B.1:
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Figure B.2: Underexpanded shock location predictions using linear fit with
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Shock Cell Location Comparisons Using Harper-Bourne/Pack Method
(Coefficients Calculated from Linear Fit as Function of Mj)
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Shock Cell Location Comparisons Using Harper-Bourne/Pack Method
(Kappa from Linear Fit, Optimized for Entire Shock Train, No Alpha)
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Figure B.3:

Underexpanded shock location predictions using « from

linear fitand @ = 0
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Shock Cell Location Comparisons Using Harper-Bourne/Pack Method

Best Coefficients
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Figure B.4: Overexpanded shock location predictions using best

coefficients
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Shock Cell Location Comparisons Using Harper-Bourne/Pack Method
(Coefficients from Linear Fit, Optimized for Entire Shock Train)
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Figure B.5: Overexpanded shock location predictions using coefficients

from linear fit
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Shock Cell Location Comparisons Using Harper-Bourne/Pack Method

(Linear Fit Kappa, Averaged Alpha)

Ml =130, x = 0515, « = -0.6250

R? = 0.9957
x o X o he] ®
L . L . L . L )
0 0.5 1 1.5 2 25 3 3.5 4
MI =135, k= 0.555, o = 0.6250
R? =0.9975
ox bl X0 el - ¢
] 0.5 1 15 2 25 3 3.5 4
MI =1.40, = 0.595, « = -0.6250
R? = 0.9954
ox x 0 x o X
] 0.5 15 2 25 3 35 4 45 5
M] =145, k= 0635, « = 0.6250
R? = 0.9962
ax x x x o X
L L L L s
2 3 4
X Predicled

Distance From Nozzle Lip (UD,)
O  Experimental

Figure B.6: Overexpanded shock location predictions linear fit x and

averaged a



Shock Cell Location Comparisons Using Harper-Bourne/Pack Method Shock Cell Location Comparisons Using Harper-Bourne/Pack Method

(Coefficients from Linear Fit w/o Mj = 1.35, Optimized for Entire Shock Train) (No Alpha, Kappa Optimized for Entire Shock Train)
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Figure B.8: Overexpanded shock location predictions using best x values
Figure B.7: Overexpanded shock location predictions using coefficients anda =0

from linear fit (excluding M; = 1.35)
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Shock Cell Location Comparisons Using Harper-Bourne/Pack Method
(Kappa from Linear Fit, Optimized for Entire Shock Train, No Alpha)
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Figure B.9: Overexpanded shock location predictions using x from a linear
fitanda =0

K VS Mi With Linear Fit (Optimized for Entire Shock Train)
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Shock Cell Location Comparisons Using Altered Method

(Best Coefficents)
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Figure B.11: Overexpanded shock location predictions using altered
method and best coefficients

Shock Cell Location Comparisons Using Altered Method

(Linear fit «, Averaged «)
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Figure B.12: Overexpanded shock location predictions using altered
method with linear fit x and averaged a



Coefficients (x & o) vs MJ. With Linear Fit
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Figure B.13: Linear fit coefficients for overexpanded regime using altered

method
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Figure B.14: Overexpanded shock location predictions using altered

method with best x valuesand ¢ = 0



