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CHAPTER 1 

INTRODUCTION 

 

1.1 Objective 

 The objective of this research is to test and analyze a set of mathematical brain injury 

models for further validation.  An analysis will be conducted for the simplified coronal and 

sagittal plane models to find the natural frequency of the system.  Also, the model will be tested 

to find an input location resulting in the maximum relative motion of the brain.  A sensitivity 

analysis will be conducted on the sagittal plane model to find relationships between relative brain 

displacement and the chosen model parameters.  The sensitivity analysis will be conducted for 

seven input scenarios, a combination of linear and angular inputs in the X, Y, and Z directions.  

Further sensitivity analysis will be conducted with a single input impulse that is rotated at 10 

degree intervals around the model to find a relationship between the sensitivity of the system and 

the angle of input.  Finally, two low-severity head impact experiments will be reconstructed to 

compare simulated brain displacements and strain values to those found during the experiments. 

 

1.2 Motivation 

 A person who sustains a traumatic brain injury may experience a wide range of effects 

from functional changes in thinking, learning, and sensation, to diseases such as epilepsy, and 

even to permanent disability and death.  Nearly 1.4 million people sustain a traumatic brain 
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injury (TBI) each year.  From the 1.4 million cases, 1.1 million people require medical treatment 

and are released, 235,000 are hospitalized, and 50,000 lead to death [1].  More alarming is the 

unknown number of people who sustain a brain injury and are not seen in an emergency room.  

The Center of Disease Control currently estimates that 5.3 million Americans have a long-term 

need for assistance to perform daily living tasks resulting from TBI [2].  Estimated costs, both 

direct medical and indirect productivity losses, from TBI were estimated to be $60 billion in the 

year 2000 [3].  There is a need to understand and effectively measure the damaging mechanisms 

that cause traumatic brain injury in order to reduce the number of afflicted and the associated 

costs.   

  

1.3 Background Information 

 Traumatic brain injury types are divided into three categories: diffuse axonal injury, 

contusions, and acute subdural hematoma.  Each category encompasses a specific damaging 

mechanism related to the relative motion of the brain with respect to the skull.  Diffuse axonal 

injury is caused by non-uniform shear strains in the tissues due to significant brain accelerations 

and decelerations [4].  The strain of the brain tissue causes irreversible deformation or complete 

tearing of the axons and blood vessels.  Axons are responsible for transmitting electrical signals 

through the nervous system, and when damaged, they are incapable of relaying these electrical 

signals.  Contusions result from direct external contact forces or the bouncing of the brain off of 

intracranial surfaces during the deceleration phase of the head [4].  After an impact, the brain 

experiences large linear displacements and rotations with respect to the skull.  Injuries resulting 

from the direct external forces are known as coup injuries, and the contact of the brain during the 

deceleration phase is referred to as counter-coup.  Acute subdural hematoma occurs when 
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bridging veins between the brain and outer dura are torn during large relative brain 

displacements [4].  The result of the torn bridging veins is a collection of blood between the 

brain and outer dura layer, known as a hematoma.  The pooling of blood in the brain compresses 

brain tissues and leads to severe neurological injury [5].  A reliable and validated brain injury 

model is needed to measure the damaging mechanisms that lead to traumatic brain injury. 

 In the past, research on traumatic brain injury was conducted with a variety of 

experiments on animals, dummies, post-mortem human subjects, and simplified models.  Many 

of these studies focus on the strain limitations of the brain tissue and not the damage caused by 

the displacement of the brain with respect to the skull.  Today many experiments to study the 

relative motion of the brain are conducted with more elaborate finite element models or 

mathematical models.  Simple mathematical models have the advantage of fast computation time 

with analytical solutions, but they are not complex enough to study all the damaging mechanisms.  

Finite element models are the current trend in brain injury research, but they lack complete 

validation due to the complex and unknown physical interactions between structures in the brain.  

In addition, finite element models are computationally intensive, and running a large amount of 

simulations is not practical.  This research will continue validation of an analytical brain injury 

model that will bridge the gap between simple models and finite element models by providing 

reliable brain injury prediction with the simplicity of a mathematical model. 
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1.4 Model Development 

The analytical brain injury model that will be used for this research was developed by 

O.S.U. Ph.D. student Hong Zou [6].  The model consists of a skull and brain, each with a defined 

mass and moment of inertia.  The brain is connected to the skull by four Kelvin elements each at 

a 45○ angle, as shown in Figure 1.1.  A Kelvin element is a combination of a spring and damper 

connected in parallel.  The spring and damper element coefficients are unequal which allows 

rotation of the brain mass, creating a three-degree-of-freedom system [6].  Two similar models, 

with only the spring and damping coefficients different, were developed for the coronal and 

sagittal planes of the head.  A full analysis of each plane results in a single value indication of 

strain in the brain tissue, but a simplified model with small angle approximations was created to 

determine brain accelerations for performing the sensitivity analysis.  The simplified model was 

shown to behave similarly to the full model in previous work and will be the focus of this 

research [6].  In addition, non-linear versions of the simplified models were created with the 

spring and damping coefficients changing according to a power law to maintain realistic brain 

displacements. 

Figure 1.1:  Schematic of the analytical brain injury model with a Kelvin element. 

4 
 



 To validate the analytical model, experimental brain motion data at low severity impacts 

was compared to the model’s simulated output.  The experimental data was collected by Hardy et 

al. [7] using neutral density targets (NDT) placed inside a cadaver head.  The motion of the 

NDT’s was recorded for several tests using a high-speed bi-planar X-ray sampling at 1000 

frames per second [7].  An analysis of the collected data showed that the relative brain motion 

can be represented by a rigid body since the strain or deformation of the brain is small.  During 

these low severity impact tests, the brain experiences a significant linear translation and angular 

rotation [6, 8].  Using identical force inputs from the experiment, the model’s simulated data 

were compared to the experimental data to select the spring and damping coefficients listed 

Table 1.1.   

  

 

Parameter Value Units 
mb 1.40 kg 
ms 3.10 kg 
Ib 0.0038 kg.m2 
Is 0.0190 kg.m2 
d 0.040 m 
r 0.067 m 

k1 25 kN/m 
k2 18 kN/m 
k3 15 kN/m 
k4 35 kN/m 
c1 300 Ns/m 
c2 110 Ns/m 
c3 20 Ns/m 
c4 350 Ns/m 

 

 Table 1.1:  Parameters to the brain injury model in the sagittal plane. 
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 Additional validation for the sagittal plane model was completed with a sensitivity 

analysis.  A sensitivity analysis shows the effect of small input parameter changes on the model 

output.  Advantages of performing a sensitivity analysis are to determine important model 

parameters, adjust numerical parameter values, detect critical model criteria, and model 

validation [9].  In previous work conducted by Zou [6, 10], a sensitivity analysis was conducted 

to show the effect of small parameter changes on the relative motion of the brain  The model was 

proven robust, or insensitive to the selected spring and damping coefficients, but it was 

completed with only a single input scenario.  This research will conduct a series of sensitivity 

analyses studying multiple input scenarios for further model validation. 
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CHAPTER 2 

 

MODEL CHARACTERISTICS 

 

2.1 Natural Frequency 

2.1.1 Method 

 The natural frequency of the brain injury model is determined by applying a step input 

along a single principle axis and measuring the resultant brain displacement or rotation.  A small 

magnitude, 1 m/s2 for linear accelerations and 1 rad/s2 for angular accelerations, step input is 

applied to the model.  The output of the brain injury model is the relative displacement, velocity, 

rotation, and angular velocity of the brain with respect to the skull.  Using these displacements 

and velocities, the force in each Kelvin element can be determined with the system’s equations 

of motion.  The forces in each Kelvin element are summed and then used to find the overall 

system spring constant for both linear translation and angular rotation.  The following equations 

show the steps to calculate the natural frequency for the simplified sagittal plane model.  

 First, the outputs of the brain injury model are used in Equations 2.1, 2.2, 2.3, and 2.4 to 

find the force in each Kelvin element.Equation Chapter 2 Section 1 

 
1 1
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2 2
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s b s b s b

s b s b s b
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θ θ
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 (2.1) 
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 Fi is the force in each Kelvin element, i=1,2,3, and 4, x , θ , and denote the velocity, and z x , θ , 

and  are the displacements of the brain and skull as indicated by the subscripts b and s.  The 

forces in each Kelvin element are then summed to find a resultant force.  For θY, the rotation 

about the Y axis, the torque created by each Kelvin element is summed.  The equations for the 

resultant forces in the X and Z directions and the torque about the Y axis are given respectively 

by,  

z

 1 2 3 4( )
4

Tx b bF m x F F F F cos π⎛ ⎞= = − + − ⎜ ⎟
⎝ ⎠

 (2.5) 

 1 2 3 4( ) cos
4

Tz b bF m z F F F F π⎛ ⎞= = + + + ⎜ ⎟
⎝ ⎠

 (2.6) 

                                            (2.7) 1 2 3 4(TyT d F F F F= + − − ).

 
Next, the overall spring constants, Ksys, is determined for the translations in the X and Z 

direction, and the rotation about the Y axis are determined with  
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Tx

s b
sysx

FK
x x

=
−  (2.8) 

 
Tz

s b
sysz

FK
z z

=
−  (2.9) 

 
Ty

s b
sysy

TK
θ θ

=
−  (2.10) 

Finally, the natural frequencies wn for translation and rotation are determined with the overall 

system spring stiffness. 

 
sysxKwnx
mb

=  (2.11) 

 
syszKwnz
mb

=  (2.12) 

 .sysyKwny
Ib

=  (2.13) 

 The procedure to calculate the natural frequency in the coronal plane is not shown since it 

is identical to the sagittal plane with small variable changes.   All X variables are replaced with 

the respective Y values, and the rotation about the Y axis is replaced with the appropriate 

rotation about the X axis values. 

 

2.1.2 Results 

 A close approximation of the natural frequency for the coronal and sagittal brain injury 

models was obtained by applying a small step input, 1 m/s^2 for linear displacements and 1 

rad/s^2 for angular displacements, to the model and solving for the overall stiffness.  When a 

small magnitude step input is applied to the brain injury model, the output behavior resembles a 
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second order mass, spring, and damper system.  Equations 2.11, 2.12, and 2.13 are identical to 

the solution for the undamped natural frequency of a typical second order system [11].  The 

natural frequency was calculated when the relative brain motion reached 1% of the total 

magnitude of displacement.  Since dampers are present in the brain injury model the natural 

frequency is reduced.  Table 2.1 shows the reduction of the natural frequency due to the dampers.   

 

Plane Direction Natural Frequency [Hz] Damped Natural Frequency [Hz] 

Sagittal 
AX 772.3 759.8 
AZ 841.8 829.2 
θY 838.6 822.4 

Coronal 
AY 538.1 529.2 
AZ 754.4 747.7 
θX 826.5 806.9 

 

 Table 2.1: Undamped and damped natural frequency results for the simplified models 

 

Plane Mag. of Displacement 

Sagittal 
3.98E-5 m 
3.14E-5 m 

1.90E-3 degrees 

Coronal 
7.28E-5 m 
2.39E-5 m 

2.20E-3 degrees 
 

 Table 2.2: Magnitude of displacement for a small step input 

 

 The calculated natural frequencies for the coronal and sagittal plane models agree closely 

with each other and previous modeling work.  Larger natural frequency values correspond to a 

greater resistance to motion in a particular direction.  This data shows the models are most 

inclined to large displacements in the X direction for the sagittal model and the Y direction in the 
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coronal model.  These directions represent frontal and lateral impacts respectively.  Since large 

relative displacements correlate to the tearing of bridging veins connecting the skull to the brain 

[4], an impact in the Y direction in the coronal plane would be more likely to produce an acute 

subdural hematoma than an impact in the Z direction in the same plane.  In addition, a lateral 

impact would produce greater brain displacements than an identical impact in the frontal region 

of the sagittal plane model.  The result is increased injury in the for coronal plane impacts 

compared to those in the sagittal plane.   

 The relationships between the natural frequencies in the X and Y directions compared to 

the Z direction for both planes of the brain injury model can be attributed to the anatomy of the 

brain and spinal cord.  An impact in the Z direction represents a vertical force input to the model.  

The entire brain is suspended in the skull with cerebrospinal fluid (CSF) and attached directly at 

the base to the spine by the brain stem [5].  In the X and Y directions, relative displacements are 

resisted by the CSF and the connective tissue in the frontal and parietal regions of the brain 

respectively.  In the Z direction, relative displacements are resisted by the CSF, bridging veins, 

and the brain stem.  The brain steam and spinal column physically add stiffness to the model.  

The natural frequency relationships found in Table 2.1 correspond to the physical brain to skull 

connections for each direction.   

  In the coronal and sagittal plane models there is a greater resistance to brain rotation 

about the X axis and Y axis than linear displacement in the Y and X direction respectively.  This 

is prevalent in the coronal plane model with its damped natural frequency of 806.9 Hz for 

rotation about the X axis compared to 529.2 and 747.7 Hz for a linear displacement in the Y and 

Z directions.  The results shows that brain injuries in the coronal plane are more likely to occur 

from impacts with large linear acceleration components compared to rotational components.  For 
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the sagittal plane model, the relationship between linear and angular stiffness varies slightly.  

The natural frequency in the Z direction is very close to the natural frequency for rotation about 

the Y axis.  This shows the sagittal plane model is more susceptible to brain injury when large 

linear accelerations in the X direction are present compared to linear accelerations in the Z 

direction and angular accelerations. 

  

  

2.2 Angle of Input for Maximum Displacement 

2.2.1 Method 

 A single impulse input is applied over a range of angles to determine the direction that 

results in the largest relative brain displacement.  An impulse input with a magnitude of 25g over 

a short duration of 0.015 seconds is applied to the center of gravity of the head.  This input 

closely resembles the acceleration experienced by a human for a low severity head impact. The 

angle of the impulse input is applied in 10 degree increments over a range of 90 degrees above 

and below the transverse or horizontal plane.  The input is applied to the frontal region for the 

sagittal plane model and the right lateral side of the brain for coronal plane model. 

 

2.2.2 Results 

 The results for maximum displacement due to single impulse at various input angles to 

the sagittal and coronal brain injury models are shown in Figure 2.1 and Figure 2.2, respectively.  

The maximum displacement in the Y direction for the coronal brain injury model occurs at 0 

degrees or on the principle axis.  For symmetrical model parameters, the maximum displacement 

would be expected to occur when the input and measured output directions are in phase or at 0 
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degrees or on the principle axis.  The result for the maximum displacement in the coronal plane 

occurring at 0 degrees is unexpected since the model parameters are asymmetrical as shown in 

Table 2.3.  For the sagittal brain injury model, the maximum relative brain displacement occurs 

at -10 degree, or 10 degrees below the transverse plane.  Review of the spring and damper 

coefficients in Table 1.1 also shows an asymmetrical relationship between opposing Kelvin 

elements, elements 1 to 3 and elements 2 to 4.    

 

 

 Figure 2.1:  Peak brain displacements for a constant impulse with varying input angles 
 for the coronal plane
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 Figure 2.2:  Peak brain displacements for a constant impulse with varying input angles 
 for the sagittal plane 
 
 

Parameter Value Units 
mb 1.40 kg 
ms 3.10 kg 
Ib 0.0025 kg.m2 
Is 0.018 kg.m2 
d 0.040 m 
r 0.067 m 

k1 60 kN/m 
k2 5 kN/m 
k3 10 kN/m 
k4 70 kN/m 
c1 300 Ns/m 
c2 50 Ns/m 
c3 20 Ns/m 
c4 150 Ns/m 

  
 Table 2.3:  Coronal plane model parameters  
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 A symmetric relationship is found in the Y direction for the coronal plane over the range 

of angles studies.  Figure 2.1 shows that for a given angle above and below the transverse plane 

the result is a nearly identical magnitude of displacement.  The symmetrical relationship between 

positive and negative impact angles is repeated for displacements in the Z direction and rotations 

about the X axis with a -10 degree shift.  This result is due to the asymmetrical model parameters 

and slight movement of the peak displacement angles.  Figure 2.2 shows the symmetry of 

displacements and rotations of the brain in the sagittal plane.  A similar relationship to the 

coronal plane is found since the magnitudes of impacts are very close for angles above and 

below the transverse plane with small shifts in the peak magnitude angle. 

 The results in Figures 2.1 and 2.2 also show a larger magnitude of displacement for a 

lateral impact than a frontal impact.  With a constant 25 g input, the coronal plane model 

experienced a maximum displacement of 10.65 mm in the Y direction while the sagittal plane 

model only experienced a maximum displacement of 8.2 mm in the X direction.  This result 

shows that a lateral impact creates larger brain displacements, the damaging mechanism for 

subdural hematoma, than frontal impacts of the same force.  The increased brain displacements 

in the frontal and lateral directions agree closely with the natural frequencies found in Table 2.1. 

The natural frequency in the X direction of the sagittal plane model is much larger than the Y 

direction in the coronal plane which correlates to a greater resistance to motion in the X direction.   

 Although the magnitudes of natural frequency correlate for frontal and lateral impacts, 

the frequencies do not correlate in the Z direction between the brain injury models.  The 

maximum Z displacement is 5.75 and 6.5 mm respectively for the coronal and sagittal plane 

models.  The damped natural frequencies are 747.7 and 829.2 Hz respectively for the coronal and 

sagittal plane models.  A larger natural frequency should correlate to a larger resistance to 
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motion, but an inverse relationship is shown between the coronal and sagittal plane models.  This 

relationship demonstrates the need to validate the coronal plane model against experimental 

coronal plane head impacts.  Future research should compare simulated head impacts verse 

experimental coronal plane head impacts to refine the selected Kelvin element coefficients.   

 

2.3 Chapter Summary 

 This research demonstrates a general correlation between calculated natural frequency 

values and resistance to motion.  A larger natural frequency results in a larger resistance to 

motion for a specific direction.  The maximum displacement studies and natural frequency 

studies showed that lateral impacts are more likely to cause subdural hematomas compared to 

frontal impacts because of the increased brain displacements.  In addition, frontal and lateral 

impacts resulted in larger brain displacements than impacts in the Z direction.  Finally, symmetry 

between the magnitude of maximum displacements above and below the transverse plane was 

found in the coronal and sagittal brain injury models.   
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Chapter 3 

 

SENSITIVITY ANALYSIS 

 

3.1 Introduction 

 A sensitivity analysis shows the effects of small parameter changes on the output of a 

mathematical model.  Parameter variations are created through assumptions made to simplify 

modeling work, such as ellipsoid geometrical assumptions when calculating the inertia of the 

brain [6].  Also, differences between real parameters and the selected model parameters may be 

large, resulting in substantial output errors.  Conducting a sensitivity analysis on the brain injury 

models will not quantify the error, but it will determine which uncertainties are the largest and 

should be examined first.   

 Previously, the simplified sagittal plane brain injury model was examined by Zou using a 

trajectory sensitivity analysis [6, 10].  The trajectory sensitivity was applied to the outputs of the 

model to show the relationship between relative brain displacements and the model parameters.  

This type of analysis is common for dynamic systems since the inputs, outputs, and equations of 

motion can easily be described in state space [13].  The previous trajectory sensitivity analysis 

showed that the brain injury model was most sensitive to the inertia of the brain followed by 

brain mass.   In addition, the brain injury model was found to be insensitive to the spring 

constants and the damping coefficients of the Kelvin elements.  This work will expand previous 
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sensitivity analysis to study the effects of small parameter changes on various input locations and 

input directions.  

3.2 Method 

 The trajectory sensitivity analysis is conducted by comparing the equations of motion of 

the brain injury model to the input parameters.  Since this work is a continuation of a previous 

sensitivity analysis, the full derivation of the trajectory sensitivity equations is not shown.  The 

following equations in this chapter are referenced from Zou et al. [6].  

Equation Chapter (Next) Section 3 

  For a continuous, linear, and time invariant system, the behavior of the system can be 

described in state space by a state equation and an output equation given respectively by 

 , ( ) o
oA B t= +x x u x x=  (3.1) 

                                                       C D= +y x u , (3.2) 

 
where the matrices A, B, C, and D are the system matrix, input matrix, output matrix, and 

direction transmission matrix.  In addition, the matrices A and B are dependent on the model 

parameter vector .  The brain kinematics are in the 

state vector

1 2 3 4 1 2 3 4[ , , , , , , , , , , ]T
b bm I d k k k k c c c cα =

, , , , , ]T
b b b b b b[x x z z y yθ θ

[ , , , , , ]T

=x , and the measured head kinematics are found in the 

input vector s s s s s sx x z z y yθ θ=u .  The sensitivity equations are found by taking the 

partial derivative of Equations 3.1 and 3.2 with respect to the input parameter vector.  General 

forms of the trajectory sensitivity equation and output sensitivity equations are 

  

 ( ) ( ), ( ) 0
o o

o o o
A BA t t

α αα α
∂ ∂

= + + =
∂ ∂

S S x u S t  (3.3) 
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                                      ( ) ( )
o o

o o
C DC t

α α

σ
α α
∂ ∂

= + +
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S x tu
,
 (3.4) 

where Ao and Co are the nominal system and output matrices. 
 
 The first step to solve the trajectory sensitivity equation is to find  the state space 

equation evaluated at the normal operating point.  State space theory is applied to Equation 3.1 as 

shown by Zou [6] to find the solution, 

( )o tx

 
( ) ( )( ) ( ) ( ) ( ) .o o o

o

tA t t A t

t
o o ot e t e B dτ τ τ τ− −= + ∫x x u  (3.5) 

Since the system is at rest when 0ot = , the initial condition is zero, and the final solution 

becomes  

 
( )

0
( ) ( ) ( ) .ot A t

o ot e B dτ τ τ τ−= ∫x u  (3.6) 

A closed-form solution of the state space equation is found when standard input functions are 

applied to Equation 3.6.  Impulse functions are used in this analysis since they are standard 

functions and they closely represent acceleration inputs from experiments [7, 15].   With impulse 

inputs, the solution of Equation 3.6 has the form  

  (3.7) 
3

1 2 3 4
1

( ) [ cos ( ) sin ( )] , 1 6i
i i i ji ji ji ji

d t

j
ox t a b t c c t c c t e i

=

= + + + =∑ …

where a, b, c, and d, are constants.   

 The final solution from the state space equation is then applied to Equation 3.3 to find the 

general solution of the trajectory sensitivity equation.  Again, the system is initially at rest when 

time , so the solution becomes 0ot =

 
( )

0

[ ( , )] [ ( )]( , ) .
t Ao t

o

o o
o

A t Bt e τ

α

α τ dα τ
α α

− ⎤∂ ∂⎡= + ⎥⎢ ∂ ∂⎣ ⎦
∫

x uS  (3.8) 
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Applying standard impulse inputs, the solution of Equation 3.8 becomes a 6 x 11 trajectory 

sensitivity matrix.  The closed form solution is not shown due to its complexity, but it resembles 

the solution of the state space equations, Equation 3.7, with trigonometric and exponential 

components. 

 Finally, the solution of the trajectory sensitivity matrix  is applied to Equation 3.4 to 

find the solution of the output sensitivity equation.  The output sensitivity equation is simplified 

since matrices C and D do not depend on the input parameter vector

S

α ; therefore their partial 

derivatives go to zero.  The solution of the output sensitivity equation is 

 ( , ) ,o ot Cσ α = S  (3.9) 

and the output sensitivity matrix becomes 

1 2 3 4 1 2 3 4

1 2 3 4 1 2 3 4

1 2 3 4 1 2

x x x x x x x x x x x
mb Ib d k k k k c c c c

z z z z z z z z z z z
mb Ib d k k k k c c c c

y y y y y y y y y y
mb Ib d k k k k c c c

σ

θ θ θ θ θ θ θ θ θ θ

∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ

=
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ ∂Δ
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 3 4

.

y
c
θ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥∂Δ⎢ ⎥
⎢ ⎥∂⎣ ⎦

 (3.10) 

The term x
mb
∂Δ
∂

 is read as the sensitivity of the relative brain displacement in the X direction with 

respect to the input parameter mb.   

 

3.3 Sensitivity Analysis Results 

3.3.1 Multiple Impact Scenarios 

 Seven impact input scenarios are used to explore the sensitivity of the relative brain 

displacement to small changes in the model parameters.  Previous sensitivity analysis work [6, 
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10] was conducted with a linear acceleration impulse in the X and an angular acceleration 

impulse in the Y direction.  These results showed the brain injury model in the sagittal plane was 

most sensitive to the moment of inertia of the brain followed by the brain mass.  Also, the model 

was insensitive to the selected spring constants and damping coefficients.  The various impact 

scenarios to be applied for this study are shown in Table 1.   

 

Test Number Input Direction 
1 X 
2 Z 
3 θY 
4 X and Z 
5 X and θY 
6 Z and θY 
7 X, Z, and θY 

 

 Table 3.1: Description of the various input scenarios for the sensitivity analysis  

  

 Figure 3.1 shows the sensitivity analysis results for the relative brain displacement in the 

X direction for test one.  The input to the sagittal plane brain injury model is a single impulse 

also in the X direction.   The results show that the model is most sensitive to the brain moment of 

inertia followed by brain mass with peak magnitudes of 0.5 and 0.01, respectively.  Also, the 

model is insensitive to the spring constants and damping coefficients with magnitudes on the 

order of 10-7 and 10-5.  These results agree with previous sensitivity studies [6, 10] and show that 

the Kelvin element constants are small sources of error compared to the brain characteristics.   

 Figure 3.2 and 3.3 show the sensitivity results for relative brain displacement in the Z 

direction and rotation about the Y axis for an input in the X direction.  Although the values vary, 

the model remains most sensitive to the brain moment of inertia and the brain mass and 
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insensitive to the spring constants and damping coefficients.  The sensitivity for the relative brain 

rotation about the Y axis to the brain moment of inertia is important to note because of its large 

magnitude, 14.5.  This result shows that error generated for the relative brain rotation about the 

Y axis is primarily due to brain moment of inertia and not the brain mass as in the cases for the X 

and Z directions.   

 

 Figure 3.1:  Sensitivity of the relative brain displacement in the X direction to the model 
 parameters for Test One 
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 Figure 3.2:  Sensitivity of the relative brain displacement in the Z direction to the model 
 parameters for Test One 
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 Figure 3.3:  Sensitivity of the relative brain rotation about the Y axis to the model 
 parameters for Test One 
 
 
 Tables 3.2 through 3.8 show the maximum sensitivity for the brain moment of inertia and 

brain mass for all seven tests.  The magnitude of sensitivity for the spring constants and damping 

coefficients was on the order of 10-7 and 10-5 for each test and will not be repeated here.  

Appendix 1 contains complete tabular results for the seven impact scenarios. 
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 For each impact scenario the sagittal plane brain injury model was most sensitive to the 

brain moment of inertia followed by the brain mass.  In addition, the magnitude of sensitivity for 

the brain moment of inertia was largest for the relative brain rotation about the Y axis, followed 

by the relative displacement in the X direction, and then followed by the relative brain 

displacement in the Z direction.  The sensitivity due to the moment of inertia was at least two 

orders of magnitude larger for brain rotation than the linear translations.  The largest sensitivity 

is found in Test 6 with a magnitude of 18.1.  Combined these results show that for the many 

impact scenarios the error between simulated brain motion and actual brain motion is primarily 

do to brain moment of inertia.   

 Since the analyses in this chapter applied the linear impulse inputs at the center of gravity 

of the brain, the effect of the brain moment of inertia on brain motion was drastically reduced.  

An acceleration input not applied at the center of gravity will create a moment about the center 

of gravity and increase the relative brain rotation.  Larger uncertainties between simulated and 

actual results are created when the rotation of the brain is increased.  The large uncertainty due to 

the brain moment of inertia is produced when estimating the volume and density of the brain.   

The brain moment of inertia value found in Table 1.1 was determined by assuming the brain is 

an ellipsoid and the density is constant [6]. Future work to reduce the uncertainty in the brain 

injury model should focus on developing accurate brain moment of inertia values with direct 

experimental measurements, or accurate geometrical and material constants.  

   The brain mass creates the next largest uncertainty when comparing simulated and 

actual relative brain motion.  The largest magnitude of sensitivity occurs in Test 4, 6 and 7.  This 

result shows the uncertainty due to the brain mass increases when linear acceleration inputs in 
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the X and Z direction are applied.  Since the translation of the brain depends directly on the brain 

mass this result is expected. 

 
 
 

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 

Xs 1.00E-02 xb mb 
Xs  5.00E-01 xb Ib 
Xs 1.00E-03 zb mb 
Xs  2.80E-01 zb Ib 
Xs  8.00E-02 θyb mb 
Xs 1.40E+01 θyb Ib 

 
 Table 3.2:  Sensitivity of Ib and mb for Test 1 
 
 
 

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 
Zs  1.20E-03 xb mb 
Zs 1.40E-01 xb Ib 
Zs  7.00E-03 zb mb 
Zs  6.50E-02 zb Ib 
Zs  3.50E-02 θyb mb 
Zs  5.00E+00 θyb Ib 

 
 Table 3.3:  Sensitivity of Ib and mb for Test 2 

 

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 

θYs  1.20E-03 xb mb 
θYs  9.00E-02 xb Ib 
θYs  4.00E-05 zb mb 
θYs  5.10E-02 zb Ib 
θYs 1.00E-03 θyb mb 
θYs  3.10E+00 θyb Ib 

  

 Table 3.4:  Sensitivity of Ib and mb for Test 3 
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Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 

Xs & Zs 1.00E-02 xb mb 
Xs & Zs 3.50E-01 xb Ib 
Xs & Zs 8.00E-02 zb mb 
Xs & Zs 2.00E-01 zb Ib 
Xs & Zs 1.00E-01 θyb mb 
Xs & Zs 1.20E+01 θyb Ib 

 

 Table 3.5:  Sensitivity of Ib and mb for Test 4 

 

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 

 Zs & θYs 1.00E-03 xb mb 
 Zs & θYs 9.00E-03 xb Ib 
 Zs & θYs 7.00E-03 zb mb 
 Zs & θYs 1.70E-02 zb Ib 
 Zs & θYs 3.50E-02 θyb mb 
 Zs & θYs 1.70E+00 θyb Ib 

 

 Table 3.6:  Sensitivity of Ib and mb for Test 5 

 

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 

Xs & θYs 1.00E-01 xb mb 
Xs & θYs 5.00E-01 xb Ib 
Xs & θYs 2.00E-03 zb mb 
Xs & θYs 3.20E-01 zb Ib 
Xs & θYs 8.00E-02 θyb mb 
Xs & θYs 1.80E+01 θyb Ib 

 

 Table 3.7:  Sensitivity of Ib and mb for Test 6 
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Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 

Xs, Zs, & θYs 1.00E-02 xb mb 
Xs, Zs, & θYs 4.00E-01 xb Ib 
Xs, Zs, & θYs 8.00E-03 zb mb 
Xs, Zs, & θYs 2.60E-01 zb Ib 
Xs, Zs, & θYs 9.50E-02 θyb mb 
Xs, Zs, & θYs 1.40E+01 θyb Ib 

 

 Table 3.8:  Sensitivity of Ib and mb for Test 7 

 

3.3.2 Angle of Impact 

 The sensitivity of the relative displacements and rotation of the brain to the model 

parameters is analyzed as a single impulse input is rotated around the sagittal plane model.  The 

impulse input is rotated at 10 degree increments.  Figure 3.4 shows the orientation and naming 

convention of the input as it acts on the center of gravity of the brain.   

 90o 
 

 

 

0o 

270o 

 180o 
 

 

 

 

 Figure 3.4:  Orientation of the angle of the impulse input around the sagittal plane model 
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 Figure 3.5 shows the results of the sensitivity analysis for the relative brain displacement 

in the X direction to the model parameters as the input is rotated around the sagittal plane model.  

The maximum absolute value for the brain mass is approximately 0.01 and occurs when the 

impulse input is orientated at 0 and 180 degrees.  These results show that the maximum 

sensitivity for brain displacement with respect to brain mass occurs when the input is in phase 

with the input direction.  The peak sensitivity for the relative brain motion in the X direction to 

the inertia of the brain occurs at 170 and 350 degrees with a value of 0.5.  The maximum 

sensitivity for Ib would also be expected to occur at 0 and 180 degrees.  The 10 degree shift is 

due to the model being most sensitive to the inertia of the brain and is consistent with the 

maximum brain displacement being found to occur at 10 degrees below the transverse plane in 

Chapter 2.  The peak sensitivity for the spring constant occurs at 40 and 220 degrees with a 

magnitude of 3.3x10-7, but secondary peaks are found at 140 and 320 degrees with a value of 

2.5x10-7.  Primary peaks are attributed to the spring constant in the third Kelvin element, while 

secondary peaks are due to the spring constant in the second Kelvin element.  The maximum 

sensitivity peaks appear when the impulse input acts parallel to the second and third Kelvin 

elements.  Unlike the spring constants, the damping coefficients only have two peaks at 30 and 

210 degrees.  The peaks have a magnitude of 1.4x10-5.  These peaks occur again when the input 

is parallel to the corresponding Kelvin elements.   

 Figures 3.6 and 3.7 depict the sensitivity of the relative brain displacement in the Z 

direction and rotation about the Y axis to the model parameters.  For the relative brain rotation 

about the Y axis, the input angles where maximum sensitivity values occur for brain mass, brain 

inertia, spring constants, and damping coefficients agree closely to those in the X direction.  In 

addition, the primary and secondary peaks for spring constants k3 and k2 are identical to those 
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found for the relative brain displacement in the X direction.  The angles of maximum sensitivity 

values for the relative displacement in the Z direction are very similar except with respect to the 

brain mass.  In Figure 3.6, the results show that the maximum sensitivity values for brain mass 

occur at 90 and 270 degrees, or when the impulse input is in phase with the corresponding 

displacement being measured.  This occurs because the translation in the Z direction is 

dependent on the brain mass, and the translation reaches a maximum at 90 and 270 degrees. 

 The sensitivity analysis conducted as an input is rotated around the sagittal plane model 

shows dependence between the input angle and the accuracy of the modeled brain motion.  Since 

relative brain displacements and rotation was found to be most sensitive to the brain moment of 

inertia, the input angle where peak brain inertia sensitivities occur will create the largest 

uncertainty in the simulated brain motion.  This occurs for impacts angled at 170 and 350 

degrees and directed towards the center of gravity of the brain.  Also, large sensitivity values for 

brain motion in the X direction and the rotation about the Y axis with respect to the brain mass 

occurs near the positive and negative X axis adding uncertainty to the simulated motion. 
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 Figure 3.5: Sensitivity of the relative brain displacement in the X direction to the model 
 parameters with respect to the angle of impact 
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 Figure 3.6: Sensitivity of the relative brain displacement in the Z direction to the model 
 parameters with respect to the angle of impact 
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 Figure 3.7: Sensitivity of the relative brain rotation about the Y axis to the model 
 parameters with respect to the angle of impact 
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 3.4 Chapter Summary 

 The sagittal plane brain injury model was found to be most sensitive to the brain moment 

of inertia followed by the brain mass.  Also, the model was found to be insensitive to the spring 

constants and damping coefficients for many input scenarios.  This result shows the robustness 

of the brain injury model to the selected parameters.  The maximum uncertainty when modeling 

brain motion occurs when an input creates large relative brain rotations.  This is caused by the 

dependence between brain rotation and the brain moment of inertia.  An analysis of the input 

angle to the sensitivity of brain motion resulted in the largest sensitivity values for frontal and 

occipital impacts.    

 

 

 

 

 

 

 

 

 

 

 

 

34 
 



 

 

Chapter 4 

 

EXPERIMENTAL RECONSTRUCTION 

 

4.1 Introduction 

 Validation of the mathematical brain injury models is accomplished by comparing 

simulated relative brain motion data to experimental data.  Originally, the model parameters for 

the coronal and sagittal plane were chosen to minimize the error between individual NDT 

motions for a set of low-severity head impacts [6].  The experimental data was collected by 

Hardy et al. in 2001 in a series of cadaver head impact tests [8].  Six experiments, impacts 

primarily in the occipital region of the sagittal plane, provided sufficient information for the 

development and validation of the sagittal plane brain injury model.  In addition, the coronal 

brain injury model was developed from those sagittal plane experiments.   This was 

accomplished by ignoring the out-of-plane head kinematics, applying only the input skull 

accelerations in the coronal plane and minimizing the error between simulated and experimental 

NDT motion.   

 Recent cadaver head impact experiments conducted by Hardy et al. in 2007 were 

conducted in the sagittal, transverse, and coronal planes [14].  Similar to the experiments 

conducted in 2001, a tin NDT marker was implanted in the cadaver brain and tracked during an 

impact scenario with a high-speed bi-planar X-ray system.  Although the experimental data of 
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the tracked targets is not available, the skull kinematics inputs, peak target displacements, and 

calculated brain tissue strains are available.  Two experiments, C380-T4 and C380-T6, will be 

reconstructed in the coronal plane to compare to the simulated data from the brain injury models.  

The maximum and minimum displacements from the coronal plane brain injury model will be 

compared to the published experimental results.  In addition, the coronal and sagittal brain injury 

models will be combined to calculate principle and shear strains of the brain tissue.  These 

results will be compared to principle and maximum shear strains calculated directly from the 

experimental data.   

 Two important injury prediction criteria from the mathematical brain injury models are 

the magnitude of relative brain displacement and the brain tissue strain.  Significant relative 

motion of the brain with respect to the skull can lead to tearing of the bridging veins between the 

brain and its protective tissue resulting in intracranial hemorrhages, or hemotomas [4].  Strain in 

the brain tissue is responsible for diffuse axonal injury the loss of electrical signal processing due 

to damaged axons [4].  These injury indicators will be the basis of comparison for the 

experimental and simulated head impacts. 

 

4.2 Relative Brain Motion 

4.2.1 Method 

 Linear and angular skull accelerations for test C380-T4 and test C380-T6 from Hardy et 

al.’s work are replicated for inputs into the coronal plane brain injury model to compare the 

simulated relative motion of the brain to the peak experimental values [14].  Test C380-T4 is a 

left temporal region coronal plane impact.  The cadaver head was impacted superior to the center 

of gravity to create signification angular head accelerations.  Test C380-T6 was also impacted in 
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the left temporal region, but the impact was aligned with the center of gravity of the head, which 

resulted in greater linear accelerations.  Test T4 and T6 were selected since the accelerations are 

predominantly in the coronal plane, and a full time history of the data was recorded.  The NDT 

targets for subject C380 were implanted in the brain in two 1-5-1 star cluster patterns with a 

distance of 10 mm between each target [14].  NDT arrangements and impact locations are shown 

in Figure 4.1 for tests T4 and T6.   

 The inputs for the coronal plane brain injury model are created with acceleration verse 

time plots and tabular peak acceleration data.  A point-by-point function generator provided in 

Simulink is used to replicate the experimental inputs.  The experimental input head accelerations 

are shown in Figure 4.2, and the reconstructed inputs are shown in Figures 4.3 and 4.4.  

Generated skull acceleration inputs are not exact, but the magnitudes of the peak impulses are 

accurately represented.  Published data for individual NDT starting locations and maximum and 

minimum displacement data is compared to the brain injury model outputs. 

 

 
C380-T4 C380-T6 

 

 

 

 

 

 

 
 Figure 4.1:  Both tests have identical NDT cluster arrangement in the left and right front 
 parietal brain lobes.  The left figure shows an offset impact, and the right shows an 
 aligned impact [14]. 
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Figure 4.2:  The top and bottom graphs show the linear and angular experimental head 
accelerations for test C380-T4 and C380-T6.  
 
 
 
 
 
 
 
 
 

38 
 



Figure 4.3:  Reconstructed head acceleration inputs for test C380-T 

 Figure 4.4:  Reconstructed head acceleration inputs for test C380-T6 
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4.2.2 Results 

 Figures 4.5 and 4.6 compare the peak displacements between the simulated and 

experimental data for test C380-T4.  The maximum relative brain displacements in the Y and Z 

directions for the simulated data agree closely with the experimental results for the majority of 

the NDT markers.  The minimum displacements for the brain injury model do not agree well 

with the experimental data.  This discrepancy is partially due to unavailable input acceleration 

data after 20 ms.  The peak acceleration data that is available appears in the first 20 ms of the 

experiment run time, and it is easily recreated from the acceleration verses time graphs found in 

Hardy et al.’s work [14].  From 20 ms to 40 ms, the reconstructed input acceleration data is an 

approximation because of the clarity of the published data.  In addition, for test C380-T4 the 

experimental minimum values occur between 35 ms to 50 ms according to the NDT 

displacement verses time graphs.  

 Figures 4.4 and 4.5 show the maximum and minimum displacements in the Y and Z 

directions for test C380-T6.  The results for the maximum displacement in the principle Y 

direction show a good correlation between the simulated and experimental data.  The simulated 

minimum displacements in Figures 4.7 and 4.8 and the maximum displacement in the Y 

direction in Figure 4.4 do not present a good correlation to the experimental data.  Similar to test 

C380-T4, the reconstructed acceleration input data after 20 ms is not very accurate, and the 

minimum experimental displacements occur between 35 ms and 50 ms.   

 An additional source of error between the simulated and experimental peak 

displacements is due to the position of the NDT markers in the brain.  For the selection of the 

model parameters in the coronal and sagittal plane, the NDT markers were inserted in two 

parallel columns in the temporal-parietal and occipital-parietal potions of the brain [7].  The 
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markers were placed 10 to 12 mm apart in an anterior and posterior arrangement.  This allowed 

for accurate tracking of the relative brain motion as a whole.  The NDT placements in tests 

C380-T4 and C380-T6 are in a tight 1-5-1 start cluster arrangement in the frontal lobes of the 

brain, shown in Figure 4.1 [15].  In addition, each target is inserted no more than 10 mm part 

from each other.  This arrangement allows for accurate localized strain calculations due to brain 

deformation, but does not accurately capture the total relative brain displacement.  Head impact 

experiments with NDT markers that capture total brain motion are needed to validate maximum 

displacements for the brain injury models.  

 

 

  
 Figure 4.5:  Comparison of brain displacements for the Y direction with respect to each 
 NDT for test C380-T4 
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 Figure 4.6:  Comparison of brain displacements for the Z direction with respect to each NDT 
 for test C380-T4 
 
 

 
 
 Figure 4.7:  Comparison of brain displacements for the Y direction with respect to each NDT 
 for test C380-T6 
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 Figure 4.8:  Comparison of brain displacements for the Z direction with respect to each 
 NDT for test C380-T6 
 
 
 
4.3 Principle and Shear Strain 
 
4.3.1 Method 
  
 Input skull kinematics are applied to a modified brain injury model that combines the 

coronal and sagittal brain injury models to calculate principle and shear strain values.  The strain 

prediction model used for the experimental reconstructions and along with the strain equations 

and model figures expressed in this chapter were developed by Zou [6].  A 3D model with 3D 

acceleration inputs is necessary to capture realistic head impact scenarios.  Since the strain model 

does not incorporate a transverse or horizontal plane, the angular rotation about the Z axis is not 

considered.  In addition, the work in this chapter assumes that the brain tissue is a linear elastic 
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material in order to simplify calculations and simulation time.  Previous work conducted by Zou 

to find maximum shear strains in automobile crash reconstructions showed small differences 

between strains in elastic and viscoelastic brain tissue [6].   

 Principle and shear strains in the sagittal plane model cannot be measured directly since 

the brain was developed as a rigid body.  Therefore, the spherical brain is divided into a superior 

and inferior hemisphere though the center of gravity.  A stress profile is developed on the base of 

the hemisphere due to normal and shear forces created by the Kelvin elements.  Figure 4.9 shows 

the free body diagram of the superior hemisphere of the sagittal plane brain.   

 
 
 

 
 Figure 4.9:  Free body diagram of superior hemisphere of the brain for the sagittal plane 
 model [6] 
 
 
 
The forces F1 and F4 are generated at the connection points of Kelvin elements 1 and 4.  The 

forces are determined using Equations 2.1, Equation 2.4, the output brain kinematics, and the 

skull kinematics.  The mass of the hemisphere, mh, is 0.7 kg, and the forces V and N are the 

shear force and normal force respectively acting on the base of the hemisphere.  These forces are 
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located at the center of gravity to simplify calculations, but they are assumed to be evenly 

distributed along the base [6].   

 Shear and normal forces are found using the known forces F1 and F4 and the equations 

 x h bF m x=∑  

 .z hF m z= b∑  (4.1) 

Inserting the shear and normal force into the left hand side of Equation 4.1 results in 

 1 4( ) cos
4

h bV F F m xπ⎛ ⎞+ − =⎜ ⎟
⎝ ⎠

  

 1 4 .( ) cos
4

h bN F F m zπ⎛ ⎞+ + =⎜ ⎟
⎝ ⎠

 (4.2) 

Substituting bx and from Equations 2.5 and 2.6 and noting thatbz 1
2

hm m= b  leads to 

 1 2 3 4
1 ( )
2 4

V F F F F cos π⎛ ⎞= − − + + ⎜ ⎟
⎝ ⎠

  

 1 2 3 4
1 ( ) c
2 4

N F F F F os .π⎛ ⎞= − + + − ⎜ ⎟
⎝ ⎠

 (4.3) 

The forces in Equation 4.3 are divided by the area of the hemisphere to find the shear and normal 

stress.  An average radius, r = 0.067 m, is used to calculate the area of the brain.  The stress 

equations are then given by 

 z
V
A

τ =   

 .z
N
A

σ =  (4.4) 

 The brain in the sagittal plane can also be divided through the center of gravity into left 

and right hemispherical sections.  Previous work conducted by Zou [6] has shown that the 
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normal and shear stresses acting on the base of this hemisphere result in identical force equations 

to those for a superior/inferior division.  In order to simplify further strain calculations, the 

coronal plane will be divided into a left and right hemisphere.  The shear force and normal force 

equations are identical to Equation 4.3, but with different forces in each Kelvin element.  Figure 

4.10 displays the free body diagram for the right hemispherical brain for the coronal brain injury 

model. 

 

 Figure 4.10:  Free body diagram of the right hemisphere of the brain in the coronal plane 
 model [6] 
 
 

 The brain tissue strains are obtained by applying the linear elastic material properties of 

the brain to the stress equations developed for the coronal and sagittal planes.  Previous work 

with this strain injury model assumed a Young’s modulus E of 150 kPa and a Poisson ratio v of 

0.49 [6].  The results is a shear modulus G of 50.3 kPa.  These values were chosen to match the 

severity of impact and input skull kinematics found in Hardy et al’s work in 2001 to those found 

in literature.  Since the head impact experiments in 2007 were constructed to recreate the 
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kinematics of skull inputs from the 2001 experiments [14], these material properties will be used 

for this strain modeling work.  The shear modulus along with the Poisson’s ratio and Young’s 

modulus as used to convert the stress in each plane into shear and principle strain values with 

Hooke’s Law.   

 A 3D strain tensor is constructed by combining the strains found in each brain injury 

model.  The complete 3D strain tensor is represented by the matrix 

 .
x xy xz

xy y yz

xz yz z

ε ε ε
ε ε ε ε

ε ε ε

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎦⎣

 (4.5)   

The superior hemisphere in the sagittal plane provides the strains zε and zxε , while the right 

coronal hemisphere corresponds to yε and yzε .  xε and xyε correspond to strains found on the 

posterior hemisphere of the transverse plane.  Due to the absence of experimental data in the 

transverse plane, these strains are assumed to be zero.  The 3D strain tensor becomes 

 
0 0
0 .

xz

y yz

xz yz z

ε
ε ε ε

ε ε ε

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎦⎣

 (4.6) 

The strains for the coronal and sagittal plane model are combined at the center of gravity of the 

brain.  This results in a set of strain values for the entire brain.  A graphical representation of the 

combined strains acting on a cube at the center of gravity of the brain is shown in Figure 4.11.   
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 Figure 4.11:  Combined strains on a cubic element at the center of gravity of the brain 
 

 

 The maximum shear strain is then found by combining the strain profile into three 

principle strains.  The principle strains are the roots of the cubic equation  

 3 2 0,A B Cε ε ε− + − =  (4.7) 

where A, B, and C are given by 
 
 
                        x yA zε ε ε= + +   

                        
2 2( 2 )x y x z y z xy zy xzB ε ε ε ε ε ε ε ε ε= + + − + +   

 
2 2( ) 2( ) ( ) ( ) ( ).x y z xy xz zy x zy y zx z xyC 2ε ε ε ε ε ε ε ε ε ε ε ε= + − − −  (4.8) 

 
Solving Equations 4.7 and 4.8 will transform the strain tensor into three principle strains.  The 

maximum shear strain is 
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 max 1 3
1 (
2

),ε ε ε−=  (4.9) 

where 1ε is the maximum principle strain and 3ε is the minimum principle strain.   

 

4.3.2 Results 

 A strain injury model was created by combining components from the coronal and 

sagittal plane brain injury models.  The acceleration inputs are reconstructed from coronal head 

impact tests C380-T4 and C380-T6.  Experimental strain values for each NDT cluster were 

calculated using multiple triads of the targets and the software program LS-DYNA [14].  The 

strain values for each triad were averaged and then digitally filtered at 60 Hz.  A localized 

principle and shear strain is given for each cluster.   

 Figures 4.9 and 4.10 compare the strain results for the strain model and the calculated 

strains for each NDT cluster.  For each case, the simulated strain model results are nearly double 

the calculated strain results.  A difference in the results is due to the strain model calculating an 

overall brain tissue strain while the experimental strains are for localized areas.  The maximum 

principle and shear strains for the model are between 0.05 and 0.06.  These values fall within the 

non-injurious levels previously found in literature.  Bayly et al. found that for low severity 

impacts in human volunteers maximum strains ranged from 0.02 to 0.05 [15].  Injurious strains 

vary widely between 0.10 and 0.80 depending on strain rates and test subjects [16, 17], but most 

studies show that the threshold of strain that causes brain injury is between 0.15 and 0.20 

depending on strain rates [6].  Although the strains calculated from the experimental 

reconstructions are larger than those measured directly, they fall within the typical non-injurious 

level for low severity impacts.   

49 
 



 Although the results from both the experiments and the simulations fall within the non-

injurious levels, the simulated strains are nearly double the experimental.   The experimental 

strains are fairly accurate because the NDT cluster arrangement allows for 12 localized strain 

measurements.  The strain injury model gives a single brain tissue strain value.  Localized strain 

calculations are needed from more than one part of the brain to accurately compare the model 

and experimental work.  In addition, a better correlation will be achieved with the completion of 

the transverse plane. 

 
  
 Figure 4.9:  Simulated and calculated experimental maximum strains for test C380-T4 
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 Figure 4.10:  Simulated and calculated experimental maximum strains for test C380-T6 
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Chapter 5 

 

SUMMARY  

 

5.1 Summary 

 Mathematical brain injury models for the coronal and sagittal planes were analyzed to 

understand their characteristics and system properties.  The natural frequency was determined by 

assuming the model behaves as a second order system and finding the overall system spring 

stiffness.  For both the coronal and sagittal plane models, the natural frequency was largest in the 

Z direction.  A large natural frequency corresponds to a greater resistance to motion.  Next, the 

brain injury models were analyzed to find the angle of impact that produces maximum 

displacement.  The maximum displacement in the coronal plane was achieved along the principle 

Y axis, while the maximum displacement in the sagittal plane occurred when the input was 10 

degrees below the transverse or horizontal plane.   

 A full sensitivity analysis was conducted on the sagittal plane model to study the effect of 

small parameter changes on the relative brain motion.  Seven tests were conducted with different 

combinations of impulse inputs.  For each of the seven tests, the model was found to be most 

sensitive to the inertia of the brain followed by the brain mass.  The model was insensitive to the 

spring stiffness and damping coefficients.  A single impulse input was then rotated 360 degrees 

around the sagittal plane model at 10 degree increments.  The magnitude of the sensitivities of 
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the brain motion to the model parameters displayed a periodic behavior as the input traveled 

around the model.   

 Two low severity coronal plane head impact experiments were reconstructed to compare 

peak brain displacements and strain values of the coronal plane model to the experimental data.  

The peak displacements for the NDT markers did not correspond well with the peak simulated 

displacements.  This was partially due to inaccuracy of the input data and the placement of the 

NDT clusters.  The correlation between strain values from the strain model and the calculated 

experimental strains was fairly close.  Both methods calculated strains typical for a low severity 

head impact. 

 

5.2 Future Work 

 Experimental data for low severity head impacts focusing on the coronal and transverse 

planes are needed to complete the brain injury models.  The creation and validation of the 

transverse plane is necessary for a complete 3D strain model.  Head impact experiments that 

study complete brain motion in the coronal plane are needed to finish validation of the coronal 

brain injury model.   

 Additional sensitivity analysis is needed after the completion of the coronal and 

transverse plane models.  The sensitivity analysis should analyze the relative brain motion with 

respect to small input parameter changes.  Various input scenarios and input locations should be 

studied for a complete model validation.    
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 5.3 Conclusion 

 This research provided further validation for the coronal and sagittal plane brain injury 

models.  Natural frequencies for each plane were calculated and found to be consistent with both 

other mathematical models and finite element models.  The maximum relative motion of the 

brain in the coronal and sagittal planes corresponded to a -10 degree and 0 degree angle for the 

input.  A sensitivity analysis showed the brain injury model in the coronal plane is most sensitive 

to the inertia of the brain and brain mass and least sensitive to the selected spring and damping 

values for various impact scenarios.  Acceleration inputs from coronal plane low severity head 

impact experiments were reconstructed to compare peak displacements and strains between the 

injury model and experimental data.  The calculated strain values showed a good correlation, but 

the peak displacements did not.  Additional experimental data is needed for further validation of 

the coronal plane model and development of a transverse plane model. 
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APPENDIX 

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 
Xs only 1.00E-02 xb mb 
Xs only 5.00E-01 xb Ib 
Xs only 1.00E-07 xb k1-k4 
Xs only 1.20E-05 xb c1-c4 
Xs only 1.00E-03 zb mb 
Xs only 2.80E-01 zb Ib 
Xs only 1.40E-07 zb k1-k4 
Xs only 8.00E-06 zb c1-c4 
Xs only 8.00E-02 θyb mb 
Xs only 1.40E+01 θyb Ib 
Xs only 3.60E-06 θyb k1-k4 
Xs only 2.00E-04 θyb c1-c4 

 

 Table A.1:  Test one sensitivity analysis results  

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 
Zs only 1.20E-03 xb mb 
Zs only 1.40E-01 xb Ib 
Zs only 2.30E-07 xb k1-k4 
Zs only 2.30E-06 xb c1-c4 
Zs only 7.00E-03 zb mb 
Zs only 6.50E-02 zb Ib 
Zs only 1.40E-07 zb k1-k4 
Zs only 2.00E-06 zb c1-c4 
Zs only 3.50E-02 θyb mb 
Zs only 5.00E+00 θyb Ib 
Zs only 3.10E-06 θyb k1-k4 
Zs only 8.00E-05 θyb c1-c4 

 

 Table A.2:  Test two sensitivity analysis results 
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Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 
θYs only 1.20E-03 xb mb 
θYs only 9.00E-02 xb Ib 
θYs only 2.00E-08 xb k1-k4 
θYs only 5.70E-07 xb c1-c4 
θYs only 4.00E-05 zb mb 
θYs only 5.10E-02 zb Ib 
θYs only 8.00E-09 zb k1-k4 
θYs only 3.40E-07 zb c1-c4 
θYs only 1.00E-03 θyb mb 
θYs only 3.10E+00 θyb Ib 
θYs only 2.00E-07 θyb k1-k4 
θYs only 6.50E-06 θyb c1-c4 

 

 Table A.3:  Test three sensitivity analysis results 

 

 

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 
Xs & Zs 1.00E-02 xb mb 
Xs & Zs 3.50E-01 xb Ib 
Xs & Zs 5.00E-07 xb k1-k4 
Xs & Zs 2.00E-05 xb c1-c4 
Xs & Zs 8.00E-02 zb mb 
Xs & Zs 2.00E-01 zb Ib 
Xs & Zs 2.70E-07 zb k1-k4 
Xs & Zs 1.60E-05 zb c1-c4 
Xs & Zs 1.00E-01 θyb mb 
Xs & Zs 1.20E+01 θyb Ib 
Xs & Zs 5.00E-06 θyb k1-k4 
Xs & Zs 3.00E-04 θyb c1-c4 

 

 Table A.4:  Test four sensitivity analysis results 
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Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 
Xs & θYs 1.00E-01 xb mb 
Xs & θYs 5.00E-01 xb Ib 
Xs & θYs 2.30E-07 xb k1-k4 
Xs & θYs 1.20E-05 xb c1-c4 
Xs & θYs 2.00E-03 zb mb 
Xs & θYs 3.20E-01 zb Ib 
Xs & θYs 1.40E-07 zb k1-k4 
Xs & θYs 7.00E-06 zb c1-c4 
Xs & θYs 8.00E-02 θyb mb 
Xs & θYs 1.80E+01 θyb Ib 
Xs & θYs 3.40E-06 θyb k1-k4 
Xs & θYs 2.00E-04 θyb c1-c4 

 

 Table A.5:  Test five sensitivity analysis results 

 

 

Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 
 Zs & θYs 1.00E-03 xb mb 
 Zs & θYs 9.00E-03 xb Ib 
 Zs & θYs 2.10E-07 xb k1-k4 
 Zs & θYs 2.00E-06 xb c1-c4 
 Zs & θYs 7.00E-03 zb mb 
 Zs & θYs 1.70E-02 zb Ib 
 Zs & θYs 1.20E-07 zb k1-k4 
 Zs & θYs 3.20E-06 zb c1-c4 
 Zs & θYs 3.50E-02 θyb mb 
 Zs & θYs 1.70E+00 θyb Ib 
 Zs & θYs 3.20E-06 θyb k1-k4 
 Zs & θYs 4.00E-05 θyb c1-c4 

 

 Table A.6:  Test six sensitivity analysis results 
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Input Vector Magnitude of 
Sensitivity Sensitivity of With Respect 

to 
Xs, Zs, & θYs 1.00E-02 xb mb 
Xs, Zs, & θYs 4.00E-01 xb Ib 
Xs, Zs, & θYs 4.60E-07 xb k1-k4 
Xs, Zs, & θYs 1.80E-05 xb c1-c4 
Xs, Zs, & θYs 8.00E-03 zb mb 
Xs, Zs, & θYs 2.60E-01 zb Ib 
Xs, Zs, & θYs 2.50E-05 zb k1-k4 
Xs, Zs, & θYs 1.00E-05 zb c1-c4 
Xs, Zs, & θYs 9.50E-02 θyb mb 
Xs, Zs, & θYs 1.40E+01 θyb Ib 
Xs, Zs, & θYs 6.40E-06 θyb k1-k4 
Xs, Zs, & θYs 3.00E-04 θyb c1-c4 

 

 Table A.7:  Test seven sensitivity analysis results 
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