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PROBLEM 

Zeno's Arrow Paradox states that, at any instant in time, an arrow in 
motion will actually be in a fixed position if the segment of time is made small 
enough. Thus an object being in a fixed position at every instant can never move. 
This paradox has puzzled great mathematicians and philosophers since the fifth 
century B.C. including, Aristotle, Thomas Aquinas, Descartes, Leibniz, Spinoza, 
Bergson, Weierstrass, Cantor, Balzano, and Berkeley. They were unable to prove or 
disprove Zeno's paradox using knowledge available in their day (2). 

HISTORY 

When early philosophers and mathematicians began thinking about infinity, 
they encountered several problems. Two concepts of infinity emerged, the infinitely 
large and the infinitely small. The infinitely large was the easiest to comprehend. 
The simple expression n + 1 enabled them to accept the concept of infinitely large 
because they could continue expanding the largest number that they could think of 
with the number n+ 1. The infinitely small, however, proved extremely hard to 
grasp (1). 

The concept of infinitely small led to a difficult series of proofs, one of the 
most famous being a paradox by Zeno called The Dichotomy which states that it is 
impossible to cover any given distance (7). The argument is that half of the 
distance must be traversed, then half of the remaining distance, then half of what 
remains, and so forth. It states that some portion of the distance to be covered 
always remains; therefore, motion is impossible. 
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represents the distance covered. 

Each term is half of the value of the one before it. Although the series is 
infinite, it has a finite sum, the number 1. This illustrates the incorrect assumption 
by Zeno in his Dichotomy (6). Zeno assumed that since a distance is composed of 
an infinite number of parts that the distance must be infinite (2). 

The infinitesimal still presents a problem. It does not equal zero, but it is 
smaller than any quantity. At the same time, a sizeable amount of the infinitesimal 
can combine to make a very definite amount. To deal with the idea that the 
infinitesimal never reaches a number, but approaches it infinitely, philosophers and 
mathematicians developed the law of limits. The law of limits simply explains that 
a series can approach a number and never reach it. 

PROCEDURE 

The idea for this project originated from reading about Zeno's Arrow 
Paradox in the book, The Road To Infinity. by Issac Asimov. The first attempt 
was to prove the paradox to be true. The next avenue of investigation developed 
when another professor sent information that dealt with the paradox. But a 
professor advised that a disproof seemed to be a more logical approach. In order to 
disprove this paradox the researcher must prove that there is motion. Attacking 
the problem from that direction for several weeks produced no results. Eventually 
it was necessary to define motion, then move back to the initial problem. An 
appropriate definition of motion contains the expressions non-zero acceleration 
component and non-zero velocity component. The disproof needed to show that the 
arrow contained a non-zero acceleration component and a non-zero velocity 
component. Two ideas emerged, first that the force of gravity acting upon the 
arrow can be used to express the non-zero acceleration component. Force due to 
gravity equals mass x acceleration due to gravity (which is 32ft./sec.) (8). (We 
assume the mass of an arrow does not equal zero.) Secondly, the momentum of the 
arrow can be used to express the non-zero velocity component, i.e. momentum 
equals mass x velocity (8). The velocity does not equal zero until the arrow reaches 
the ground. 

ZENO'S ARROW PARADOX: WAS ZENO WRONG? 

Begin by assuming that Zeno is correct and that the arrow is stationary at 
some time. Using present-day knowledge of physics and mathematics concerning 
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motion on earth, we may conclude that for the arrow to be actually stationary at 
any instant in time, it must have counterbalancing forces acting upon it in all 
directions at that instant in time (8). We know empirically, however, that the 
arrow is in another position an instant of time later and that this position is forward 
from its previous position. 

It can be seen, then, that at least two forces ( downward-gravity, 
forward-momentum) are acting upon it to enable it to move to the next position. 
The downward force we know from physics to be gravity (8). The force of gravity is 
always acting on the arrow in the downward direction. We also observe that the 
arrow has moved forward from position to position. There is no additional 
horizontal force added to the arrow at or immediately beyond its first position, 
therefore, there must be an existing force acting on the arrow in the forward 
(horizontal) direction at that point. 

If indeed Zeno was correct and the arrow is stationary at some time, then we 
must also assume that the arrow has no unbalanced forces acting upon it. We have 
shown that at least two unbalanced forces must be acting on the arrow at every 
instant the arrow is in flight and that these unbalanced forces cause the arrow to 
move in a forward and downward direction. From this we may conclude that the 
arrow must be in motion at every instant that it is in flight, regardless of the 
division of time used to isolate the arrow in its path for study. Thus, using a 
combination of modern day knowledge of mathematics and physics, simple logic, 
and some empirical observations, it can be shown that Zeno's Arrow Paradox is not 
really a paradox after all. 

(1) 

(2) 
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proportion of females in these fields. The program was conducted on the campus of 
Marietta College with the cooperation of several school systems in southeastern 
Ohio, particularly the Marietta City Schools, and received support from two grants, 
one from the Martha Holden Jennings Foundation of Cleveland and the other from 
the Ohio Board of Regents. WITS was designed for high-ability females of grades 
5-12 who reside in southeastern Ohio and their teachers. A group of specially 
trained math teachers ( one fifth-grade teacher, one high school teacher and one 
college faculty member) constitute the core of instruction; the program recognizes 
the "gate-keeping" nature of mathematics to careers in science and engineering. 
Mathematics instruction was woven into every scientific laboratory activity which 
was presented. 

A total of 101 students (95% of whom were female) from all parts of 
southeastern Ohio participated in eight weekend sessions in the spring of 1988. 
Another 20 took part in a one-week intensive summer version of the program in 
June 1988. In November 1988 and again in March 1989 special sessions on 
mathematics, earth science, and biology were held for teachers in the area. In June 
1989 a seven-day program of WITS focused on problems of waste management and 
included lab study, math work, field trips, and problem-solving sessions for students 
of grades 5-9 and their teachers. 

MATHSEARCH Winner! 

Iona Hamsted, Foxdor Middle School had the winning entry in the Summer, 
1989 MATHSEARCH contest. Her score of 26 exceeded the sample by 2 points. 
Congratulations, Iona, you are the winner of a trip to Disneyland! (Second and 
third prizes of $1000 and $500 will not be awarded as there were no other entries.) 

You are invited to submit MATHSEARCH arrays for the new contest. 
Winners and prizes, if any, will be announced later. 

MULTIPLIED M u L T Rules: One point for 
MULTIPLE y L p I each letter over three. 
MULTIPLY E I D D Only math words, K-12, 
DIVIDEND D N V I may be counted. 
DIVIDE 
LINE Iona's entry. 
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GRANTS 

Private foundations and governmental agencies underwrite the costs of 
numerous projects of interest to OCTM members. Al Osborne suggested a Journal 
column with brief descriptions of these grants and Garry McKenzie has supplied 
lists of directors. Readers should contact directors for additional information. 

Xavier University 

Xavier University has received an Eisenhower Program grant from the Ohio 
Board of Regents to offer two two-week sessions of a Hands-On Developmental 
Science and Mathematics workshop in the summer of 1990. Topics covered will 
include measurement, motion, transformations, energy, probability, statistics, light, 
electricity, simple machines, topology, lenses, mirrors, symmetry, atoms, 
non-decimal bases, and more. Problems of mathematics and science anxiety are met 
directly by combining a mathematician, a physicist, and a developmental 
psychologist as part of the team workshop leaders. 

The workshop is geared toward teachers of students in grades five through 
nine. The grant provides that teachers receive manipulative materials such as 
geoboards, miras, springs, meter sticks, plastic disks, and dice to take back to their 
classes. Because of the grant support, the only cost to the participant is $40 for four 
graduate credit hours (two in mathematics and two in physics). Anyone interested 
in applying may contact Mrs. Ann Dinkheller, Department of Mathematics, Xavier 
University, Cincinnati, Ohio 45207 or call 513-745-2016. 

Marietta College 

Women in the Sciences (WITS) is a special program for pre-college students 
of science and engineering which started in 1987 -88 at Marietta College and has run 
for two years, including summers. This program is making some unique long-range 
contribution to increasing the numbers of scientists and engineers and the 
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A THEOREM ABOUT NINES 

Jung-mee Kim 
Fenwick High School Student 
Middletown, OH 45042 

This theorem talks about the square of a number of 9's, such as 92, 992, 9992_ 
If you punch a number for squaring in a calculator of more than five 9's, then it 
turns out as an expansion number (scientific notation]. Everybody knows 92 = 81, 
992 = 9801, 9992 = 998001, but not many people know 99999999992 
99999999980000000001. It is easy to see the sequence. They just repeat 9,8,0,1. If 
n = the number of 9's, then the formula is (n-1) 9's, 8, (n-l)O's, 1. 

To prove 99992 = 99980001: 99992 = (10000-1)2 = 100002 - 2· 10000 + 1 = 
100000000 - 20000 + 1 = 99980001. Likewise: (10° - 1)2 = lQ2n - 2- lQn + 1 

=1~-2~+1=~8~+1= ~8~1. 
2n zeros n zeros (n-1)9's n zeros (n-1)9's (n-1) zeros 

Teacher's note: Jung-mee Kim had been a student at Fenwick for a little 
more than a year when she discovered this theorem on her calculator. Although she 
has been using English for only a couple of years, her proof of the theorem shows 
that mathematics is a universal language. 

Catherine Mulligan 
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