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Abstract 
 
 As devices in current microprocessors continue to scale to ever decreasing dimensions, 

the concurrent increase in the RC time constants drive the need for next generation interconnects 

that can propagate signals at higher speeds.  Plasmonic waveguides, using materials with a 

negative permittivity such as the noble metals, have the ability to propagate light signals over the 

length scale required for microprocessors while keeping the spot size of the light below the 

diffraction limit.  Light propagating in a plasmonic waveguide has the advantage over electrons in 

a metal wire because it can propagate signals about three orders of magnitude faster.  The price 

that is paid for confining light to dimensions on the order of tens of nanometers is a finite 

propagation length, due to the finite conductivity of the negative index material.   

 A class of plasmonic waveguides is examined in this research.  These waveguides consist 

of a dielectric core bounded on either side by metallic walls, and are known as “plasmonic gap 

waveguides.”  Physically realizable structures consist of metal films with rectangular channels or 

gaps etched through them.  It is found that making the gap smaller, increasing the refractive index 

of the dielectric material in the gap above about 1.5, and increasing the frequency of the 

excitation field has the effect of decreasing the propagation length.  Propagation lengths on the 

order of 100 micrometers or less can be obtained with this type of waveguiding structure.  This 

makes it useful for medium and short distance interconnects.  Making the height to width aspect 

ratio of the gap large enough will allow for more vertical modes to propagate.  The fundamental 

mode is of primary interest because it displays the lowest loss, is the easiest to excite, and is the 

highest confined mode for subwavelength geometries.  As expected, there is transverse power 

flow into the metal, where it is dissipated.  The power flow in the direction of propagation is 

strongest at the four metal corners of the waveguide.  The high power focusing ability of this 

waveguide could be harnessed to exploit optical nonlinearities of materials used in the core, 

which could lead to the development of an all-optical plasmonic switch.   
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Chapter 1:  Introduction 
1.1 Motivation for This Work 
 
 As human society continues to develop, it becomes more reliant on advanced technology 

to make processes more efficient, faster, and less expensive.  One area that has made huge 

progress in the past few decades, and continues to do so today, is computing.  The first 

microprocessor produced by Intel in 1971, called the “4004”, was composed of about 2300 

transistors and implemented a 4 bit instruction miroarchitecture [1].  In 2006, Intel released the 

dual core “Conroe” processor, which had more than 100,000 times the number of transistors, and 

is capable of executing 64 bit instructions at 2.93 GHz [2].  This improvement in performance is 

in accordance with the well-known Moore’s Law, a trend that was predicted by Intel co-founder 

Gordon Moore in 1965 that says the number of transistors in microprocessors will double every 

24 months [3].  This increase in the number of transistors translates into more performance by 

increasing the number of switching elements able to process information, as well as their 

switching speed, and is accomplished by a decrease in the transistor size, which is usually given 

by a nominal minimum channel (in reference to the length of a channel in a metal oxide 

semiconductor, or MOS transistor) length, also known as the “feature size” of a microelectronic 

circuit.  Later this year, Intel plans to release the code-named “Penryn” processors that have 

feature sizes of 45 nm [4].   While transistors may benefit from this shrinking however, the 

electrical interconnects that stitch them together have an increased effective RC time constant that 

increases the time required for them to charge and discharge, and they are becoming the limiting 

factor in the speed of information processing [5,6].  There has thus been a large push in recent 

years to develop other means of transmitting information on a scale on the order of 1 cm (roughly 

the current size of a microprocessor chip).   

 One proposed method is to use light pulses as signals rather than electrons.  Research is 

being done on many fronts to develop practical optical interconnects and devices, from nonlinear 

all-optical switching methods [7,8], to ring resonator filtering schemes [9], and also on the 

techniques needed to fabricate such devices [10,11].  Typically, dielectric optical waveguides are 

used to confine light using the principle of total internal reflection, in the same manner as the 

optical fibers used for long distance communications, and are fabricated on a planar process as 

rectangular, rather than cylindrical, structures [12]. A major advantage of using light as a carrier 

of information is its speed (on the order of 108 meters per second), which is about three orders of 

magnitude faster than the saturation velocity of electrons conducting in a semiconductor (~105 

meters per second in silicon [13]).  On the other hand, photons are not as localized as electrons 
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and require much larger waveguides in order to achieve proper confinement.  The uncertainty 

principle limits light confinement to [14] 

n*2
λ

a 0
min =                                                      (1.1.1) 

Here amin is the minimum mode width, λ0 is the free space wavelength, and n is the refractive 

index of the dielectric medium in which the light is propagating.  This minimum boundary on the 

spot size limits how small a dielectric optical waveguide can be if it is to effectively confine the 

propagating light.  For a wavelength of 1.55 μm and a core index of 1.5, the minimum dielectric 

mode width is about 0.517 μm.  Electrical interconnects in current microprocessors are about one 

fifth of this or less [15].  The natural goal is to find a way to defeat this limit, so as to propagate 

signals at the speed of light while being confined below the minimum diffraction spot size. 

 Over 60 years ago, Ugo Fano published a work describing the interaction of light 

impinging on a corrugated metallic grating [16].  In this work, he described how light, polarized 

such that the magnetic field is tangential to a metal-dielectric interface, can set up a wave guided 

along the surface after it is scattered by the grating.  This surface mode is strongly coupled to 

electron oscillations in the metal and is attenuated in the direction of propagation due to the 

ohmic loss of the electron motion.  Later, Eleftherios Economou theoretically investigated such 

modes propagating in metal-dielectric-metal and dielectric-metal-dielectric layered structures 

[17].  Theoretical work on such modes was also done by Kaminow, who demonstrated that a 

propagating mode can exist in a metal-dielectric-metal sandwich structure below the diffraction 

limit.  He was also able to demonstrate a clear tradeoff between confinement and the finite 

propagation length [18]. Eventually, these quantized surface charge density oscillations were 

called surface plasmon polaritons (SPPs) and the area of photonics dealing with manipulating 

such waves was called “plasmonics [19].”  Much theoretical and experimental work has been 

done on different waveguiding methods.  The advent of such processing technologies as electron 

beam lithography and nanoimprint lithography in the past few years has aided in the fabrication 

of these nanometer scale metallic structures.  The three dimensional, realizable, structures that 

have been studied fall into three broad categories:  arrays of metallic nanoparticles with various 

geometries, channels or grooves in metallic films, and thin metal strips of finite width.  Each of 

these classes of waveguides presents a different way of exchanging higher confinement for 

smaller propagation lengths.  The nanoparticles tend to have propagating modes with dimensions 

on the order of 50-100 nm, but the propagation lengths do not go much beyond a few hundred 

nanometers [20].  The channel or groove waveguides can confine the light to within around 100-

200 nm while maintaining propagation lengths in the tens of microns [21].  Finally, the thin metal 
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strip waveguides support the so-called long range surface plasmon polariton modes (LRSPPs) 

which have been shown to propagate over lengths on the order of millimeters to centimeters [22].  

However, these metal strips do not provide high confinement, as the evanescent tails of the modes 

have an extinction length of around 3-4 microns for the LRSPPs [23].  See Figure 1.1 below for a 

graphical depiction of one component of the mode fields of such waveguides.  One can see that 

the nanoparticle chain has the lowest propagation length.  Both the nanoparticle chain (Figure 

1.1a) and the metal strip (Figure 1.1c) have evanescent tails that extend into the surrounding 

medium and are not highly localized within the waveguide, making these waveguides more useful 

for applications where they could be used to sense refractive index changes in the surrounding 

material.  The radiation is very well confined to the metal gap (Figure 1.1b), however, and this 

makes it much better suited for signaling interconnect applications, because many such 

waveguides could be placed in close proximity horizontally without experiencing cross talk.  

These field distributions were obtained using a 2-dimensional commercial finite difference time 

domain (FDTD) code called FullWave™ developed by the company RSoft™.   

 Given that it was my goal to explore plasmonic waveguiding for the purposes of optical 

interconnects, I decided to explore waveguides of the second type:  plasmon waves propagating 

in metal gap structures.   

 
Figure 1.1:  Depiction of the mode field distributions for two-dimensional waveguides excited with TM polarized 
radiation.  (a) A chain of gold cylinders of radius 50 nm and spacing 75 nm in air excited at 0.454 μm wavelength 
(transverse mode), (b) a dielectric (index of 2) gap 100 nm wide in a silver film excited at 1.55 μm wavelength, (c) a 
metal film 100 nm wide embedded in a dielectric of index 2 excited at 1.55 μm wavelength.  This was simulated using 
2-dimensional FDTD code developed by RSoft™. 
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These currently show the most promise and provide the best, middle-of-the-road tradeoff between 

loss and confinement.  Though the modes of this waveguide can be analytically determined, given 

that it is an ideal 2-dimensional waveguide that is infinite in the direction normal to the plane of 

this page, it is not physically realizable.  The physically realizable analog to this waveguide is 

shown below in Figure 1.2.  This consists of a dielectric core of width w etched into a metal film 

of height h.  The film is deposited on a substrate and is protected by a cover material.  In general, 

the cover, core, and substrate will have different refractive indices.  The coordinate system is as 

shown, with the waveguide structure being infinite in the propagation direction, which is the Z 

direction.  As was discussed briefly above, the light propagating in this structure must be 

polarized such that the primary magnetic field component is along the metal-dielectric interfaces 

of the core to obtain a plasmon wave, which is in the Y direction in this case.  A special attribute 

of this simple waveguiding structure is that the propagating light is confined horizontally by the 

metal walls, but it not as tightly confined vertically.  This leads to a logical question:  what sort of 

cross-talk can occur between two such waveguides when one is placed above the other? 

 
Figure 1.2:  Schematic diagram of the physically realizable plasmonic gap waveguide. 

 
 

A similar analysis has already been done for waveguides of the metal strip type [25], but 

again, those waveguides do not provide subwavelength confinement, and exhibit coupling lengths 

over hundreds of microns, and so this type of coupling cannot lead to compact, highly integrated 

devices.  This coupled-gap structure could be altered, using nonlinear optical materials, to 

function as an all optical switch [26].  This will be left as the topic for a future exploration, 

however.  The purpose of this investigation is to determine the propagation characteristics of 

electromagnetic radiation in the plasmonic gap waveguide. 
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1.2 Outline of this Thesis 

 This report will explore the propagation characteristics of optical and near-infrared 

electromagnetic radiation in plasmonic waveguiding structures.  Chapter two will present a 

simple model for approximating the frequency-dependent relative permittivity of metals, known 

as the Drude model.  The next chapter will give an analytical treatment of the single metal-

dielectric interface, solving for the propagation constants and the field distribution.  Chapter four 

will cover the metal-insulator-metal waveguide, focusing on the tradeoff between loss and mode 

confinement.   Chapter five gives a numerical analysis of the field distributions and propagation 

constants for the finite height plasmonic gap waveguide.   
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Chapter 2:  Modeling the Frequency-Dependent Relative Permittivity of 
Metals 
 
2.1  The Drude Model 

 
As was mentioned above, a plasmon wave is a light wave coupled to charge density 

oscillations on the surface of a highly conductive metal, like gold.  In such metals, there is a 

significant density of free carriers such that the metal can be though of as an electron gas or “cold 

plasma [27].”  Because the oscillation and damping characteristics of the electrons change with 

the excitation energy, it is therefore necessary model the frequency response of the electrons in 

order to properly capture their effect on the wave’s propagation.  The macroscopic complex 

relative electric permittivity of the metal accounts for these effects, and can be derived as a 

function of frequency using the application of classical electromechanical principles [28]: 

( )
ωΓ*i*ω

ω
infεε(ω) 2

2
p

−
−=                                     (2.1.1) 

Here ε(ω) is the complex relative permittivity of the metal, ε(inf) is the permittivity of the metal at 

the limit of infinite frequency, ωp is the bulk radial plasma frequency, which represents the 

natural frequency of the oscillations of free conduction electrons, Γ is the radial damping 

frequency due to electron scattering events, and ω is the radial frequency of the incident 

electromagnetic radiation.  The plasma frequency ωp can itself be expressed in terms of basic 

material parameters: 

0

2

p εm
neω ∗=                                                       (2.1.2) 

Here, n is the free carrier concentration, m* is the effective electron mass, e is the fundamental 

unit of electric charge, and ε0 is the free space permittivity [27].   

 Usually the complex conjugate of Equation 2.1.1 is cited in the literature as the Drude 

model [23,29].  This violates physical reasoning, however.  If one rearranges Equation 2.1.1 one 

arrives at the resulting equation: 

( ) ( )22

2
p

2

2
p

Γωω
Γω

i
Γω

ω
infεε(ω)

+
⋅−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−=                         (2.1.3) 

Clearly, all of the parameters in the equation above are real and positive, and so the imaginary 

part of the permittivity is negative.  This is consistent with Ampere’s Law, when one takes the 

current density as being driven by the electric field of the radiation: 

 EεεiωJH 0r

rrr
+=×∇                                      (2.1.4) 



 7

Substituting in ( EσJ
rr

=  ) and factoring ( 0εωi ): 

E
ωε
σiεiωωH
0

r0

rr
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=×∇                                    (2.1.5) 

Here, εr is the real part of the permittivity, and σ is the conductivity.  Because of the way that the 

current density is being treated in Equation 2.1.5, which will be carried through for the rest of the 

analysis, any currents that do exist really manifest themselves as displacement currents, and so 

are in general out of phase with the curl of the magnetic field. The net complex permittivity due 

to the finite conductivity: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

ωε
σiεε(ω)
0

r                                            (2.1.6) 

And matching terms with Equation 2.1.3: 

( ) ( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−=

Γω
ω

infεωε 2

2
p

r                                       (2.1.7) 

( ) ( )22

2
p0

Γω
Γω

ωσ
+

=
ε

                                               (2.1.8) 

If the more widely stated version of the Drude model (the complex conjugate of Equation 2.1.1) 

was used here, it would have required the conductivity to be negative, which is unphysical, at 

least for passive media without gain.  There are other physical reasons why the negative 

conjugate Drude model should be used, and this will be discussed in Chapter 3. 

 

2.1 Comparison of the Drude Model with Experimental Data and Its Predictive Limitations 
 
One could take the effort to calculate the three input parameters of Equation 2.1.1 from first 

principles using Equation 2.1.2, but usually they are used as curve-fitting parameters to match the 

model with experimental data [29].  Because this theory is classical, it does not take into higher 

energy quantum effects such as the energy band structure of the metal that leads interband 

transitions that affect (increase) the absorption of the light (the loss).  Johnson and Christy (JC) 

experimentally demonstrated the limitation of the Drude model by showing how ε(ω) rapidly 

diverges from the predicted value as the energy of the exciting photons increased above some 

value [24].  Nordlander and Oubre (NO) fit the Drude model to JC’s experimental data and found 

that major divergence between predicted and experimental results occurs below a wavelength of 

400 nm for Ag [29].  Below in Figure 2.1 is presented the same sort of divergence analysis for 

Au.  One can see that a large divergence between theory and experiment occurs above about 1.7 
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eV or below 730 nm free space wavelength.  More complex models of the dielectric constants of 

metals at higher energies are available, but the Drude model provides a good first-order 

approximation as long as the wavelength is restricted properly.  The NO Drude parameters for Ag 

are ε(inf)  = 5.0, Γ = 0.0987 eV, and ωp = 9.5 eV.  The corresponding parameters for Au are 9.5, 

0.06909 eV, and 8.9488 eV, respectively.   

 
Figure 2.1:  The (a) real and (b) imaginary components of the complex refractive index for Au versus incident 
electromagnetic energy for the Drude model with parameters from Nordlander and Oubre (red line) and experimentally 
determined by Johnson and Christy (blue line). 

 
Using the parameters for Au, at a telecom wavelength of 1.55 μm, ε(ω) = -114.4 - i*10.69.  It 

is the negative real part of ε(ω) that allows the surface plasmon wave to exist, and the imaginary 

part that leads to the finite propagation length, and is representative of the ohmic loss within the 

metal due to its finite conductivity.  Both the Drude model, with the parameters from NO and 

experimental data available in the Handbook of Optical Constants of Solids (HOCS) are used in 

the analyses of this thesis [30].  
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Chapter 3:  Light Confinement at a Single Interface 
 
3.1 Analytical Setup 

 

This section will show how electromagnetic radiation can be guided at a single metal-

dielectric interface.  This is actually a special case of the well-known reflection-refraction of an 

infinite plane wave at a single interface between two semi-infinite media problem.  A diagram of 

the setup for the transverse magnetic (TM) polarization is shown below in Figure 3.1 [31].  This 

consists of an incident plane wave in Region 1 (with a permittivity of ε1) specified by Hi and Ei 

impinging on the surface at an angle of incidence θi along with corresponding reflected and 

transmitted waves (whose components are denoted with the respective r and t subscripts).  The 

wave vectors, denoted by k’s, are also shown.  These vectors are completely in-plane and have 

components: 

izixi kẑkx̂k ⋅+⋅=
r

                                    (3.1.1a)                              

rzrxr kẑkx̂k ⋅+⋅=
r

                                    (3.1.1b) 

tztxt kẑkx̂k ⋅+⋅=
r

                                     (3.1.1c) 

The functional forms of the magnetic fields of the three plane waves are given below: 

 
( )tωzkxkj

0ii
izixeHŷH ⋅−⋅+⋅⋅−⋅=

r
                          (3.1.2a) 

( )tωzkxkj
0rr

rzrxeHŷH ⋅−⋅+⋅⋅−⋅=
r

                         (3.1.2b) 

( )tωzkxkj
0tt

tztxeHŷH ⋅−⋅+⋅⋅−⋅=
r

                         (3.1.2c) 

 

These give the functional form of the magnetic field at all points in space and time.  When 

the components of the wavevector are real, the wave oscillates only, but when they become 

complex, they also have a component of exponential decay.  Using the following relationship, 

one can solve for the electric field components: 

Hk̂ηE
rr

×⋅−=                                                      (3.1.3) 

Here, η is the intrinsic impedance of the region in question, and k̂ is the unit vector corresponding 

to the wave vector of the respective plane wave.  Since the magnitude of the electric field is 

merely a scalar multiple of the magnetic field, it has the same dependence as a function of 

displacement.  
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In order to understand what is happening at the interface, it is instructive to examine the 

Fresnel reflection coefficients for both polarizations (TM and transverse electric (TE)), assuming 

that the materials on either side of the interface are nonmagnetic (the relative magnetic 

permeability = 1) [31]: 

)cos(θn)cos(θn
)cos(θn)cos(θn

|E|
|E|Γ

t2i1

t2i1

iTE

rTE
TE ∗+∗

∗−∗
==                      (3.1.4) 

)cos(θn)cos(θn
)cos(θn)cos(θn

|E|
|E|

Γ
t1i2

t1i2

iTM

rTM
TM ∗+∗

∗−∗
==                     (3.1.5) 

Here, Γ*  represents the ratio of the incident to reflected magnitudes of the electric field for the 

respective polarization, 1n  and 2n are the indices of refraction for the first and second materials, 

respectively, iθ  is the angle of incidence, and tθ is the angle of transmission.  In order to look for 

a surface mode, one would like to have no radiation away from the interface, so this corresponds 

to setting the reflection coefficients to zero.  If one does this for equations 3.1.4 and 3.1.5, and 

substitutes in Snell’s Law, one can show that for the TE case [32], 

21 nn =                                                       (3.1.6) 

Clearly, for nonmagnetic materials, setting the reflection coefficient to zero in the TE case 

requires that the interface not exist.  For the TM case one obtains [33]: 

⎟⎟
⎠

⎞
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⎝

⎛
+
∗

∗=
21

21
0z εε

εε
kk                                           (3.1.7)  

Here, zk  is the propagation constant in the direction of propagation, 0k  is the free space 

propagation constant, 1ε is the relative permittivity of medium 1, and 2ε is the relative 
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Ŷ

tE
r

rE
r

iE
r

tH
r

rH
r

iH
r

rk
r

ik
r

tk
r

Region 1:  
Dielectric, ε1

Region 2:  
Metal, ε2

 
Figure 3.1:  Standard setup for determining the reflection and refraction of an incident plane wave at the interface 
between two semi-infinite media. 
 
permittivity of medium 2.  The propagation constant is the same in the Z direction in both regions 

because of the tangential phase matching condition at the interface that is expressed by Snell’s 

Law.  So clearly it is only with a component of the incident light polarized such that the magnetic 

field is tangential to the interface that can one set up a surface wave using nonmagnetic materials.  

Also, one can easily use the Pythagorean Theorem to find the transverse propagation constants 

1zk  and 2zk  are given below: 
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The wave described by Fano decayed evanescently away from the interface on both sides, 

which implies that 1xk  and 2xk  should be imaginary.  Also, this wave propagates along the 

interface, which implies that zk  should be real.  These conditions are satisfied only in the case 

when |Re{ 2ε }| > Re{ 1ε } ,Re{ 2ε } < 0, and Re{ 1ε } > 0.  As was discussed above, an interface 

between an insulator and a noble metal such as Au is able to satisfy this requirement at telecom 

and optical frequencies.  Thus, an interface between a dielectric and a noble metal such as Au is 

able to support the so-called surface plasmon wave.  However, because )(ωε  is going to be 

complex due to the damping of electron motion in the metal, the wave will decay exponentially in 

the direction of propagation. 

 

3.2:  The Single Interface Field Solution 

 

It will now be helpful to go through an example showing the resulting components of the 

fields, the wave vector, as well as time average power flow.  For this setup, the metal will be 

silica in Region 1, and silver in Region 2, as depicted above in Figure 3.1.  In the optical and near 

infrared spectrum (say from 400 to 2,000 nm free space wavelength (λ0)), which is of interest for 

biosensing and telecommunications applications, the real part of the silver’s permittivity, εm is 

negative and has a magnitude much larger than that of the imaginary part.  At λ0 = 1μm, using 

HOCS’s experimental data, εm = -45.6 – i2.90.  In order to find the wave vector components in 

both regions, Equations 3.1.7 - 3.1.9 will be used.  It will also be assumed that the Ag was 

deposited on silica, which has a relative permittivity, εd of about 1.45 at this wavelength [34].  For 

kz, Equation 3.1.7 yields (7.69e6 – i7.98e3) radians per meter, taking the fourth quadrant root.  

Substituting this value into Equations 3.1.2, one can see that this leads to propagation in the 

positive Z direction with exponential decay.  Taking the negative root would have led to a wave 

travelling and decaying in the opposite direction.  The length over which the amplitude of the 

field dies down to 1/e of its initial value is 1/(7.98e3) = 0.125 mm.  For the transverse wave 

vector kx in the metal, Equation 3.1.9 yields (-1.32e6+i4.3e7) rad/m, taking the second quadrant 

root.  This leads to propagation in the negative X direction, away from the interface.  The field 

also decays into the metal, because with the chosen coordinate system, the x values are negative 

with increasing magnitude.  Here, the “skin depth” or 1/e field decay length is given by 1/(4.3e7) 

= 23.3 nm, which is typical of noble metals at these frequencies [23].  Finally, for the transverse 

wave vector in the dielectric, Equation 3.1.8 yields –(4.48e4+i1.37e6) rad/m, taking the third 

quadrant root.  This corresponds to evanescent decay away from the interface into the dielectric, 
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and oscillation towards the interface.  The skin depth here is 730 nm.  Clearly the wave decays 

much faster in the metal.  Also, the wave fronts are tilted towards the interface, indicating power 

flow into the metal.  The real component of the transverse wave vector is also larger in the metal, 

indicating that the wave travels faster, in the transverse direction, in the dielectric. Figure 3.2 

below gives a qualitative (i.e. not to scale) diagram showing triangles representing the real parts 

of the wave vector components in each region.   
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tk
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Metal-Dielectric 
Interface, and are 

Steeper in the Metal

 
Figure 3.2: Orientation of the real components of the wave vectors of the single interface surface plasmon wave for the 
case where the metal is Ag, the dielectric is silica, and the free space wavelength is 1 μm.  The phase fronts of the wave 
in both regions are also shown. 
 
It is important to note here that if the other, conjugate version of the Drude model had been 

chosen, all of the propagation constants would also be conjugated, and this would have resulted in 

exponential grown in the direction of propagation. Shown below in Figure 3.3 is an arrow plot of 

the resulting electric fields overlaid on a color plot of the magnetic fields for this example.  The 

amplitude of the magnetic field is taken as 1 here.  One can see that the field decay is much more 

rapid in the metal, as was noted before.  The actual tilt of the wave fronts is very slight compared 

to the rate of decay away from the interface.  The electric field alternates between bending toward 

and away from the interface.  At the locations where it is pointing purely in a transverse direction, 
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it shows a divergence due to a necessary sign change across the interface.  This indicates that 

there is an instantaneous charge density wave at the interface travelling along with the 

electromagnetic radiation, as one would expect.   

Ẑ

X̂

Ŷ

 
Figure 3.3:  Color plot (analytical solution using MATLAB™) of the magnetic field and arrow plot of the electric field 
as a function of transverse and propagation direction displacement for a plasmon wave (TM polarization) at an infinite 
Ag-SiO2 interface.  The white line denotes the interface. 
 

This is difficult to see with the electric field being so weak in the metal, but is caused by the 

requirement that the normal component of the electric flux density, Dx, needing to be continuous 

across the interface due to the assumption in the derivation of the functional form of the fields 

that the static volume and surface charge densities be zero.  Because the permittivity changes sign 

across the interface, the normal component of the electric field is phase shifted by the negative of 

the metal’s permittivity’s phase, which here almost 180˚. 

 The transverse power flow of this wave is towards and into the metal.  This can be readily 

seen.  For this simple 2-dimensional case, only three field components are present:  Hy, Ex, and Ez.  

The power flow is defined by the time-averaged Poynting vector: 

( )∗×= HERe
2
1Savg

rrr
                                          (3.2.1) 

Substituting in the non-zero field components: 

( ) ( ){ }∗⋅×⋅+⋅= oyozoxavg HŷEẑEx̂Re
2
1S

r
                         (3.2.2) 
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Performing the cross-product and separating out the x and z components: 

{ } { }∗∗ ⋅⋅+⋅⋅−= oyoxoyozavg HERe
2
1ẑHERe

2
1x̂S

r
                (3.2.3) 

Here, Eox, Eoz, and Hoy are the respective complex field magnitudes.  Taking the field distribution 

determined in the example above (using the equations in Section 3.1 of this chapter), the z and x 

components of the time average Poynting vector are plotted in Figures 3.4 and 3.5, respectively.  

When one examines the z power flow, one can see that it is much larger in the dielectric than in 

the metal.  The most interesting thing about this though is that in the metal, the time average 

power flows in the direction opposite that of the wave’s propagation, as shown by the slight dip 

into the negative in Figure 3.4 on the metal side.  Figure 3.5 shows that the power flow in the 

transverse direction is toward and into the metal, with the power flow dying off rapidly near the 

metal’s surface.  This is consistent with the wave phase fronts being tilted towards the metal 

interface, and also the physical intuition that since the metal’s finite conductivity is the source of 

the power loss, that the wave’s power should flow into the metal and be dissipated there near the 

surface. 

 
Figure 3.4:  Z-component of the time average Poynting vector as a function of transverse displacement for the example 
outlined above. 
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Figure 3.5:  X-component of the time-average Poynting vector as a function of transverse displacement for the 
example outlined above. 
 

3.3:  Trends of Propagation Characteristics 

 

Now that a thorough treatment of a specific waveguide has been covered, it is useful to 

see how the propagation changes as a function of some of the input parameters, namely the 

bounding dielectric index and the free space wavelength.  Below in Figure 3.6 is plotted the 

transverse decay lengths (also known as skin depth, for metals) of the wave into the metal and 

dielectric as a function of the dielectric refractive index, here called “n”, for Ag and Au at 

μm1.55λ 0 = .   One interesting feature is that the skin depths into Ag and Au are 

essentially invariant over this n range and remain at about 20 nm, with the Au skin depth being 

slightly higher.  Another interesting feature of these data is that the transverse decay length of the 

surface plasmon actually increases for n’s less than about 1.5.  This would imply that if n was 

decreased below 1.5 that the decay length would decrease, leading to a greater localization of the 

wave near the interface.  Given that most microelectronic processing technologies use silicon 

dioxide as a dielectric (n = 1.44) or other dielectrics with higher indices (GaAs for instance), and 

not air, n’s less than about 1.5 are not of much interest.  This region may be interesting in 

biosensor applications, however, since the index of refraction of water is 1.33.  The general trend 

above n = 1.5 is for the decay length to decrease and the wave to become more localized to the 
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interface with increasing n.  It is a general design goal to increase the localization of the wave at 

the interface for compact circuitry.  However, increasing the localization at the interface comes at 

the price of decreasing the propagation length of the wave.  The propagation length is defined in 

this chapter as the length at which the amplitude of the field decays to 1/e its initial value.   

See Figure 3.7 below for the propagation length as a function of n.  One can see that 

increasing n from 1.5 to 2 has the effect of decreasing the propagation length by about one third 

for both Ag and Au, while increasing the confinement by about 12 %.  At this wavelength, the 

wave on the Au surface travels further by about 50 microns. 

 
Figure 3.6:  Transverse decay length (into dielectric) and skin depth (into metal) of a plasmon surface wave as a 
function of the dielectric refractive index at free space wavelength of 1.55 um.  The left vertical axis is in 10-4 meter 
units, whereas the right vertical axis is in 10-8 meter units. 
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Figure 3.7:  Propagation length of a plasmon wave traveling at a metal-(Au and Ag) dielectric interface versus the 
bounding dielectric index of refraction.  The vertical axis is in 10-4 m units. 
 

Finally, it is always instructive to look at the dispersion relationship.  Figure 3.8 plots the 

real an imaginary dispersion relationships for an air-Ag interface, plotted using Equation 3.1.7.  

One can see three regions of operation in Figure 3.8a.  In the bound region, the propagation 

constant of the plasmon is greater than that of the free space wave vector, and so remains 

localized at the surface.  In the radiative region, the propagation constant is less than the free 

space wave vector, which implies that the transverse wave vectors are now mostly real, which 

corresponds to radiation away from the interface.   
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Figure 3.8:  Energy versus the real (a) and imaginary (b) parts of the z component of the propagation constant for an 
Ag-air interface.  Also, the light line (dot line) for this system is plotted, along with the propagation boundaries (dash-
dot in (a)).  In (b), the horizontal dash-dot line corresponds to the energy with the smallest propagation length.  The 
Drude model was used for the permittivity of Ag, with parameters from Nordlander-Oubre [29]. 

 
 The so-called ‘quasi-bound’ region is effectively a surface plasmon bandgap due to the spike in 

the attenuation constant (the imaginary part of the propagation constant) in this region, whereby 

the wave effectively does not propagate [23].  Note also that since the real part of the propagation 

constant is greater than that of free space in the bound region, it is impossible for one to excite 

this mode by simply shining TM polarized light at the surface, at any real angle.  The angle of 

incidence is actually complex, which implies that an evanescent wave must be used to excite the 

mode.  In practice, modes are generated on thin metal films, which corresponds to a dielectric-

metal-dielectric geometry (not discussed in this thesis), by using a technique called attenuated 

total reflection (ATR) [35]. 
 
3.4:  Key Points 
 
 In this chapter, the conditions for the propagation of electromagnetic radiation at a single 

interface between two semi-infinite regions, one being a dielectric, the other being a metal, was 

derived.  It was found that, in order for a surface mode to propagate, the light must be polarized 

such that the magnetic field is along the interface, which is the so-called transverse magnetic 

polarization.  Also, the real part of the relative permittivity of the metal must be negative and 

have a magnitude greater than the relative permittivity of the dielectric.  The plane wave solution 
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at the interface with the reflection coefficient set to zero leads to a field solution whereby 

evanescent decay occurs away from the interface on both sides.  The wave decays in the direction 

in which it propagates and has wave fronts tilted towards and into the metal.  The transverse time-

average power flow is also pointed into the metal.  The power flow in the direction of propagation 

is positive in the dielectric, but negative in the metal.  Increasing the refractive index above some 

size results in the wave becoming more confined near the interface, but also decreases the 

propagation length of the wave.  The dispersion relationship for the wave shows that the 

propagation constant in the bound region is greater than that which could be excited by a plane 

wave, which indicates that an incident evanescent field must be used to excite the surface mode.  

Though this case is highly ideal, the valuable insights it can provide are generalizable to more 

complex waveguiding structures. 
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Chapter 4:  Guiding Light in a Dielectric Gap between Two Semi- Infinite 
Metal Regions 
 

4.1:  Analytical Solution for the Two Dimensional Slab Waveguide  

The single interface equation above is of limited practical use as coupling light to it 

requires an incident wave that is evanescent.  In this chapter, the ideal two dimensional slab 

waveguide will be discussed, for the case where the slab is a dielectric surrounded on either side 

by a metal, forming two metal-dielectric interfaces.  This is the so-called metal-insulator-metal 

(MIM) slab structure [36]. The same sort of two-dimensional plane wave analysis can be done to 

derive the Fresnel reflection coefficients for this type of structure, and the waveguide’s 

characteristic equation can be derived from this coefficient by setting it to zero.  Only the TM 

polarization will be discussed.  Kaminow showed that TE polarized waves have much shorter 

propagation length (by about two orders of magnitude) in the MIM geometry for the 

subwavelength slab widths studied [18].  The characteristic equation for this is given below, 

which was derived by applying the boundary conditions for a plane wave solution at both 

interfaces:  
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Here, 1ε , 2ε  and 3ε  are the dielectric constants of the three regions, with the first and third regions 

being semi-infinite regions on either side of the second region (the slab or core) with finite 

width a .  The parameter effn  is the effective mode propagation index, which is defined as the 

propagation constant of a guided mode normalized to the free space propagation constant.  The 

term m  is the mode number, where 0≥m  and m is an integer, and determines the number of 

transverse zero-crossings of the mode.   For the case of plasmon propagation, effn  is a complex 

number.  The zeros of the transcendental equation, )( effnF , have been solved over the complex 

plane by using the Nelder-Mead simplex method to minimize its complex magnitude [37].   Since 

the waveguide studied in this chapter is symmetric around the slab, it represents a special case of 

Equation 4.1.1:  
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Here, εc is the relative permittivity of the dielectric core, and εm is the permittivity of the metal 

cladding.   

 

4.2:  Propagation Characteristics as a Function of Slab Width 

 

Below in Figure 4.1 is plotted the real component of the effective propagation index as a 

function of core width for the Ag-Polymer-Ag slab waveguide at a wavelength of 0.633 microns.  

The polymer is the one specified by Kaminow, with a dielectric constant of 2.523. Also are 

plotted data directly from Kaminow’s paper as a comparison.  One can see that the Kaminow data 

matches up with that determined using Equation 4.1.2 well.  The first observation to make on 

these data is that TM0 does not experience a cutoff width over this width range, whereas all of the 

other modes do.  The propagation constant of this mode actually increases with a smaller 

geometry and the mode becomes more confined, well above the light line for the medium and the 

effective index of the single interface.  Mode TM1 is able to obtain a propagating wave vector 

with a magnitude greater than a plane wave in the polymer, but it does not display increasing 

confinement with a thinner slab.  One can also see that modes TM0 and TM1 are asymptotic to the 

effective propagation index of the single interface for larger slab widths, indicating that the 

localization of the field’s energy at the metal-insulator interfaces rather than the core.  The higher 

order modes asymptotically approach the light line of the polymer, which is expected since waves 

that have more than one transverse 180 degree phase shift most likely have most of their 

propagating power within the core, away from the influence of the metal.  The vertical dashed line 

in the figure is the boundary for subwavelength confinement, using Equation 1.1.1.  Only the 

fundamental mode (TM0) is above the light line for widths below this boundary.  It is interesting 

to note that TM0 and TM1 are both able to have propagation constants greater than the free space 

wavevector, which is something one would never see in a dielectric waveguide. 

The reason for the limiting behavior of TM0 for smaller slab widths can be seen from 

Equation 4.2.1, setting m equal to zero, and for simplicity assuming that the dielectric constant of 

the metal is purely real and negative: 
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Given that neff is real and positive (for a propagating wave), and that γx is positive and real (for a 

confined wave), kx cannot be real since this would force the width of the waveguide, a, to be 

negative, which is unphysical.  Therefore, kx must be imaginary: 
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                                                   then using 
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                                 results in the following equation:  
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This equation now has possible solutions for neff through kx.  It now remains to be shown that 

when the width decreases, the magnitude of kx increases.  This requires knowledge of the inverse 

hyperbolic arctangent for a positive argument:  for arguments less than 1, arctanh increases from 

zero and asymptotically approaches infinity at one.  For arguments greater than one, arctanh 

decreases from infinity and approaches zero.  Because the waveguide width must remain a finite 

number, the argument of arctanh must be either greater than or less than 1.  A limiting case is 

enough to determine the proper region.  Substituting in the definition for γx in Equation 4.2.6 and 

distributing yields the following: 
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Then as |kx| goes to infinity, the argument of the artanh function goes to a constant value less than 

one due to the requirement (discussed in the previous chapter) that the core refractive index be 

less than the magnitude of the metal’s index.  This means that the argument of the arctanh 

function is always less than one and that the arctanh function is a positive function over this 

section of its domain.  As |kx| increases, therefore, the right side of Equation 4.2.7 must decrease 

and so too must the slab height.  The magnitude of kx is related to the effective index by the 

Pythagorean Theorem: 
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And so the effective index must increase along with the transverse core wavevector, as the slab 

height decreases.  This behavior is true of mode 0, but not of the other modes, because the 

presence of the constant multiple of π in the numerator (see Equation 4.1.2) allows kx to be real 

(i.e. transverse oscillations in the core).  This relationship was derived for the simple case where 

the metal is lossless, but it is clearly also true when the imaginary component of εm is small.  

Unfortunately, this explanation relied on the relationship between the wavevector and the 

characteristic equation, and is not applicable to physically-realizable structures like rectangular 

waveguides for which an analytical solution does not exist.  However, one still does observe that 

the effective propagation index increase for the three-dimensional (finite height) plasmonic gap 

waveguide for modes that have no transverse 180˚ phase flips in a given direction.  This will be 

shown in the next chapter. 

   

 



 25

 
Figure 4.1:  Real part of the complex propagation index versus the product of slab width and free space wavevector for 
four TM modes:  Analytical solution from the author and Kaminow.  The width was swept while holding the free space 
wavelength at 633 nm.   

 
 In Figure 4.2 below, the power propagation length is plotted below.  The power 

propagation length is defined here as the length over which the power carried by the wave decays 

to 1/e its initial value: 
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The values from Kaminow’s paper don’t seem to match up as well here, but the article 

[18], which had been scanned-in by the publisher, was at a slight tilt angle, making “Windows 

Paint Data Point Acquisition” much less accurate. It can be seen however, that Kaminow’s values 

track the analytical ones in their shape.  In this figure, one sees that over the slab widths of interest 

(again, to the left of the dashed subwavelength boundary, where plasmonic waveguides have the 

advantage over dielectric waveguides) TM0 has a propagation length more than three orders of 

magnitude higher than any of the other modes besides TM1 for slab widths near the boundary.  

This, along with the above observation that the fundamental mode becomes more confined at 

smaller widths makes it the primary mode of interest for waveguiding purposes.  It is interesting 

to note that it is actually TM2 that has the lowest loss of all the modes for very large widths.  

Again, TM0 approaches the loss of the single interface for large widths, indicating that the two 

waves at each metal-insulator surface become decoupled from each other for a wide enough 
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waveguide.  Finally, for all modes, decreasing the slab width decreases the propagation length, 

which is another manifestation of the tradeoff between confinement and loss.  The higher order 

modes experience a sharp increase in the loss at some point, and this occurs at the corresponding 

“cutoff width” for the mode in Figure 4.1, where Re(neff) goes to zero.   

 
Figure 4.2:  Power propagation length versus the product of slab width and free space wavevector for four TM modes:  
Analytical solution from the author and Kaminow.  The width was swept while holding the free space wavelength at 
633 nm.   
 
4.3:  Field Solutions 
 
 For the slab waveguide, the x-dependent solution form for the y-component of the 

magnetic field is given by the following piecewise equation:                 
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Here, m here is the mode number [39].  The field distributions are plotted below in Figure 4.3 for 

the four different modes shown above in Figures 4.1 and 4.2, with a slab width of 1 μm.  It is 

assumed here that the amplitude of the field is 1.  Observed here is what is expected:  the mode 

number gives the number of zero crossings, which are 180˚ phase shifts, in the transverse 

direction. All of the modes display some kind of field enhancement near the interfaces.  For TM0 -

and TM1, however, the magnitude of the field at the boundaries is the peak amplitude, whereas for 

the higher order modes, the peak field amplitude is within the core of the waveguide.  As far as 

confinement is concerned, the modes have visibly similar skin depths into the metal.   

 
Figure 4.3:  Mode profiles (y component of the magnetic field) for the Ag-polymer-Ag gap waveguide studied by 

Kaminow with a gap width of 1 μm:  modes TM0 through TM3. 

 
 The phase of these waves is also of interest.  Figure 4.4 shows the transverse phase 

distribution of the y-component of the magnetic field for the first three modes.  One sees that the 

phase of the waves changes by 180˚ the proper number of times for each mode.  Unlike a 

dielectric waveguide though, the phase fronts are tilted and do no transition instantaneously 

(especially for TM2).  In the metal, the phase decreases away from the interfaces.  Because this 

field distribution was taken at a fixed time, the changing phase is due only to spatial oscillation.  

Incrementing the time would increase the phase by a constant across the transverse profile, 

whereas incrementing spatial displacement in a direction in which the wave is travelling will 

decrease the phase.  Because the spatial phase is decreasing away from the interface, the wave 

must be radiating in the direction away from the interface, which is again consistent with the 
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analysis in the previous chapter, that all plasmon waves are fundamentally radiative, into the 

metal, because of the finite conductivity.  One can also see that the phase of the waves decreases 

away from the center of the waveguide (transverse displacement = 0 m) which says that the 

wavefronts in the dielectric are tilted towards the metal, and this is consistent with the single 

interface case where the same occurred.  It is useful to know that the easily-solved cases can 

provide insight into the behavior of the more complicated ones. 

 
Figure 4.4:  Transverse phase distribution of the first three modes of the Ag-polymer-Ag gap waveguide studied by 
Kaminow, for a gap width of 1 μm. 
 
 The distribution of the three field components, Hy, Ez, and Ex, is shown below in Figure 

4.5 for mode TM0.  This was plotted using Equation 4.3.1 along with the spatial phase 

(propagation) constant in the Z-direction, using MATLAB™.  The distribution of the magnetic 

field is as one would expect given Figure 4.3, but the electric field has some interesting features.   

Here, the electric field alternates between pointing in the positive and negative x-direction as the 

wave propagates.  This is why the fundamental mode of the plasmon gap is often referred to as the 

“capacitor mode [40].”  Although it is a bit difficult to tell, the electric field here also displays the 

same divergence behavior at the interface at locations along the z-direction.   
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4.4:  Exploring the Relationship between Confinement and Loss 

 

The purpose of this final section is to try to explain why increasing the confinement of the 

light (decreasing the slab width) causes the propagation length to decrease (or equivalently, the 

imaginary component of the propagation index to increase).  For this, one can use the power 

relationships for the TM case that was derived on the first midterm exam in the ECE 694H class 

[41].  The formulas are given below: 
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Here, coreP  is the power contained in the core, metalP  is the total power in the metal claddings on 

both sides of the core. The quantities γx and kx are as defined above for equations (4.2.2) and 

(4.2.3).  The parameter metalΓ  is of course the proportion of the wave’s time average propagating 

power contained in the metal cladding.   



 30

 
Figure 3Figure 4.5 
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Plotted in Figure 4.6 is metalΓ  versus the propagation length of the wave for increasing values of 

waveguide width (varied implicitly as a parameter), and a fixed core index.  This is an extremely 

interesting result, because it shows that increasing the confinement of the light by making the 

core width smaller has the effect of causing a greater proportion of the wave’s propagating power 

to be stored in the metal, which, due to the dissipation of this power by means of electron 

collisions in the metal, means that the loss should be higher.  Plotted in Figure 4.7 is metalΓ  versus 

propagation length for an increasing core index (the implicit parameter here) at a fixed core 

width.  One can see here the same trend:  that increasing the core index tends to increase the 

proportion of the power confined in the metal and decrease the propagation length.   

 
Figure 4.6:  Propagating power confinement within metal cladding versus TM0 propagation length for increasing core 
widths, for an Au-Si02-Au slab waveguide at a 1.55 µm free space wavelength.  Here, the index of refraction of Si02 is 
assumed to be 1.444. 
 
A curious feature of this plot (and to a lesser extent, Figure 4.6) are the oscillations of the power 

confinement with the value of the implicit parameter.  There evidently seem to be combinations of 

waveguide parameters that result in almost a zero confinement of the wave’s power in the metal 

while still remaining at a finite propagation length. 
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 Another, final, figure of merit exploring the tradeoff between confinement and loss is 

similar to the ones above, but instead of looking at the propagating power within the metal 

cladding, it looks at the sum transverse decay lengths (surface mode width) away from one of the 

metal-dielectric interfaces, as if the other interface did not exist.  This gives an indication on how 

localized the power of the wave is at the surface.   

 
Figure 4.7:  Propagating power confinement within metal cladding versus TM0 propagation length for increasing core 
indices, for a Au-dielectric-Au slab waveguide at a 1.55 µm wavelength, and a width of 0.5 µm.   
 
The surface mode width, W, was calculated from the equation below: 

|}Im{k|
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1W

xx

+=                                      (4.4.4) 

This is plotted below in Figure 4.8.  This shows that as the core width is decreased, the 

localization of the wave near the surface increases (surface mode width decreases).   Again, given 

that the charge is oscillating at the surface of the metal where loss occurs, if a greater proportion 

of the wave’s power is concentrated here, the loss will be greater.   
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Figure 4.8:  Surface mode width versus TM0 propagation length for an increasing core width, with a core index of 
1.444, and Au cladding at a free space wavelength of 1.55 µm.   
 
4.5:  Key Points 
 
 The propagation characteristics, field distributions, and trends of transverse magnetic 

polarized electromagnetic energy propagating in the metal-dielectric-metal two-dimensional slab 

waveguide at optical and near infrared frequencies were explored in this chapter.   The complex 

propagation constant was determined by solving the well-known two-interface slab waveguide 

characteristic equation over the complex plane using the Nelder-Mead simplex method as 

implemented in MATLAB™.  First, the complex propagation constant was plotted as a function of 

slab width using parameters from Kaminow’s paper.  It was found that the higher order modes 

(TM1, TM2, TM3, etc.) exhibit a cutoff width and cease to propagate, whereas the fundamental 

mode (TM0) actually becomes more confined, with the real part effective propagation index 

(Re(neff))  increasing at an increasing rate for low widths.  For both TM0 and TM1, Re(neff) 

asymptotically approaches that of the single interface case for large widths, indicating a 

decoupling of the plasmon waves at each of the interfaces.  For slab widths corresponding to 

subwavelength confinement (as defined by Equation 1.1.1 above), only TM0 has any significant 

propagation length and level of confinement.  As expected, the propagation length of all of the 

modes decreases as the slab width becomes narrower.  The field distributions show that the 
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modes have a relative minimum in their field amplitude at the metal-dielectric interfaces.  For 

TM0 and TM1, this amplitude is the maximum amplitude of the wave, but the higher order modes 

have a greater amount of power stored away from the interfaces near the center of the core.  The 

phase fronts of all the modes are tilted towards the interface and into the metal, just as with the 

single interface case, showing that the power flow is into the metal, where the loss occurs.  The 

electric field distribution of TM0 is very much like that of a bunch of capacitors in parallel with 

alternating polarities between adjacent capacitors.  A final analysis was done examining the 

tradeoff between confinement and loss:  it was found that as the power of the wave is confined 

more closely to the surface of the metal, either by increasing the refractive index or decreasing 

the slab width, the propagation length decreases.  It is however interesting to note that there are 

some slab widths where the power confinement goes almost to zero and yet the power 

propagation length remains constant.   
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Chapter 5:  Guiding Light in a Plasmonic Gap Waveguide 
5.1:  The Modes of the Plasmonic Gap 

 The purpose of this chapter is to examine the modal structure and propagation 

characteristics of the plasmon gap, the geometry for which is given in Figure 1.2.  Unfortunately, 

unlike the two-dimensional waveguides studied earlier, the mode profiles and propagation 

constants for this waveguide cannot be solved analytically, because it involves solving the two-

dimensional Helmholtz Equation over the transverse (X-Y) plane, an equation the solution for 

which is non-separable in X and Y in general.  Thus, determining the propagation characteristics 

of this structure involves approximate numerical methods.   

The simplest method that has been employed is called the effective index method (EIM) 

[42].  This is a general method for determining the effective propagation index of planar-

rectangular dielectric waveguiding structures, and it assumes that the X and Y dependencies of the 

field distribution are separable.  This assumption is valid for cases, such as waveguiding with 

dielectrics, where the field magnitude in the corner regions of the waveguide is negligible, and so 

it ignores the refractive index distributions in the corners completely.  The method works by 

solving the propagation constant of the corresponding slab waveguide mode in one direction, and 

then using the resulting effective propagation index as the core index of the slab which is solved 

in a second direction, normal to the first.  This method has shown to produce inconsistent results 

for the loss of the fundamental mode of the plasmonic gap, which is of course a critical parameter 

when analyzing metallic waveguiding structures at optical frequencies.  Bozhevolnyi (BZ) [40] 

was able to carry-out such an analysis and publish his work, even though his results go against 

those of his primary source for comparison [43].  Figure 5.1 below gives the raw data from [40] 

and [43] as a comparison.  In Figure 5.1a, BZ presents his results for the real part of the effective 

index and the “propagation length” as a function of gap height.  He shows that the real part of the 

propagating wave vector matches up almost exactly with that determined by the finite difference 

(FD) method used by Han, He, and Liu (HHL) [43].   However, the EIM he was using gives that 

the propagation length decreases with larger gap heights, whereas the paper to which he was 

comparing his data [43], shown in Figure 5.1b, gives that a plasmon gap, with a constant gap 

width, will exhibit an increasing propagation length with increasing gap heights.  It is amazing 

that BZ was able to get his paper published at all with such inconsistent results for the loss in a 

case where determining the propagation length is critical.  This indicates, along with the intuition 

gained from other simulation methods like the finite element method (FEM), that the key 

assumption made in using the EIM, that the field amplitude is negligible near and in the corner 

regions, is incorrect. 
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A relatively simple numerical method that has been used is the method of lines (MOL) 

[44].  This was successfully employed by Pierre Berini and others to study metal strip waveguides 

[45, 46].  This method could have been used for the analysis presented in this paper, but the 

author did not have enough time to implement it.  In the future, this would be a way to check the 

results of other techniques. 

 
Figure 5.1:  Propagation lengths as a function of gap height, h:  (a) figure taken from Bozhevolnyi [40], who used the 
finite element method, showing the “propagation length” (solid blue curve) as a function of film thickness (b) figure 
taken from Han, He, and Liu [43], who used the finite difference method, showing power propagation length contours 
for the plasmon gap  
 

The primary method that was used in this analysis is FEM.  The software package that 

implements this method, COMSOL™, was used for the analysis.  The finite difference time 

domain (FDTD) method was used to check the results of the FEM simulations, which was also 

implemented as commercial software (RSoft™).  The details of the specific implementations of 

the software, or the general implementation of FEM or FDTD, will not be given here.  For this 

analysis, FEM was used as a mode solver to find a solution to the two-dimensional Helmholtz 

Equation over the transverse plane of the finite-height plasmon gap waveguide structure shown in 

Figure 1.2.  The FDTD method took the resulting field profiles and propagation constants as 

excitation inputs, and was used for verification.  Unfortunately, the computational resources 

available at the time were not sufficient to obtain converged, stable FDTD results.  FEM also has 

the inconvenient behavior of finding solutions that are not physical (the so-called “spurious 

solutions”), and so in many cases, manual work must be done to sift out the unphysical modes.  
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For the absorbing boundary conditions, no PML was used, but rather the built-in “scattering” or 

radiative boundary condition was used along the simulation boundary.  The element type was set 

to “Vector-Lagrange, Cubic.” 

To examine the modes that are guided, the waveguide parameters from HHL are used 

[43], which calls for a cover and core index of 1.49, and a substrate index of 1.47.  The metal is 

Ag (with an index of 0.119 – i*3.964), and the free space wavelength is 632.8 nm.  The gap width 

is 50 nm with a varying height.  First, the field profiles for the case when the gap height is also 50 

will be examined.  Below in Figure 5.1 is shown the meshing and refractive index distribution 

used in simulation.  One can see here that the mesh is much denser near the two vertical metallic 

sidewalls of the gap.  To obtain this, the maximum element size near the sidewalls was set to 1 

nm, and the element growth rate (EGR), which specifies the maximum rate at which adjacent 

mesh elements can grow, was set to 1.1.  This corresponds to a maximum 10 % growth rate 

between adjacent mesh elements.  The inset shows the coordinate system, with the Z direction 

being the direction of propagation, and the X and Y directions defining the transverse plane. 

Ẑ X̂

Ŷ

 
Figure 5.1:  The color plot gives the distribution of the real part of the refractive index, generated using the 
COMSOL™ commercial FEM package.  The white lines denote the region boundaries, with the blue regions 
corresponding to the silver film, and the reddish ones the dielectric.  The mesh is shown with triangular sections.  Note 
the inset which shows the coordinate system. 
 

As was discussed in previous chapters, the plasmon wave only exists when the light is 

polarized such that the primary component of the magnetic field is tangential to the metal-

dielectric interfaces of the waveguide, which in this case are the vertical metal sidewalls.  

Therefore, the electric field should be polarized in the X direction. The modes will be labeled 
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according to Marcatili’s convention for the hybrid modes of rectangular waveguides as x
pqE , 

where the superscript x denotes the direction of polarization, the first subscript index, p, gives the 

number of intensity peaks of the primary (polarization direction) component of the electric field 

in the X direction, and the second subscript index, q, gives the same in the Y direction [47].  The 

mode x
11E  is also called the fundamental mode of the waveguide. 

Figures 5.2a, 5.2b, and 5.2c show the magnetic, electric, and time average power flow 

(time average Poynting vector) plots for mode x
11E , respectively, generated with the COMSOL 

Multiphysics™ software.  Note that the field intensities shown here are arbitrary, and only 

relative amplitude changes are important here.  For the magnetic field distribution, one can see 

that, as required, the polarization-defining component, Hy of the magnetic field is tangential to the 

vertical metal sidewalls of the gap.  This component also has its largest intensity on the sidewalls, 

whereas the other two components have their peak amplitude near the corners, outside the gap.  

This is an indication that the corner regions play a strong role in the guiding characteristics of this 

waveguide and that the effective index method is inadequate. 

 

 
Figure 5.2a:  Color plot of Hz and arrow plot of transverse H over the transverse plane for mode x

11E , generated using 
the COMSOL™ commercial FEM package. 
 
 The electric field distribution of x

11E  shows how the fundamental mode resembles that of 

a capacitor, where the transverse electric field points almost straight across the gap.  The X 

component of the electric field is strongly enhanced near the corners, indicating that a lot of 
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displacement charge density is building up in a region where it is confined two-dimensionally.  

The electric field is more confined to the gap region than is the magnetic field.  In fact, of all six 

field components, HZ tends to be the least confined and therefore is good as a litmus test for 

deciding whether or not a mode is guided. 

 

 
Figure 5.2b:  Color plot of Ez and arrow plot of transverse E over the transverse plane for mode x

11E , generated using 
the COMSOL™ commercial FEM package. 
 
As has been discussed previously, the power flow transverse to the direction of propagation is 

into the metal, and Figure 5.3c corroborates this.  The greatest rate of power flow is horizontally 

along the center of the gap in the X direction.  The power flow in the Z direction is primarily at 

the four corners of the core, though a significant amount also occurs along the vertical sidewalls.  

There is, as expected, negative power flow inside the metal and this is also largest near the four 

corners. 
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Figure 5.2c:  Color plot of the Z component of the time average power flow and arrow plot of transverse time average 
power flow over the transverse plane for mode x

11E , generated using the COMSOL™ commercial FEM package. 

 
 The magnetic and electric field distributions, along with the time average power flow are 

plotted in Figures 5.3a, 5.3b, and 5.3c for modes x
21E .  All of the fields are of this mode are less 

confined than the fundamental mode, especially the Z components.  As expected, Hy and Ex have 

a field intensity minimum along a vertical line in the middle of the gap.  The field components 

still show strong enhancement near the corners, demonstrating that a single metal edge itself 

could be used to confine light, and that the spacing between the metal corners of this waveguide 

must have a significant effect on the wave’s confinement.  

 Given that the field components are less confined for this mode, the power flow in the Z 

direction is subsequently less confined as well.  The transverse power flow for this mode looks 

very much like that of the fundamental mode, except that it is vertically asymmetric.  Some type 

of asymmetric is expected since the refractive index of the cover and core are higher than that of 

the substrate.  The power flow into the metal is larger where the refractive index is higher, a 

caveat showing that increasing the confinement of the light by increasing the index of the 

dielectric will also lead to more loss. 
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Figure 5.3a:  Color plot of Hz and arrow plot of transverse H over the transverse plane for mode x

21E , generated using 
the COMSOL™ commercial FEM package. 
 
 
 
 

 
Figure 5.3b:  Color plot of Ez and arrow plot of transverse E over the transverse plane for mode x

21E , generated using 
the COMSOL™ commercial FEM package. 
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Figure 5.3c:  Color plot of the Z component of the time average power flow and arrow plot of transverse time average 
power flow over the transverse plane for mode x

21E , generated using the COMSOL™ commercial FEM package. 

 
 The gap is able to support more modes if it is made taller.  Below in Figure 5.4 is shown 

the Hy profiles of the five modes that this structure is able to support when the height is increased 

to 500 nm.  As someone familiar with waveguiding would anticipate, the taller gap supports 

modes that have more transverse oscillations vertically, which here are x
12E  and x

13E .  Because of 

the large aspect ratio of the gap, the x
21E  mode has split into two modes, one guided on the top, 

and one guided on the bottom.  This interesting feature shows that a slight index asymmetry 

(again, the cover and core have an index of 1.49, and the substrate’s index is 1.47) between the 

cover and substrate regions can lead to a shift of the power towards the side of the waveguide 

with the higher index, an attribute that could be used to build some kind of switch.   
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x
21E - Top 

x
21E  - Bottom 

  
x
11E  

x
12E  

  
x
13E  

 
Figure 5.4:  Hy (real component) mode profiles of the plasmon gap studied by Han, He and Liu for the case of a 500 
nm tall gap.  The white lines show the boundaries between the different regions of the gap waveguide, generated using 
the COMSOL™ commercial FEM package. 
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5.2:  Propagation Characteristics of the Modes Supported by the Gap 
 
 Having seen the mode patterns, it is important to examine how their propagation 

characteristics change as a function of waveguide parameters.  Since the free space wavelength, 

gap width, and core refractive index were already explored in Chapters 3 and 4, the focus of this 

chapter will be on sweeping the gap height.  The height was swept as a parameter from 25 nm to 

500 nm.  Figure 5.5 below shows the results of the study.  The first thing to note is that the 

propagation constants obtained using FEM and FDTD do not closely match up with the HHL 

ones at all.  The fact that FEM and FDTD give the similar results for x
11E  suggests that the FEM 

used here is producing viable results for the real part of neff.  It does make sense, from looking at 

the field distributions, that decreasing the gap height should actually increase the confinement of 

the mode (roughly measured by Re(neff)) because the field is guided and confined by the four 

metal corners of the gap.  Bringing the corners closer together here is analogous to making the 

width of the slab narrower for the two-dimensional case discussed in the last chapter.  Though 

these results go against those reported by HHL in [43], they are corroborated by the work done by 

Pile, et al in [48]. The way that the effective index of x
12E  and x

13E  determined by FEM roughly 

match up with x
11E  and x

12E  determined by HHL using FD suggests that they may have 

incorrectly assigned effective indices to mode profiles.   

All of the x
1E q  modes seem to approach the asymptote of the effective index for the 

infinitely tall gap (i.e. light guided between the two corners along the top of the gap, green line) 

rather than the effective index of the ideal metal-insulator-metal (MIM) slab with the same core 

index (cyan line).  HHL were correct in their assertion that the effective index for the insulator-

metal-insulator slab (infinitely wide Ag film between refractive indices of 1.47 and 1.49) acts as 

the cutoff for the modes propagating in the gap, because x
11E , x

12E , and x
13E are cutoff at some 

point and do not show up.  Mode x
21E  has an effective index a small amount above this cutoff 

level.  For gap heights somewhere above 100 nm, this mode splits into two decoupled modes, one 

propagating along the top of the waveguide, and another propagating along the bottom, with the 

one on the bottom being less confined due to the slightly smaller refractive index.  Though the 

bottom x
21E  mode appears to have a propagation constant less than that of the metal film 

(bounded on the top by n = 1.49, and on the bottom by n = 1.47given by the yellow stars), when 

one inspects its field components, one can see that it remains a guided mode.    



 45

 
Figure 5.5:  This shows the real parts of the effective indices as a function of gap height for the modes of the plasmon 
gap studied by Han, He, and Liu using different numerical methods, and comparing these to those obtained using 
analytical methods for asymptotic comparison. 
 
 Figure 5.6 below gives the power propagation lengths (as defined in Equation 4.2.9) for 

the modes of Figure 5.5.  Here x
21E  shows the remarkable attribute of having a propagation length 

about four times that of the fundamental mode.  When this mode splits into the top and bottom 

modes, the bottom mode has a longer propagation length.  This is consistent with the observation 

that this mode, being mostly outside of the gap, is less confined that the fundamental mode.  The 
x
21E  propagation lengths asymptotically converge on the one obtained for the corresponding 

x
2E q mode propagating in an infinitely high gap.  Using this mode is tempting because of its long 

propagation length; however, its localization near the corners and its low degree of confinement 

would make it difficult to excite experimentally, and so this mode is really of no practical use at 

the moment.  The x
1E q  modes have propagation lengths about one quarter of the previously 

discussed ones, and these converge asymptotically to the x
1E q  mode propagating in the infinitely 

high gap as well.  As with the two-dimensional slab waveguide, x
13E  ends up having the larger 

propagation length of all the higher order modes.  The propagation length for x
11E determined 

using FEM matches up reasonably well with that determined by HHL.  Unfortunately, the 

propagation lengths determined using FDT D for x
11E  jump around quite a bit, indicating that 
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either the grid or the time step was not sufficient to obtain converged results.  The thing making 

FDTD difficult for plasmonic waveguides is the high grid density required to resolve features of 

the waveguide, which leads to a large increase in the simulation time required due to the stability 

condition putting a maximum limit on the time step (often referred to as the Courant condition) 

[49].   

 
Figure 5.6:  Power propagation lengths for the modes of the plasmon gap studied by Han, He, and Liu:  comparison of 
HHL, FEM, and FDTD data.   
 
5.3:  FEM Convergence Study 
 

 To more efficiently use computational resources for FEM analysis, one would like to 

know how coarse he can make the mesh and how small the simulation domain to remain 

converged to within a certain percentage of the limiting value of his solution.  Convergence 

studies are done to determine this.  The purpose of this study is to determine what simulation 

domain sizes (relative to the free space excitation wavelength) and maximum mesh element sizes 

along the vertical sidewalls of the gap result in “converged” propagation constants for mode x
11E .  

The same waveguide studied above, with the HHL parameters, was used.  The height of the gap 

was taken to be 25 nm.  The simulation domain was a square of variable width.  For the mesh size 

study, the simulation domain width was held at a constant value of three times the free space 

wavelength of 632.8 nm, and the mesh element size was varied from 0.01 nm to 10 nm.  For the 

simulation domain study, the mesh size was fixed at 1 nm, and the simulation domain size was 
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swept from one to ten times the free space wavelength.  The EGR was fixed at 1.1 for all of these 

studies.  Due to limited computational resources, a sensitivity analysis of the EGR was not done, 

though it is something that should be done in the future as it determines the spread of the fine 

elements near the region of interest. 

 Figure 5.7 below gives the results of the mesh size study for the real part of the 

propagation constant.  As the maximum element size is made smaller, the real part of the 

effective increases to a limiting value of about 2.976.  The message here is clear:  using a 

maximum element size of 1 nm will allow the propagation index to converge to within 0.1 % of 

its limiting value.  The corresponding analysis for the imaginary part of neff leads to the same 

conclusion. 

 
Figure 5.7:  Real part of the effective propagation index in a 25 nm tall HHL plasmon gap versus maximum FEM 
element size near the gap sidewalls. 
 
Figure 5.8 below shows the results for the simulation domain size study.  It shows that only 

simulation domain size three times that of the free space wavelength is necessary to converge to 

well within one percent of the final limiting value.  Again, the corresponding study of the 

imaginary part of the propagation constant yields the same conclusion.   
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Figure 5.8:  Real part of the effective propagation index in a 25 nm tall HHL plasmon gap versus the width of the 
simulation domain. 
 

Thus, in order to obtain converged results with this particular waveguide and mode, with an EGR 

of 1.1, one merely needs to set the mesh size to 1 nm and keep the simulation domain width equal 

to three times the free space wavelength.  This is not generalizable even to higher modes of this 

structure because the higher order modes are less confined and may be numerically truncated to a 

higher degree by a given simulation domain and mesh. 

 

5.4:  Key Points 
 
 In this chapter, the power and field profiles, propagation characteristics, and convergence 

stipulations for the finite height plasmonic gap were obtained for the Han-He-Liu waveguide 

parameters.  For all modes examined, it was found that the power of the wave was localized near 

the corners of the core, indicating that the corners play a large role in the confinement of the 

wave, along with the metallic sidewalls.  The time average power flow in the propagation and 

transverse directions is consistent with what was seen during the analytical analysis of the ideal 

two-dimensional slab:  the power flows into the metal as the wave propagates, and the power 

propagating in the metal is in the direction opposite to the propagation direction.  For gaps only 

50 nm high, using waveguide parameters from Han-He-Liu, two guided modes are observed.  For 

gaps 500 nm high, two more modes, with higher order field oscillations vertically, appear, and the 
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x
21E  mode is seen to split into two modes, one guided along the top two corners of the waveguide, 

and the other guided along the bottom two.  This is due to the asymmetric refractive index 

distribution used.  The modes x
11E  and x

21E  become more confined (larger Re(neff)) as the gap 

height is decreased, whereas the higher order modes ( x
12E  and x

13E ) are cutoff when their 

propagation constant approaches that of the symmetric mode of the polymer-Ag-polymer film 

slab.  All of the modes have a decreasing power propagation length with decreasing gap height, 

but the x
21E  shows a much larger propagation length than the other modes, by about a factor of 

four for slab heights greater than 200 nm.  The fundamental mode has the largest propagation 

length of all of the x
1E q  modes.  All of the modes displayed power propagation lengths less than 6 

μm, and so this particular waveguide is probably not much use as interconnect.  One could 

decrease this loss by making the core larger (to say 100 nm), decreasing the core index, and/or 

increasing the free space wavelength.  The convergence study of the FEM used showed that, 

when using an EGR of 1.1, and a gap height of 25 nm, that converged propagation constants can 

be obtained, to less than 0.1 % accuracy, by setting the simulation domain size to three times the 

free space wavelength (here 632.8 nm) and the maximum element size near the sidewalls to be 1 

nm.  
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Conclusions 

 
Computing devices have become an integral part of society’s functioning and will 

continue to increase in importance as they become more compact and powerful.  Currently, 

microprocessors rely on signal propagation by means of the charging and discharging of metal 

wires.  This process is fundamentally limited by the resistance-capacitance (RC) time delay 

constant of the metal wire, which increases as the wires are made smaller in order to connect 

smaller transistors.  This is making it increasingly difficult to shrink the size of transistors in 

order to realize faster switching and more transistors per unit area without actually slowing the 

circuits down.  This is a motivation for the development of a new type of interconnect, using light 

as the signaling mechanism instead of electric charges.  Light has the advantage of being able to 

propagate at a speed about three orders of magnitude greater than that of the saturation velocity of 

an electron along a wire.  The price that one pays is that photons are inherently less confined than 

electrons when they propagate in dielectric waveguides.  One technique for defeating this 

diffraction limit is to fabricate waveguides from materials whose real component of their relative 

electric permittivity is negative.  Usually, noble metals are used as this material due to their low 

loss at optical frequencies.  If the magnitude of this permittivity is greater than that of the 

surrounding dielectric, a surface plasmon wave is supported.  This wave consists of a 

longitudinally compressive charge density oscillation along the interface between the dielectric 

and the metal.  This wave, because it can have the same frequency as electromagnetic radiation in 

the infrared and visible spectra manifests itself as a light wave localized to the surface.   

This localization has been used to defeat the diffraction limit of light by using various 

types of waveguiding structures.  Structures that consist of dielectric gaps sandwiched between 

two metal layers show the best tradeoff between loss and confinement compared to other 

structures and also are isolated horizontally from other waveguides, allowing for degrees of 

integration.  Physically realizable analogs of this consist of gaps etched into metallic films.  

Usually, metals such as Ag, Au, and Al are used, along with dielectrics such as 

polymethymethacrylate (PMMA), air, or silica.  Gap sizes are 50 – 100 nm wide and tall.  The 

light propagating in such waveguides has a finite propagation length because of absorption of the 

wave’s energy due to ohmic-type losses as the electrons oscillate in the metal.  This can be seen 

by looking at the time average power flow (Poynting vector) in the direction transverse to that of 

propagation, where the power of the wave flows into the metal.  The power flow in the direction 

of propagation is localized at the four corners of the gap, and along the gap’s vertical sidewalls.  

Different modes are supported depending on the height to width aspect ratio of the gap.  The 
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fundamental mode is of primary interest due to the ease of exciting it and its low loss.  This mode 

is also known as the “capacitor mode” because the transverse electric field points across the gap 

without changing direction as in a capacitor.  This mode actually becomes more confined as the 

dimensions of the waveguide are made smaller, although the loss of this mode, as with all the 

others, increases rapidly with smaller dimensions.  The loss also increases for wavelengths 

decreasing towards the plasmon resonance of the structure, and so using longer wavelengths can 

aid in decreasing the loss.  Another way to decrease the loss is use lower refractive index 

materials, down to about n = 1.5 to maximize the propagation distance.   

The goal of this project was to obtain a body of knowledge concerning waveguiding 

using plasmonic gap structures, with intended application for interconnect in optical integrated 

circuits.  There is still much work to be done.  The propagation distance needs to be increased 

much larger than the ~ 6 microns obtained in this investigation for practical circuits to be 

realized.  Once the waveguide has been optimized, devices need to be fabricated that could utilize 

it.  Ideally, these devices would be all-optical switches because electrically-driven switches are 

still limited by RC time constants.  Since plasmonic gap waveguides can confine a lot of power to 

a small cross section, on the order of 100 nm square, materials with a nonlinear, intensity-

dependent refractive index could be used in the cores of the waveguides, allowing for the control 

of one light pulse with another.  Such materials used within the gap core could be used to 

construct a compact “optical transistor.” 
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