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TRIANGLE SORT 

Classifying triangles is an activity explored at the intermediate level which 
can cause some students difficulty. For those students a game can provide 
motivation while providing reinforcement in learning how to classify triangles. 

"Triangle Sort" is a game in which players who recognize that a triangle can be 
classified either by its sides or by its angles are rewarded with better scores. Since 
definitions vary slightly from textbook to textbook, definitions should be reviewed 
prior to playing the game. The definitions used in th.is set of materials are: 

Classifying by angles: 

Acute Triangles have all angles less than 90 degrees. 
Obtuse Triangles have one angle more than 90 degrees. 
Right Triangles have one angle of exactly 90 degrees. 

Classifying by sides: 

Equilateral Triangles have three congruent sides. 
Isosceles Triangles have at least two congruent sides. (Some texts use the 
definition "only two congruent sides". For our purposes we will use "at least 
two congruent sides". A player who can recognize that an equilateral 
triangle also meets this definition has the opportunity to score with either 
classification card.) 
Scalene Triangles have no sides congruent. 

Shape cards and classification cards are mounted on heavy paper and carefully 
cut apart. The cut out triangular shapes are placed in the Game Bag. ( Any opaque 
bag large enough for the students to put a hand into will do for the Game Bag.) 

The game is designed for two students. Each student will select two 
Classification Cards: one an "angle card" and the other a "side card". The 
equilateral card is to be a "wild card". It is placed face up in the middle of the 
table and either player may play on the equilateral card after making a selection 
from the Game Bag. A player who is able to use the "wild card" gets extra points. 
These points, added to the score, are "extra points" in that a player did not receive 
them from the two Classification Cards. 
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Computer Science 

An example in the spirit of computer science is the parity-checker, which is 
to say a program that reads through a finite sequence of l's and O's to determine 
whether the number of l's i_s even or odd. (Checks similar to this are part of 
programs that search for errors in coded information. Th.is particular example is 
adapted from one in the interesting Computer Recreations column of Scientific 
American by Brian Hayes.) Let's suppose that an error-free sequence must be of 
even parity, so that a sequence is not acceptable unless it contains an even number 
of 1 's. In the state diagram of Figure 5, notice how the occurrence of a 1 causes the 
machine to change states but a O does not. By toggling between EVEN and ODD 

0 0 n~n 
start, 8 G 

Figure 5 

with each occurrence of a 1, the machine keeps track of the parity of the sequence 
up to the current point. EVEN is the starting state, because initially the checker 
will have read an even number (0) of l's. It is also the one and only accepting state, 
because a sequence is acceptable if and only if the machine is in EVEN at the end of 
the sequence. 

Finite-state machines that distinguish between acceptable and unacceptable 
sequences of symbols play an important role in the processing of computer programs 
by a compiler. The statements in a program are translated by the compiler 
program into a more elemental language that can be directly implemented by the 
computer. Before actual translation, however, part of the compiler acts as a 
finite-state machine that reads through each statement to decide whether it is 
grammatically acceptable. 

Language Recoguizers 

If a finite-state machine M is intended to read finite sequences of symbols 
and identify the acceptable ones, then certain of its states are designated as 
accepting states, and the collection of all sequences that leave M in an accepting 
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Figure 2 

Strictly speaking, the finite-state machine in this example is embodied in the table 
of Figure 3 and is not really the physical vending machine itself. Without 

s0 
a s2 
b sl 
C s0 

Gotta Dance 
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Figure 3 
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necessarily mentioning this philosophical point 
to a class, a teacher might invite the students to 
come up with another situation that gives rise to 
a diagram structured just like Figure 2; then 
comment that in a sense one has really arrived at 
the same finite-state machine as before. 

Most people at a ballroom dance seem to spend their nondancing time either 
socializing or watching intently from the edge of the floor, evidently trying to pick 
up some tips. One such couple operates like this: Whenever 

a foxtrot is played, they fall into conversation with friends; 0of.t 
when a tango is played, they stop dancing to S 
watch, or if not dancing, just continue e.~ 
to watch or socialize. All other numbers, co D ) 
they dance - waltz, rhumba, swing, samba, 
you name it! What has this got to do with t { 

finite-state machines? Look for clues in Figure 4 ~0 
(a case of two left feet). It's fun to look for finite-state W ~t 

machines hidden around us. 
Figure 4 
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The object of the game is to classify the triangles as they are selected from the 
Game Bag. Students should be able to feel the triangle shapes. This will help them 
select triangle shapes by feeling angles or sides. Once the triangle shape is removed 
from the bag the student will try to match the triangle with the Classification Card. 
If the triangle can be matched to BOTH Classification Cards, the player scores two 
points. Any triangle not matched must be returned to the Game Bag. Each player 
selects five triangles and matches the Classification Cards or returns unmatched 
triangles to the Game Bag. 

Gaine Simulation 
Player 1 chooses one angle and one side card from the Classification pack, 

RIGHT TRIANGLE and SCALENE TRIANGLE. The player will try to select a 
triangle from the Game Bag to fit these two classifications. 

Player 2 picks ACUTE TRIANGLE and ISOSCELES TRIANGLE from the 
remaining face down cards. These are the cards being matched. 

Player 1 draws triangles B, Y, F, AA, and G from the Game Bag. Recognizing 
that triangle G is a right triangle, player 1 is awarded one point. Player 1 also 
recognizes triangle F and AA are scalene triangles and is awarded a point for each, 
for a score of three. Keeping triangles G, F, and AA, player 1 puts triangles B and 
Y back into the Game Bag. 

Player 2 now takes a turn and feels for triangles to fit the Classification Cards, 
ACUTE and ISOSCELES. Player 2 is awarded points for any triangle matched 
with the Classification Cards. 

The game continues until a preselected point level ( 10, 15, etc.) is reached by 
one of the players. Or, if all of the triangles are matched the game ends. 

Other Alternatives 
A time limit could be used on the game. The student accruing the most points 

at the end of the time period is declared the winner. A time limit might also be 
imposed during the game in order to speed up the students as they classify their 
triangles. After the player draws the triangles s/he has 30 seconds ( use an egg 
timer) to classify the five triangles. Any triangles not successfully classified will be 
returned to the Game Bag. 

Another alternative would be to have students draw just one triangle at a time 
and see if it matches the Classification Cards they have in their possession. This 
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may speed the game up, since it gets the players involved more quickly. 

ANSWER KEY 
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CLASSIFICATION CARDS 

UGHT Tlll!NGLE 
One angle of exactly 90° 

L 
EQUILATERAL TlillGLE 

All three sides congruent 

vno C.llD 

I I I II II I 

OBTUSE TII!NGLE 
0 One obtuse angle(> 90) 

L 
ISOSCELES TlillGLE 
Tuo sides congruent 

-t I I I I I I I 
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ACUTE TRIANGLE 
0 All acute angles (< 90) 

(check by placing corners 
on model right corner) 

L 
SCALENE TII!NGLE 

No sides congruent 

I I I I I I I I 
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FINITE - ST ATE MACHINES 

Modern algebra is a topic in which students benefit from early, informal 
exposure. If the idea and some examples of groups are mentioned some time during 
the high school years, then abstract algebra seems more familiar and concrete when 
encountered in college. The examples presented in this article belong to a new 
breed of algebraic system whose place in the mathematics curriculum is due largely 
to the rise of computer science. Because of their relationship with computers, these 
systems are often described as - and even called - "machines". Working with 
specific machines affords the same pleasure as solving puzzles, with the added 
challenge of composing precise descriptions. And just beyond that level lie 
questions that lead a capable student to more abstract reasoning and to 
consideration of the machine concept as a model. 

Picture a newspaper-vending machine that requires 35 cents in the form of a 
dime and a quarter, inserted in either order. Its current state is always one of these: 

SO: Locked, requires a quarter and a dime. 
Sl: Locked, requires only a quarter. 
S2: Locked, requires only a dime. 
S3: Unlocked. 

SO is called the initial state, because one is expected to begin there. The events 
capable of changing the state of the system are 

JH 
•I ~, 

,_......_, 

SPOT UFO, FSN! •••• 
Figure 1 

a: insert a quarter. 
b: insert a dime. 
c: attempt to open and close door. (Don't forget your paper !) 

All this information is conveniently pictured in the state 
diagram of Figure 2 and also in the table of Figure 3, 
which has less visual appeal but is reminiscent of the 
operation table for a group. (Actually, it's even more 
like the scalar multiplication table for a small vector 
space, since the two categories of state and event are 
something like the categories of vector and scalar.) 
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to students in drawing the buildings. 

right 
side ••• base front right side 

•• left side back 

Figure 6 

Let students indicate the front side of the building and move to the sides and 
back when they draw these illustrations. 

After completing all five illustrations, students should dismantle their buildings. 
Then, after exchanging their illustrations with one other team, the students will 
build their partners' building by studying the five illustrations. Partners should 
compare the drawings to the finished buildings as a check. 

Students may repeat the activities by constructing complicated buildings using 
many cubes. At the advanced level, the students can construct a building using an 
unlimited number of cubes. The number of cubes for the building is the volume of 
the building. The students may be asked to pretend that they are painting the 
building. In order to paint the building they are asked to count how many squares 

. of the building need to be painted. Only the exposed faces are counted. 

Cube buildings teach geometry, enhance spatial visualization, and encourage 
creativity in the math classroom. 

"As every school student knows, a SCALENE triangle is one with UNEQUAL 
SIDES. SCALENE, aptly, is from SKALLOS, Greek for CROOKED LEGGED." 
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Word for Word 
Cartoon strip by Atchison 
Sept. 17, 1991 Enlarge and laminate. 
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