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Step five - You now have a 9 by 9 grid which is a magic square made up of 
nine smaller magic squares. Next, eighty-one consecutive magic squares may be 
placed within this 9 by 9 grid. Simply look at the square you have just completed 
and place your new squares in the same sequence. 
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Step six - You have just completed a 27 by 27 magic square containing 
eighty-one 3 by 3 magic squares and nine 9 by 9 magic squares. NOW, using 729 
consecutive 3 by 3 magic squares, place them in the same order as shown on your 
grid of eighty-one. Good luck! 

Step seven - I couldn't find a piece of graph paper large enough! 

Note: This process is infinite. "The Proof is in the Tessellation". Look for 
the pattern formed by the isosceles triangles and compare their increase in size with 
the increase in each magic square. 
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TRIANGULAR ARRAYS: 
ACTIVITIES AND NUMBER PATIERNS 

David R. Duncan and Bonnie H. Litwiller 
University of Northern Iowa 
Cedar Falls, Iowa 

Teachers are always seeking activities that provide practice in computational 
skills (paper-and-pencil or calculator). When these activities lead to a search for 
number relationships, the student is doubly blessed. A series of such activities 
related to triangular arrays follows: 

Activity 1 
This triangular array was constructed using the consecutive natural numbers. 

The center or non-boundary number has been circled. 

1) 

2) 

1 
2 3 

4 ® 6 
7 8 9 10 

Find the sum of the nine numbers on the boundary of the triangular array; 
call this sum S. In this case the sum is 50. 
The circled number for this triangular array is 5. Call the circled number I 
and find S .;. I. Here, 50 .;. 5 = 10. 

Activity 2 
Redo Activity 1 for a triangular array using the natural number multiples 

of 4. 

1) 

2) 

4 
8 12 

16 ® 24 
28 32 36 40 

The sum of the boundary numbers is 200. 

The circled number is 20 and S .;. I = 200 .;. 20 or 10. 
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A teacher will understand her students well enough to know just how much 
to tell and how much to ask as she leads them to look for the ratio of outside to 
inside. 

Activity 3 
Redo Activity 2 for triangular arrays of the natural number multiples of 2, 5, 

and 3. 

S = 100 
I= 10 
S-:-I=lO 

S = 250 
I= 25 
S .,. I = 250 + 25 = 10 

S = 150 
I= 15 
S .,. I = 150 -:- 15 = 10 

Activity 4 

2 
4 6 

8 @ 12 
14 16 18 20 

5 
10 15 

20 @ 30 
35 40 45 50 

3 

6 9 
12 @ 18 

21 24 27 30 

Construct other triangular arrays of the first ten multiples of other natural 
numbers. Is S + I always 10? 

Activity 5 
Construct a triangular array of the first 15 natural numbers and circle the 

three numbers which are not on the boundary. 

20 

1 
2 3 

4/s\ 6 
7 ~ 10 

11 12 13 14 15 

1) 

2) 

Find the sum of the 12 numbers which lie on the boundary of the triangular 
array. Again call this sum S. In this case S = 98. 
Find the sum of the three circled numbers; call this sum I. In this case, I = 
22. 

3) F. d th . S I hi S 98 49 m e ratIO T· n t S case T = 22 = IT· 

Activity 6 
Redo Activity 5 using the triangular arrays formed by using the first 15 

natural number multiples of 2, 3, and 5. 

S = 196 
I= 44 
S 196 49 y=«=rr 

S = 294 
I= 66 
S 294 49 I= 66 = 11 

S = 490 
I= 110 
S 490 49 y= 110 = IT 

2 
4 6 

8/io'\_12 
4 ~ 20 

22 24 26 28 30 

3 
6 9 

12/15\. 18 
21 fu.__w 30 

33 36 39 42 45 

5 

10 15 
20 .125'\ 30 

35 ~ 50 
55 60 65 70 75 
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A teacher will understand her students well enough to know just how much 
to tell and how much to ask as she leads them to look for the ratio of outside to 
inside. 

Activity 3 
Redo Activity 2 for triangular arrays of the natural number multiples of 2, 5, 

and 3. 
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Activity 7 
Construct other triangular arrays of the first 15 natural number multiples of 

6, 7, 8, and 9. Is f always i~? 

Challenge: 
Make larger triangular arrays of the multiples of the natural numbers. Circle 

the non-boundary numbers and find S .,. I. Does a constant ratio emerge for all 
triangular arrays of a given size? 

Note to Algebra Teachers: 
A triangular array of ten consecutive integers may be written as follows: 

X 

x+l x+2 
x+3 x+4 x+5 

x+6 x+7 x+8 x+9 

S = sum of boundary numbers = 9x+41 
I = interior number = x+4 

The ratio of S to I is (9x+41)/(x+4). When x = 1, the result is 50/5 = 10. 
If every number in the array is multiplied by y, the ratio becomes 50y /5y = 10, and 
so the ratio remains constant. Notice that a triangular array of consecutive integers 
beginning with a number other than 1 will have a ratio different from 50/5 (e.g. if x 
= 2, (9x+41)/(x+4) = 59/6), and that ratio will be constant for arrays which are 
multiples of this one. 
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Wendell A. Johnson 
University of Akron 
Akron, Ohio 

EXPECTED VALUE OF A 
SWEEPSTAKES ENTRY 

The probability of winning a state lottery game was discussed recently in the 
March, 1988, issue of the OHIO JOURNAL OF SCHOOL MATHEMATICS. 
There are other types of games offered to the public which require only that the 
entrant return a set of materials of some sort to be eligible to win. These 
sweepstakes games offer the public the chance to win amounts of money varying 
from $20 to $5,000,000. The probabilities of winning the varying amounts are listed 
with each sweepstakes game. 

The concept of expected value is helpful in determining the worth of a 
sweepstake entry. This concept concerns the amount that an entrant may be 
expected to win each time a player enters the game. For example, suppose there are 
100 tickets in a raffle and that the winner will receive a $500 prize. On the average, 
a person having one ticket in such a raffle would be expected to win the contest once 
in every 100 raffles. Thus, each ticket the player holds in the 100 tries has an 
average value of $500 divided by 100 tickets, or $5 per ticket. This amount may 
also be expressed as the product of the probability of winning a prize times the 
value of the prize. In this example, the amount would be (0.01) times $500, or $5. 
Of course, no one actually wins $5, but each ticket has that expectation. The next 
example is a little more complicated since it involves a cost to the player, and there 
are multiple payoffs. 

Suppose that a player pays $3.00 to roll a single die and that the player wins 
$10.00 if the die shows five spots, $5.00 if three spots are shown, and loses 
otherwise. In an "ideal" situation the player would be expected to lose four times 
while winning each of the prizes once in six tries. Thus, the player would have paid 
$18.00 to play six games and have won $15.00 for a net loss of $3.00. Therefore, the 
average amount "won" per play would be -$0.50. 
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