
prime factors of 247)8, We can always resort to (1) trial and 
error; or (2) the systematic approach of testing an increasing 
sequence of primes as divisors; or (J) we can rack our brains in 
an attempt to recall the various divisibility rules that we first 
learned (?) in our formative years. Which approach we use depends, 
in part, on how mathematically sophisticated we are and also on how 
lazy we have become (the latter group may well bring out their 
mini-calculators and punch them until they are blue in the fingers) 

The purpose of this article is to put forth an algorithm for 
determining whether any given natural number is divisible by any 
given prime p> 5 (actually the algorithm holds for checking the 
divisibility by any given odd~ that does not have a five in 
the units place but "prime", while not as inclusive, seems to be 
more impressive). It is true that the algorithm presented below 
contains an element of the "trial and error" approach but it does 
avoid the lengthy division that the true devotee of guesswork may 
have to go through. It is also true that the algorithm~ take 
as long as the systematic checking of an increasing sequence of 
primes, but again, we avoid the lengthy division. The third ap-
proach mentioned above, that of utilizing the existing divisibility 
rules, requires that they be memorized (or at least close at hand) 
and even then the search may prove to be fruitless. With all this 
in mind, an example designed to illustrate the steps of the algo-
rithm is presented below. 

Suppose we wish to determine if 24738 is divisible by 19, 
1. Select the one-digit number which when multiplied by 19 

will produce a product with a 1 in the uni ts place. In 
this example we must choose 9, Thus 19 x 9 = 171, 

2. Ignore the units place in the product found in step 1 
and subtract the resulting number from the given divisor. 

19 - 17 = 2 
J, Using the difference found in ster, 2, multiply this times 

the digit in the units place of the given number. 
2 X 8 = 16 

4. Add this product to the given number, ignoring the units 
place in the given number. 

2473 + 16 = 2489 
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USING CALCULATORS 
TO MAKE GEOMETRY ~ 

carla Shuler 
Southern High School 

Racine, Ohio 

I attended the NSF Mathematics Institute* at Ohio University 
last summer (1978). Little did I suspect, coming out of the in-
tensive four-week program all muddled, confused, and exhausted, 
that I would be using nearly everything I learned in a particular 
course, due to unforeseen circumstances. At a board meeting in 
August, just about a week before school was to begin, I was in-
formed that there was simply no money for the purchase of new 
Geometry textbooks. I was going to be faced with 45 geometry 
students and a stack of numerous backs, fronts, and a sampling 
of scattered pages of what used to be 34 geometry textbooks--the 
latest edition of which was 1964, After the complete shock and 
panic of the situation began to subside, I said to myself, "Self, 
you are going to have to do something and pretty darn quick at 
that." 

Recalling the advice of my high school chemistry and physics 
teacher who said that when you have a difficult problem, grab an 
apple, go sit in a corner by yourself and mull it over for awhile; 
I grabbed myself an apple, sat in a corner and mulled it over for 
awhile. Now I'm not saying which helped more, the advice or Ohio 
University's NSF program, but I am proud and extremely pleased with 
the results, 

On the first day of school I discussed the problem with my 
students and sent home a letter to parents explaining the situ-
ation. I think that helped get things off to a good start. In 

1 2 the letter I requested $6.50 for two workbooks. ' I also asked 
the students to talk with their pa.rents about the possibility of 
our using calculators. I indicated that pa.rents should feel free 
to call me at any time regarding the prospect of purchasing cal-
culators. I explained to the students my opinion that if calculators 

*NSF Institute for Teachers of Algebra and General Mathe-
matics, Len Pikaart, Director; McCracken Hall, Ohio University, 
Athens, Ohio 45701, 
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were used, there would be an important advantage if everyone had 
the same model. To make a long story short, within a month I 
found myself at Sun TV in Columbus with the money for all but one 
of 45 calculators (and I was reimbursed a little later for this 
one), Only one parent called me regarding the use of calculators. 
I listened to him and he listened to me with an end result that 
he decided it would be worth trying. 

The calcualtors selected were TIJO's which include a student 
ma.thematics kit.J I passed them out and advised students to list 
and save their serial numbers in a safe place. Since everyone was 
aware that serial numbers had been noted, I felt the chance of 
theft to be less. In that first period I had them punch in some 
simple things like tan(45°) and sin(J0°) to insure that the cal-
culators were functioning properly. Briefly, some of the more 
interesting topics we studied using calculators were the following: 
1. Pythagorean Theorem and Pythagorean Triples--Teachers, it's 

really easy to give a quickie quiz because you don't have to 
think about ma.king it come out "nice" so you save time. You 
can demand the accuracy you want because time is not as crucial, 
even for the slower thinker. 

2. Geometric means--quickly recognized and checked with their Tl's. 
J. Development of algorithms for such things as finding a leg 

given one leg and the hypotenuse without writing anything on 
paper. 

4. Interior and exterior angles and other ideas relating to poly-
gons, particularly regular polygons. 

5, Areas of geometrical figures. 
6. Comparison of values of simplified radicals with unsimplified 

radicals to see if they have done the simplification correctly. 
(Some books leave answers in radical form; and I am not ready 
to break away from leaving answers in simplest radical form. 
The Tl's provide a very fast way of comparing radicals with 
the actual approximate square root.) 

7, The students developed their own trigonometric tables by using 
calculators to find sine, cosine, and tangent of angles from 
0 to 90 degrees in increments of one degree. Later I had them 
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f b f C e = a and e~ a. Also, e = d and fd = ec. Therefore d is a 
divisor of ec. Since c and dare relatively prime, d must be a 
di visor of e. Consequently, e = dh and f = ch for some positive 
integer h. But dh = e ~a= dg. Hence h ~ g. Since (e,f) = 
(dll, ch), it may be concluded that (e,f) is one of the points 
(d x l, c x 1), (d x 2, c x 2), •••• (d x g, c x g). Therefore, 
the positive slope diagonal contains exactly the (g + 1) lattice 
points previously named, 

If a rectangle of dimension 270 by 225 were drawn on a 
lattice, its positive slope diagonal would contain exactly gcd 
(270,225) + l lattice points. The reader should have his/her 
students name all 46 points! 

IN - DIVISIBLE 
William R. Speer 

Bowling Green State University 
Bowling Green, Ohio 

Much has been written concerning the concept of divisibility; 
unfortunately a good deal of this has dealt with specifics and 
i:articular cases. Consider, for example, the literature that can 
be found which focuses on divisibility rules. The author is aware 
of individual rules for 2, J, 4, 5, 7, 8, 9, 10, 11, lJ, 17, etc., 
as well as variations for products and powers of these numbers. 
The question that arises is whether or not a more generalized 
statement concerning divisibility can be formulated. 

An article by Steve Meiring which appeared in the February 
1979 issue of the Ohio Journal of School Ma.thematics presented a 
variety of divisibility tests as well as some of the possible 
benefits of incorporating these tests into the middle school cur-
riculum. The conclusion of the article hinted at a general di-
visibility rule in which the divisor is prime (p> 2) through use 
of a recursion formula. A further examination of this "comprehen-
sive" rule proves to be an interesting exercise in number theory. 

Suppose we wish to determine (for some outlandish reason) the 
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6 Observe that AC has slope 9 , 
If~ is considered as the positive 
x-axis while AD is considered as 

Figure III 

~ ~ 

the positive y-axis, then a lattice G-t-+-..--+_........,,i,s-+--
point in the first quadrant will be ) I I -- • -- __J __ _ 

on AC if and only if its (x,y) co- ~ ' I I 
6 j r-ordinates have ratio '3.. = -9 or x = X . 

y = O. Thus, a lattice point (x,y) 
- '3.. 6 is on AC if and only if x = 9 where A ~ E Qi 

x ~ 9, or x = y = 0. Four points 
satisfy these conditions, They are A(O,O); I(J,2); F(6,4); C(9,6), 

In general, let the original rectangle ABCD have horizontal 
and vertical dimensions of a and b (Figure IV). Impose a coordinate 
system as shown. 

A lattice point will lie on 
the positive slope diagonal if and 
only if its (x,y) coordinates have 
ratio ; = ? where x _s; a, or x = 

(x,y) satisfying these con~tions. b 
Consider the fraction a, 

Figure IV 

~ D(7 C'.(a.,b) y = O. The problem is then to i 
count the number of lattice points 

Let g be the greatest common di- __________ .._ __ -X. 

visor (gcd) of a and b; let b = 
cg and a = dg. Then ~ is irre-

c b ducible and d =a. Clearly, 

A(o,o) B(a..iO) 
~ 

a. 
cxl cx2 .£....lL1 ~ b d X 1' d X 2' d X J' "•, d X g are all equal to a and each sat-
isfies the condition that its denominator is less than or equal 
to a. Consequently, the positive slope diagonal in rectangle 
ABCD contains each of the (g + 1) points: A(O,O) = (d x O, c x O); 
(d X 1, C X 1); (d X 2, C X 2); (d X J, C X J); ,,,; (d X g, C X g) 
= (a,b), 

Thus (g + 1) lattice points which lie on the positive slope 
diagonal have been identified. Does this diagonal contain addi-
tional points? Suppose that it does contain a point (e,f) not 
equal to any of the points named in the above paragraph. Then, 
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compare, for example, sin(Jo0 ) in their tables with sin(150°) 
on their calculators, etc. In this manner they seemed to 
understand the relationships between the quadrants and that 
only the signs of an angle and its reference angle change, 

8, They developed algorithms for trig ratios; for example, finding 
/._A in the following triangle. They had to set up the equation 
mentally using the correct ratio (after some practice on paper, 
of course) and end up with the approximate value of /._A on 
their displays, A 6 

A~C 
9, I also had them change degree measure to the corresponding 

radian measure in the range O to 90 degrees, a task too dif-
ficult with pencil and paper, 

Many times throughout the year we have used the calculators and 
they have been a major part of the course. The last six weeks will 
be spent almost exclusively outside of the school building, armed 
only with calculators, metric tape measures, magnetic compasses, 
and home-made hypsometers. For the first time in my teaching 
career, I'm going to let the students find out that these geometric 
ideas really work! 

Some things we are doing outside include the following: 
1. Each student walked the length of the football field twice 

(200 yards provides a better average) and had his own con-
version factor for number of yards per pace. This way each 
student can measure anything in paces and convert to yards 
with his calculator. 

2, Verify trig ratios by calculating a side or an angle and then 
actually measuring it, 

J, Kite flying contest--how high are the kites? 
4, Estimate heights of flagpoles, trees, buildings, etc., using 

the shadow method and comparing with results from using the 
bypsometers, 

5, Find areas and perimeters. 
One deficiency (I hope the only one) is that I have not spent 

ll!llch time on proof; We did go through the congruence postulates 
and theore111S and proved other theore11S using these postulates in 
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an attempt to enhance organization and logic in the thinking of 
the students. We did not, however, spend much time on the longer, 
more involved proofs of theorems, 

One characteristic of this class is that I use a lot of what 
I call "organized discovery," By this I mean that I have a path 
for them to follow. Because discovery usually takes more time 
than we have available, I often organize their procedurea efficiently. 
The calculators have greatly decreased the time it takes to make 
discoveries and therefore increased the time we have for making 
other discoveries. 

Another advantage is that I am going to have a larger number 
of students continuing on to Algebra II. I attribute the enthu-
siasm to this amazing gadget, I am not losing as many to Business 
Office Education as I normally do. 

One further note: I also have a TRS 80 in my room and, although 
I teach seven classes per day and therefore have no time to work 
with many students, they have come to me on an individual basis. I 
provide them with texts and they practice a little programming on 
their own. My Algebra I students use the computer to check their 
work at the board. For example, I have a program ready to give the 
equation of a line if they provide two points, After the students 
put their problem on the board they input the points to check their 
work. It is interesting to note that, at first, if the results 
don't agree with theirs they are sure the computer made a mistake, 
Later they learn that the probability is that the error is in their 
work, 

I am already making plans to purchase calculators for next 
year. I think geometry is a good place to start because there is 
not as much consistent use for calculators in Algebra I, and they 
might be more of a distraction than an asset. If any readers have 
questions or would like more information, feel free to contact me, 

An Ode to Progress 

This year, after teaching my geometry course, 
I am ready to let go of the buggy and horse. 
My only concern I feel I must tell, 
That there's never a shortage of Everyready or Duracell. 
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RECTANGLES, DIAGONALS, AND LATTICE 
POINTS: AN APPLICATION OF THE GCD 

Bonnie H, Litwiller and David R, Duncan 
University of Northern Iowa 

Cedar Falls, Iowa 

A common occurrence in ma.thematics is that a problem whose 
original statement appears to have no relation to number theory 
often depends for its solution on a simple number theory concept. 
One such example is the following: If a rectangle is drawn on a 
lattice, how many lattice points are on each diagonal? For example, 
consider the 8 by 4 rectangle with the diagonal as shown in Figure I, 

Observe that the diagonal con-
tains five points--the two vertices of 
the rectangle and three interior 
points. 

Also consider the 5 by 3 
rectangle in Figure II. 
The diagonal contains only two 
points, the vertices of the rec-
tangle or the endpoints of the 
diagonal, 

The reader is invited to verify 
that Table I is correct. 

Size of 
Rectangle 

10 by 6 
6 by 3 
6 by 4 
8 by 4 
5 by 3 

12 by 6 
6 by 5 
7 by 7 
9 by 6 

Table I 
Number of Lattice Points 

on Each Diagonal 

3 
4 
3 
5 
2 
7 
2 
8 
4 

Figure 

\') c., 

A ~ 

Figure II 

tifilffl: ~ 
I I . 

I 

~ \) 

To help find a pattern, consider a 9 by 6 rectangle with the 
positive slope diagonal as shown in Figure III, 
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examining the slope of chords using the given point and 
f(x + h) - f(x) a nearby point, That is, to estimate lim h , 

h--+0 
test for h = 1, ,5, .1, ,01 and -1, -,5, -.1, -,01, 
One may want to test f(x + h)2~ f(x - h) for "small" h, 

5, Estimate e as the limit (1 + 1/n)¼ a.s n ~ oo. 
6, Simulate the tossing of a die (or a coin). 
7, Examine partial sums for the following: 

n 
(a) I:_ 1/i 

i=l 
(The famous harmonic series, which diverges 
but to the student does not obviously diverge) 

n 
(b) ~ (-1) 1+1(1/1) 

n 
(c) L i/21-1 

i=l 
n 

(d) 2::_ 1/(1-1)r 
i=l 

8, Estimate the limit of log x/x as x -+en, 
The reader will think of many more which are appropriate in 

a given class, 
The entire argument here rests on the premise that while we 

should prove as much as we can, we owe it to the students to show 
them the plausibility of the proofs by examining real and finite 
cases, Iteration is often necessary; thus much tedious computation 
must be done. With the PC this can be done in the classroom by 
the student with a minimum of pain, 
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Other than that, my students and I say, 
There's nothing greater than an eight-digit display! 
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STATISTICS IN THE HIGH SCHOOL 

Dennis G. Haack 
University of Kentucky 

Lexington, Kentucky 

The high school mathematics curriculum is continually changing. 
One of the more recent changes has been the inclusion of a course 
in statistics, see Pieters (1976). As to the specific makeup of 
a high school statistics course, there is not likely to be agree-
ment, As to the primary objective of such a course, there should 
be agreement, The purpose of this paper will be to look at the 
objective of a high school statistics course, 

The key to the development of any course in statistics is 
deciding what statistics is, Statistics has, since the publica-
tion of R. A, Fisher's Statistical Methods for the Research Worker 
in 1925, been thought ofas a set of research tools. In this re-
gard statistics is the investigation of a population. The popu-
lation of interest may exist or may be created by the researcher. 

The study of an existing population is by a sample survey. 
A part of, or sample from a population is selected and studied, 
Examples of sample surveys include opinion polls, marketing re-
search surveys, TV-viewing and radio-listening surveys, and pre-
election polls, A 100% sample is referred to as a census, Of 
interest in the study of sample survey techniques is how a survey 
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