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ABSTRACT
Multivariate discrimination procedures have been developed by which a given sample

may be assigned to its correct population of origin on the basis of values it exhibits for the
p variables observed. A discrimination method (Kendall, 1966) based on order-statistics
is illustrated for possible use whenever the mathematical requisites for discriminant func-
tion analysis cannot be satisfied. The method described is distribution free, involves only
counting, may be applied to variables measured on or above an ordinal scale, shows which
variables are most important in the discrimination, and provides for a region of statistical
indecision. The method was applied to petrographic measurements taken from 25 class
1-2 and 25 class 3 limestones collected from the Kope and Fairview Formations, exposed
eastern Hamilton County, Ohio. Of eleven primary and derived variables observed, 68
percent of these limestones can be correctly assigned by the percentages of micrite,
sparite, broken brachiopods, and crinoids, whereas the remaining 32 percent are included
within a region of indecision. In this case, the discriminatory efficiency is not significantly
increased by using more than the four variables listed above.

INTRODUCTION
Statistical discrimination methods are concerned with the assignment of a

sample to its correct population of origin on the basis of the values it exhibits for
each of p variables. Implicit in this statement is the assumption that the correct
parent populations are known, and that there is little or no overlap of the sample
space occupied by each of the k parent populations.

If the assumptions of multivariate normality and the equality of group dis-
persions are satisfied, the linear discriminant function for the case of two parent
populations (Fisher, 1936) may be effectively used, provided there is little or no
overlap of the parent populations and that each of the p variables is measured
on either an interval- or ratio-scale. Stevens (1946, 1958), Krumbein and Gray-
bill (1965), and Griffiths (1967) provide useful discussions concerning the nominal,
ordinal, interval, and ratio scales of measurement. Fisher's two-population
linear discriminant function can easily be extended to the case of k populations,
where k>2 (Kendall, 1968).

Linear discriminants have been applied to many subject areas within the
geological sciences. For example, Emery and Griffiths (1954), Shadle and Griffiths
(1955), Griffiths (1957) Huble (1957), Wood (1961), Middleton (1962), Griffiths
(1963), Potter, Shimp, and Witters (1963), Smith (1964), Griffiths (1966), and
Osborne (1969) have used linear discriminants to seek solutions to a variety of
petrologic problems. Chayes (1965) and Chayes and Velde (1965) applied this
method specifically in igneous petrology; Reyment and Naidin (1962), Reyment
(1956), and Buzas (1966) have employed linear discriminants to recognize mor-
phological groups of foraminifera and belemnites; and Kelley (1965) used this
method to distinguish differences between two forms of a marine organism each
of which inhabited different environments.

Comparatively little attention has been given to nonlinear discriminant func-
tions in the geological literature; however, quadratic discriminants do occur in
the noteworthy studies by Hodges (1950), Mclntyre (1962), and Harries (1965).
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Cooper (1963, 1965) has demonstrated that quadratic discriminants are usually
robust for most unimodal symmetrical distributions, and Burnaby (1966) has
described a variable transformation for use in quadratic discrimination involving
two populations with unequal covariance matrices. McCammon (1969) provides
a useful introduction to linear, quadratic, distribution-free, and multiple dis-
criminants, as well as a list of relevant references.

The present study illustrates an alternate approach to the use of the two-
group linear discriminant function employed by Osborne (1969). There are at
least two properties of the linear discriminant which may be considered as objec-
tionable. First, each sample is uniquely assigned to one of k populations; con-
sequently, there is no provision for a region of statistical indecision. Secondly,
there is no provision for variables measured on an ordinal scale. This second
problem is extremely unfortunate, because in many geological studies it is either
necessary or desirable to include at least one variable measured on an ordinal
scale, perhaps in combination with other variables measured on interval- and/or
ratio-scales.

Provided the data under consideration are measured on or higher than an
ordinal scale, the following distribution-free discrimination method based on
order-statistics may be employed where the linear or perhaps quadratic discrimi-
nant is not appropriate. This method was proposed by M. G. Kendall and is dis-
cussed in Kendall (1966) and in Kendall and Stuart (1966). This method has
the following advantages: it is completely distribution free, it involves no arith-
metic other than counting, it shows which variables are most important in the
discrimination, and it provides for a region of statistical indecision. This method
proceeds by using one variable at a time to measure its degree of discriminatory
effectiveness as measured by the degree of sample overlap. It should be noted
that this step wise procedure based on order statistics is not necessarily optimal.
Kendall (1966) points out that non-orthogonal cutting planes are excluded in
this method and that the method fails whenever populations are non-homogeneous
with respect to the variance rather than to the mean of the variables. Feldman,
Klein, and Honigfeld (1969) have employed a discriminatory technique similar
to the method proposed by Kendall (1966).

PROCEDURE AND RESULTS

The data on which this study is based are included in Table 1 of Osborne (1967).
This data matrix (Osborne, 1967) includes twenty primary and derived petro-
graphic variables observed on each of sixty limestones collected from the Kope
and Fairview Formations in eastern Hamilton County, Ohio. Samples 1 through
25 in this data matrix were assigned to limestone classes 1-2 (Weiss and Norman,
1960; Osborne, 1967) and samples 26 through 50 to limestone class 3. Samples
51 through 60 were assigned to class 1L (Osborne, 1967), but this class will be
omitted from the present study because of its relatively small sample size. There-
fore, this study will be concerned with the statistical discrimination of limestone
classes 1-2 and 3, using the order-statistic method suggested by Kendall (1966).

The limestones assigned to class 1-2 and class 3 consist of whole and broken
fossil grains, which are either embedded in micrite or separated by sparite. Eleven
petrographic variables were selected from the complete data matrix (Osborne,
1967) for use in the present study. The following variables were chosen to facili-
tate the comparison of the results of this study with those obtained by Osborne
(1969): broken brachiopods, whole brachiopods, broken bryozoans, whole bryo-
zoans, crinoids (disarticulated), trilobites (broken), total skeletal grains, total
micrite, and total sparite. The variables pertinent to this study and their respec-
tive values are listed in Tables 1 through 4.

The data base (Osborne, 1967) for the present study requires some explana-
tion. The petrographic identification of each of the limestone constituents
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represents measurement on a nominal scale. The objective of petrographic modal
analysis is to estimate the volume percentage characteristic of each constituent
observed in thin section. In the present case, the correct volume of each variable
measured lies within about five percent on each side of the obtained value,
with a 95 percent confidence (Osborne, 1967). Osborne (1967) demonstrated
that there are important differences in the volume percentages of certain variables
between limestone classes 1-2 and 3. Consequently, although the data were
measured on a nominal scale, the relative frequencies between class 1-2 and class
3 assume a directional sense (quasi-ordinal) when trying to discriminate between
these two limestone classes. The values listed for each variable in Table 1 of
the earlier paper (Osborne, 1967) and in Tables 1 through 4 of this paper represent
the percentage of the maximum value observed for any given variable. This
data transformation was employed to assign equal weight to each variable prior
to the application of the discrimination technique.

A tabulation similar to Table 1 was constructed for each of the eleven petro-

TABLE 1

Discrimination of samples based on values for micrite

Variate
Value

100
91

81
80
77
76
75
70
69
66
65
63
61
60
58
57
55
54
53
51
50
48
47
44
43
42
38
37

35
34
33
31
28
26
25
24
20
19
18

Class 1-2
Sample No.

25

16

17

21

i—
i

20
9
15,4

10,13
6
24

2
22
5
12
3
14,18
23
11
7
8
19

Class 3
Sample No.

39
41

50
27
45
42,47
43
40
46
36,48
32

30
28
38
37
33
34
35

49
26
29,44

31
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graphic variables selected for this study. In such tables, the variate values ob-
served for each variable are ranked from high to low, and are also listed under
their limestone class according to sample number. Examination of such tables
clearly defines regions where the two limestone classes are distinct with regard to
the variate values, as well as regions where values characteristic of the two classes
overlap. For example, examination of Table 1 shows that a sample with a variate
value equal to or exceeding 82 percent micrite has a high probability of belonging
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Two-dimensional diagram showing the discrimination of limestone classes 1-2 and
3 by successive use of the variables micrite and sparite.

to limestone class 3, a sample with a value equal to or less than 36 percent micrite
has a high probability of belonging to class 1-2, and a sample with an intermediate
value cannot be assigned to either class on the basis of micrite percentage. This
assignment of limestone samples is illustrated graphically in Figure 1. Those
samples with micrite values above line BBm (>82% micrite) may be assigned to
class 3, those samples with values below line AA"1 (< 36% micrite) may be assigned
to class 1-2, and those samples between lines AA1" and BBm cannot be assigned
to either class due to the high degree of overlap in variate values typical of each
class. Thus fourteen samples may be correcty assigned to their respective lime-
stone class on the basis of values for the variable micrite. It is granted that the
selection of boundary values in this example is somewhat subjective; however,
boundary selection obviously becomes progressively more objective with increased
sample size.

The next step is to disciminate those samples with intermediate values of
micrite, i.e. those samples with values between lines AA1" and BB'" in Figure 1,
by use of a second variable. The second variable selected for discrimination,
namely sparite, is the one that correctly assigns the next highest number of sam-
ples. Examination of Table 2 shows that those samples with a variate value equal
to or less than 39 percent for sparite have a high probability of belonging to class 3,
whereas those samples with a variate value greater than 39 percent cannot be
assigned. Thus, the eleven samples of limestone class 3 bounded by BB', AA1,
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TABLE 2

Discrimination of samples based on values for sparite

Variate
Value
(%)

84
74
72
69
68
64
57
50
49
48
46
45
43
42
41
40

39
36
34
32
27
26
25
22
14

Class 1-2
Sample No.

24
4

6

1
21
25

10

15,17
20,9

13,16

Class 3
Sample No.

29

26
44
49

31
38,47
33,48

34

43
46

32
30,40
28,35
27
36
42
50
37
45

TABLE 3
Discrimination of samples based on values for

broken brachiopods

Variate
Value

67
66
47
42
35
32
30
26
22
21
20
18
14

13
12
9
5

Class 1-2
Sample No.

9
6

13
10

20
4

i—
i

16
21
17
25

Class 3
Sample No.

26

31
38

33

29

43
47,49
46
48
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and B'A1 (fig. 1) can be effectively discriminated on the basis of sparite percentage.
If a boundary were constructed at >85 percent sparite (AMB" and the extension
of this line segment), a single sample (number 11) of class 1-2 limestone could be
discriminated on the basis of its sparite percentage (100 percent); however, this
sample was previously assigned on the basis of its micrite percentage. The two
variables, micrite and sparite, may thus be used to assign correctly 25 of the 50
limestone samples considered.

Kendall's method is an iterative procedure. Consequently, a third variable
(broken brachiopods) is selected, which assigns correctly the highest number of
samples with intermediate values for sparite. Table 3 and Figure 2 show that

lOO-i

90-

80-

-O 70-

m

I 6°-
' 50-
o
3)
I 40-
o
</> 30-20'

10-

o o

B1

o
G

-!, .A' _ i_

0 10 20 30 40 50 60 70 80 90 100

PERCENT BROKEN BRACHIOPODS

© CLASS 1-2 LIMESTONE
-i- CLASS 3 LIMESTONE

FIGURE 2. Two-dimensional diagram showing the discrimination of limestone classes 1-2 and
3 by successive use of the variables broken brachiopods and crinoids.

the variable, broken brachiopods, correctly assigns five samples to limestone class 3,
whereas twenty samples remain unassigned. Similarly, Table 4 and Figure 2
show that the variable, crinoids, correctly assigns four samples to their respective
limestone classes, whereas sixteen samples remain unassigned. The other seven
variables included in this study provide virtually no additional discriminatory
information, so these variables are not considered further. It can be seen that
this procedure has efficiently assigned 34 of the fifty samples to their correct lime-
stone class, with the remaining sixteen samples unassigned.

A discriminatory key (Table 5) may be constructed from Tables 1 through 4,
which may be used to assign new samples to their correct limestone class with
about a 68 percent efficiency. It is important to note that, if a sample cannot
be assigned on the basis of these four variables, it simply remains unassigned
rather than being misclassified.

DISCUSSION OF RESULTS

It is interesting and informative to compare the results of this study with those
obtained by Osborne (1969) using a two-group, linear discriminant function.
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TABLE 4

Discrimination of samples based on values for crinoids

Variate
Value
(%)

81
80

46
42
38
32
30
28
27
24
22
20
19
16
11

5
4

Class 1-2
Sample No.

24
15

20
4

13
6
1

25
16

17,21

9

10

Class 3
Sample No.

29

49
26,38

31
48
43

46
33,47

34
44

Most of the discriminatory power using Kendall's distribution-free method is
associated with micrite and sparite, whereas broken brachiopods and crinoids are
of secondary importance. In the case of the linear discriminant function, however,
most of the power is associated with the variables, broken brachiopods, total
broken skeletal grains, total whole skeletal grains, and total skeletal grains; mod-
erate discriminatory power is associated with micrite and sparite; and little power
is associated with crinoids and trilobites. It is clear from these results that the
relative importance of variables in statistical discrimination is related to the dis-
criminatory method employed. Although the relative importance of the variables
involved is an important aspect in discriminant analysis, the selection of an ap-
propriate method may be based on considerations such as discriminatory efficiency,
access to a computing facility, cost, and frequency of utilization of the method.

In the present case, the linear discriminant function is approximately ninety
percent efficient (Osborne, 1969), whereas the order-statistic method is approxi-
mately 68 percent efficient with regard to this set of limestone samples. Inasmuch
as misclassification will occur using both procedures, these relative efficienceies
require some explanation. In the case of the two-group, linear discriminant func-

TABLE 5

Discriminatory Key

1. Micrite > 82% assign sample to class 3
Micrite < 36% assign sample to class 1-2
36% < micrite < 82% assignment indeterminate, refer to next variable

2. Sparite < 39% assign sample to class 3
Sparite > 40% assignment indeterminate, refer to next variable

3. Broken brachiopods < 13% assign sample to class 3
Broken brachiopods > 14% assignment indeterminate, refer to last variable

4. Crinoids > 47% assign to class 1-2
Crinoids < 10% assign to class 3
10% < crinoids < 47% assignment indeterminate
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tion, approximately ten percent of any set of new samples will be assigned to the
incorrect class, whereas in the order-statistic method, approximately 32 percent
of the samples will simply not be assigned to either class. This region of statistical
indecision associated with Kendall's order-statistic method may therefore be con-
sidered a substantive improvement. It should be noted that when a discriminant
function is applied to another set of data, the observed probabilities of misclas-
sification are generally greater than are those computed from the initial samples.
Lachenbruch (1968) has shown that this increase in the probability of misclas-
sification is directly related to the "shrinkage" of the multiple correlation coefficient
in new samples.

CONCLUSIONS

In summary, the distribution-free discrimination method proposed by Kendall
(1966) and illustrated in this paper may be used whenever either of the assump-
tions of multivariate normality or of the equality of group dispersions is violated;
whenever there is considerable overlap of the parent populations; whenever there
is at least one variable measured on an ordinal scale, provided all of the variables
are measured at least up to an ordinal scale; and whenever statistical indecision
is preferable to a relatively high level of misassignment. It is suggested that this
method might profitably be employed as a scanning procedure before using more
sophisticated discriminatory techniques.
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