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For the genetic study of human characters two methods of
collecting families are generally employed. If the character is
quite rare the practice of studying only families containing at
least one affected child is advisable. The small additional
amount of information to be gained through the inclusion of
families lacking affected members can in no way compensate for
the greatly increased expenditure of time and effort. The
method has a distinct advantage over that of random collection
of families, since for the simpler types of hereditary behavior it
will often be true that only one genotypic combination in the
parents can produce affected children, in which cases the estima-
tion of gene frequency and the necessary assumption of an equi-
librium population are not required. Where the incidence of
the trait is sufficiently high, on the other hand, a random collec-
tion of families in which the constitution of the families is dis-
regarded will be found profitable. Moreover, for characters
which are not readily recognized or generally reported, or those
in which a special test is required, as in blood reactions and
taste tests, a random collection cannot well be avoided.

Methods for the analysis of sex-linkage in families selected
because at least one child is affected have been given by Hogben
(1932), whereas an analysis applicable to randomly collected
families has not yet been presented. An additional criterion for
sex-linkage, however, has been suggested by Snyder (1934b),
who shows that from a random survey of a population, separate
estimates of the frequency of the sex-linked recessive gene may
be gotten from the proportion of affected males and from the
proportion of affected females, the test consisting in a compar-
ison of the two statistics so obtained.

With respect to a sex-linked recessive character the expected
proportions of affected sons and affected daughters among
children of the various family types are easily deduced in terms
of the frequency of the sex-linked recessive gene, q. Where
these proportions are dependent upon q, the proportion expected
in each case is found by application of the principle of random
mating to be q / l + q . Designating this proportion by f for the
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sake of simplicity, the offspring proportions for the four family-
types are as shown in Table I.

TABLE I

TYPE OF FAMILY

i. Both parents normal

ii. Father only affected

iii. Mother only affected

iv. Both parents affected

EXPECTED PROPORTION OF
AFFECTED INDIVIDUALS

Among
Sons

f

1

1

Among
Daughters

0

f

0

1

The estimate of f is obtained from the observed frequencies
of affected males and affected females in the general population
from which the families are drawn. In a population at equi-
librium with respect to the distribution of a sex-linked pair of
alleles the proportions of normal and affected males are (1—q)
and q, respectively, while for the females the proportions are
(1—q2) normal and q2 affected females. Indicating the observed
proportions in these classes by A, B, C, and D, respectively, and
replacing q by f/l—f, we have the following equations of
estimation:
A=l-2f / l - f , B = r / W , C=l-2f(l-f)2 , and D = J 7 ( W ) f . • •(!)

The probability of observing a normal and 0 affected indi-
viduals in a sample of Ni males and of observing y normal and 8
affected individuals in a sample of N2 females may therefore be
written

p =
r2 y
-f)V,(i-r)v \(i-

or L = log P = log Ni ! N2 ! /a ! 0 ! y ! 8 ! + (a+y) log (l-2f)
+ (0+25) logf-(o!+0+2Y+25) log (1-f) (3)

The optimum estimate of £ from the observed Ni + N2 indi-
viduals is obtained by employing Fisher's (1921) Method of
Maximum Likelihood, which consists in rinding the value of f
for which L is maximum. Setting

dL a+0+2y+28 , 0+25 2(a+y)
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leads to a quadratic equation of which the positive root is the
maximum likelihood estimate,

The notation (f) is used throughout this note to indicate a par-
ticular estimate of the parameter f. This function, (5), though
somewhat laborious to calculate is nevertheless to be preferred
over other estimates of f, since the invariance or reciprocal of
the variance of this statistic, which is the amount of information
respecting f elicited by the likelihood statistic in the observation
of Ni+N2 individuals, is never exceeded by that of any other
estimate. This property of maximum likelihood statistics,
which Fisher has termed "efficiency," is very readily demon-
strated for this problem. The amount of information respecting
any parameter, £", furnished by a sample of N1 + N2 individuals
is given by

where m is the expected number in any class, the summation
extending over all classes. The evaluation of this quantity for
our problem may be presented in tabular form (Table II).

TABLE II

Expected
Frequency,

m

Differential
coefficient,
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This quantity is in fact the amount of information utilized
by the likelihood estimate (f)lf the variance of which is therefore

Putting Ni and N2 each equal to unity, the amount of informa-
tion provided by an observation of one male and one female is

Now from the observed proportions, A, B, C, and D, it is
possible by employing the relations in (1) to invent innumerable
estimates of £, and the sampling variance of each statistic, (f),
may be derived by employing the formula,

N

in which w is the expected proportion in any class, and v the
observed number in that class. Each of the frequencies v is
replaced by the expectancy Nw after differentiation and the
expressions for all classes are summed. By putting Ni and N2
each equal to unity in the reciprocal of the variance formula
thus obtained we have the amount of information i(£) respecting
£ elicited by the estimate through the observation of one male
and one female. By dividing the amount of information elicited
by the amount available, i(£)u we have the proportional amount
of information utilized by the alternative statistic. This pro-
portion is termed the relative efficiency of the estimate in ques-
tion and may be designated by E(f). Below are listed some of
these other estimates together with the corresponding values
of E(f).

In estimating f we might utilize either the male proportions
(A and B) or the female proportions (C and D) separately.
Thus

,andE(f)8 =
1+B a+2/3

The estimates (f)2 and (f)3 are based on males alone and on
females alone. The effect of putting Ni and N2 equal to unity
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is to make i{$)i and ^(r)3 represent the amount of information
per male and the amount per female, respectively. These values
are compared with i(£)i, the information furnished by two indi-
viduals, one male and one female. E(f)8 and E(f)8 therefore
give the proportional amounts of information used when equal
numbers of both sexes are available but where females and
males, respectively are disregarded in obtaining the estimate of f.

By averaging the two estimates thus derived we might
obtain a fourth statistic,

Some other estimates and their efficiencies are

The efficiency of each of the alternative estimates never
exceeds unity and for many values of q the alternative estimates
allow considerable loss of information. The values of the effi-
ciencies of the alternative estimates in terms of per cent for
values of q from 0 to 1 are shown in Figure 1.

SUMMARY

For a character attributable to a recessive autosomal gene
substitution, the expected proportion of affected children among
offspring of parents one of whom is affected is also q / l + q or f,
and the expected proportion of affected children among offspring
of both normal parents is (q / l+q) 2 or t2 (Snyder, 1934a). In
terms of the gene-frequency, q, the proportion of affected indi-
viduals in the general population is the same as that for the
female population with respect to a sex-linked recessive char-
acter and f is efficiently estimated as

while
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Frequency of Sex-linked Recessive Gene, q

FIG. 1. The relative efficiencies of various estimates of the proportion f ( = q/l+q)
for a sex-linked recessive gene substitution. The top line, E (f)i, indicates
that the likelihood estimate uses the whole of the available amount of infor-
mation for all values of q.
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where B1 is the observed proportion of affected individuals in
the general population. The variance of these proportions,
however, may be written in somewhat simpler form than the
formulae given by Snyder. As is shown in Table II, the variance
of f is

4N
in which N is the total number of individuals in the sample.
The variance of £*2 is readily derived by means of the trans-
formation formula,

Hence V(r2) = 4f2 . V(f).

Employing these formulae the values of V(f)/N and V(f2)/N for
values of B' from 0 to 1 might readily be added to the tables of
f and £"2 already given by Snyder, thus further simplifying
calculations.

For a sex-linked recessive character, f is the proportion of
affected individuals to be expected among children of normal
mothers and affected fathers as well as the expected proportion
of affected sons where parents are both normal. The problem
of estimating f for a sex-linked character is, however, a some-
what more difficult task arithmetically, the optimum estimate
and its sampling variance being obtained by means of equa-
tions (5) and (6) of this note.
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