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Chapter 1: Introduction 
 

Carbon fiber is used in the aerospace industry to save weight in airplanes, but has some 

manufacturing issues that reduce its effectiveness. Carbon fiber must be cured at an elevated 

temperature in a fixture.  The key to obtaining tight tolerances and low residual stresses is to 

create a fixture that does not expand with temperature.  The current technology used for this 

application is to take bars of invar, a steel superalloy, and use clamps and shims to hold the part 

in the correct dimensions.  Currently, this process takes about 6 months to complete, and this 

fixture is only used a small number of times.  This process involves taking bar stock, clamping 

the parts together, using a laser to measure the fixture, and then using shims to adjust the fixture 

into the correct tolerances.  This is a very long process for creating an accurate fixture.  Alufix is 

available to speed up the process of creating tightly toleranced bars with predrilled holes and is 

used for many fixturing operations, but it is made from aluminum which has a high coefficient of 

thermal expansion.  The goal of this project is to create bars that would be quick and easy to 

assemble and hold tight tolerances throughout the curing process.  A project objective set the 

tolerance of 0.010 in of change from the neutral position to when the part is heated to 

temperature and under load in the autoclave.   

One of the most difficult aspects of working with carbon fiber is drilling holes into the 

material, as Fernandes explains [1].  As the tool wears, more and more force is required to drill 

the hole.  Enemouh describes how holes are drilled in materials and the problems in trying to 

create round holes [2].  If the tool is cutting parallel to the fiber, the cut is fairly clean.  If the cut 

is between 30 and 60 degrees of parallel, the roughness is the worst in the hole due to the 

properties of drilling into this composite.  The carbon fiber is also extremely hard, forcing the 

use of either solid carbide or polycrystalline diamond to cut this material.  When diamond is 
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used, the tool creates large amounts of heat that is not dissipated well by the chips, creating a 

region of extreme temperature. 
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Chapter 2: Approach and Results 
 

The first step is to layout the general design of the bars.  Since the aerospace industry 

traditionally uses English units, the fixture should also be designed to accommodate this 

application.  The bars are to be created with two rows of holes along each of the four sides of the 

bar.  The length of the bar would be determined by the application.  Two rows of holes would 

allow for moments to be easily countered and for the bars to be easily bolted together and 

perpendicularity to be easily obtained.  Each hole center is 1 inch from the neighboring holes, 

and the bar is exactly 2 inches wide.  This can be seen in Figure 1. 

 

Figure 1: 3d Model of Proposed Bar 

The next step is to look at material selection for the bars.  The bars themselves must have 

a coefficient of thermal expansion close to that of carbon fiber.  In carbon fiber, the fibers 

themselves generally have a negative coefficient, while the matrix in the composite has a 
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positive coefficient.  The combination of these two numbers yields a near zero coefficient.  If the 

fixture has the same expansion rate of the composite, as the part heats and cools, everything 

expands at the same rate allowing for minimal residual part stresses.  The way to ensure that this 

thermal expansion is the same is to make the bar from carbon fiber.  In machining carbon fiber, 

the holes are rarely good enough for the tolerances required in fixturing.  For this reason, inserts 

would be created to allow the bar to be roughly machined, then pins inserted with better 

tolerances.  Adhesive would be used to attach the two parts together.  Epoxies look to be a good 

material for the carbon fiber matrix, but the adhesive chosen will more likely depend on the 

manufacturing processes used in creating the bars.  Epoxies will withstand the high temperatures, 

but the use of adhesive should be minimized as much as possible. 

Finite Element Inputs 

Due to the loading on the part, finite elements were used to determine the wall thickness 

and to see if the assembly would hold tolerances that were tight enough for use.  A two foot long 

bar was used in this study, as the bar would be supported approximately every two feet.  The 

ends were supported by one fixed and one frictionless boundary condition.  There is a 20 pound 

load in the middle of the beam on the opposite side of the supports to simulate the part that’s 

being held.  The bar is also subject to 300 degrees Fahrenheit with a reference of 71.6 degrees.  

This is to simulate the thermal expansion between the output when the part is in the autoclave 

and the reference when the part is at an ambient air temperature.  Between the pins and the bar, a 

bonded condition is assumed.  These conditions can be seen in Figure 2.  The mesh for the 

analysis is in Figure 3.  All of the finite element analysis uses the exact same boundary 

conditions and mesh.  This leads to very comparable data. 

5 



 

Figure 2: Boundary Conditions 
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Figure 3: Mesh for Finite Element 

Bar wall thickness 

To keep the deflection under load to a minimum, the wall thickness was adjusted.  If the 

bar would be too thick, the cost would be too high and the bar would become heavier than 

necessary.  If the bar was too thin, the bar would bend too much under load.  A 0.20 inch wall 

thickness would provide adequate stiffness for this application.  This was determined using trial 

and error with the finite element analysis. 

Pin material selection 

The pins must meet a large number of criteria.  They must withstand the temperature 

change of the autoclave without adverse effects, be easily machined, and be resistant to drops, 
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knicks, and scratches.  For these reasons, plain steel, Invar, aluminum, and Phenolic were 

considered. 

Steel 

The advantage of steel is its high strength, availability, and low coefficient of thermal 

expansion. Steel initially looks to be a good option.  The difficulty comes in the interface 

between the steel and the carbon fiber.  The steel expands because of its high thermal expansion 

coefficient of 6.67x10-6 in/oF [3].  This causes high stresses inside the pin.  The other problem 

with steel is as it expands with temperature due to its high coefficient of thermal expansion, the 

bar also expands along the length.  This becomes a problem with keeping tolerances on the bars 

within the temperature range.  Invar is a type of steel with a very low coefficient of thermal 

expansion, 1.5x10-6 in/oF.  It is a very expensive material.  If it were to be used for pins, it 

exhibits the same problems as regular steel but to a lesser degree.  The deflections can be seen in 

Figures 4 and 5.  These deflections are for the thermal and mechanical loading conditions as 

stated by the boundary conditions.  With steel inserts, the maximum deflection is 0.0144 inches, 

and with Invar, the deflection drops to 0.00274. 
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Figure 4: Deformation for Steel Inserts 
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Figure 5: Deformation for Invar Inserts 

Aluminum 

 Aluminum looks to be a good material for this application.  Aluminum is soft 

enough to be machined easily, but it can also be anodized to give the material added surface 

hardness.  Aluminum oxide has a Vickers hardness of 1365 while ANSI 1010 steel has a 

hardness of 108 [3].  Aluminum has a coefficient of thermal expansion of 1.31x10-5 in/oF[3].   

Because the bolts would be softer than the inserts, the bolts would wear out before the pins.  This 

is desirable because the bolts would be easier and cheaper to replace than the inserts.  Although 

aluminum has a much higher coefficient of thermal expansion than steel, it has a much lower 

modulus of elasticity.  This allows the carbon fiber to dominate the deflection and keeps the pins 
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from causing the bar to elongate.  The flange does cause the bar to grow taller as shown if Figure 

6.  This deflection is larger than the 0.010 inches allowed for the fixture, but the part grows 

evenly.  If one side of the bar is placed on the floor, the height changing should not affect the 

outcome of the part.  The flange on the insert is the main cause of this expansion.  If this is seen 

as a large issue, the flange on the pin could be made thinner, minimizing expansion.  Since the 

modulus of elasticity is low enough, there is reduced stress between the expanding pin and the 

carbon fiber tube. 

 

Figure 6: Deformation of the Aluminum Bar 
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Phenolic 

Phenolic or Garolite is a hard plastic used in clarinets.  This is a thermoset plastic that can 

withstand the temperatures of the autoclave.  The thermal expansion, 1.0x10-5 in/oF [3] is low 

enough so the stress in the pins is low, the elongation is minimal, and the height of the bar 

remains within 0.010 inches throughout the heat cycle.  It is very easy to machine, but it might 

be too soft to hold tolerances.  The Young’s modulus for Garolite is 8.0x106, while steel is a 

much sturdier 30x106 [3].  The finite element results can be seen in Figure 7. 

 

Figure 7: Deformation of Phenolic Inserts

12 



Chapter 3: Results and Future Work 

As a main structural material, carbon fiber looks to be a much better material than invar 

or aluminum.  Carbon fiber looks to be a very rigid material that would perform well under 

changing temperatures.  Either the aluminum or phenolic inserts look to be good materials.  The 

next step would be to machine the bars and look at the interface between the carbon fiber 

composite and the surface of the pins.  Although this design looks good on paper, there is a good 

possibility of machining tolerances becoming an issue.  The tolerance to which the holes can be 

drilled will determine the amount of structural adhesive needed to adhere the pins in place.  This 

adhesive was not modeled in the finite element studies, and the proper thickness and application 

method is not yet known.  Tests should be run on this model to determine if the bar can 

withstand the heating and cooling caused by an autoclave. 

To produce these bars in greater numbers, a jig would need to be created to hold the pins 

in place while the adhesive cures.  A sample of the jig is in Figure 8. In this jig design, all four 

sides are exactly the same.  This allows for ease of machining and only one setup to be used, 

reducing machining error.  Pins can be pressed into the outside shell to hold the inserts in the 

middle.  Bolted connections can be used to hold the jig together on the ends.  The ends are also 

designed so the bolted connections do not cause the outside walls to slide relative to each other. 
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Figure 8: Proposed Jig Design for Setting the Inserts
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Analysis of the “Energy Return Bicycle” 
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Chapter 4: Introduction 

 
The “Energy Return Bicycle”, a new bicycle frame design, has been created.  This design 

can be seen at www.energyreturnbicycle.com [7] and is registered under U.S. Patent number 

6,893,036 [8]  The designers put in a joint that flexes between the rear triangle and the front 

frame (the silver and the blue sections in Figure 9) and have replaced a rigid tube with a cable 

and spring.  As the rider creates a torque by pedaling, the bicycle will flex downward.  This 

combination of the flex of the bicycle and the force input by the rider may create an added 

benefit. 

  When a new bike design is presented, it is usually studied both analytically and 

experimentally to determine if the bicycle has any increased benefit to the rider.  Eccentric chain 

rings have been studied by Cullen et al. [4] analytically and then measured with riders by Ratel et 

al. [5].  These articles describe the addition of the eccentric chain ring that looks to be better 

analytically, but it causes a negligible benefit to the rider during road tests.  Neptune has done 

quite a bit of work looking at the biomechanical and mechanical aspects side of bike riding.  He 

has also collected data on topics such as a pedaling force profile and looking at the natural, 

efficient cadence [6].  The goal of this project is to analytically determine if the Energy Return 

Bicycle has any added efficiency over a standard, rigid frame bicycle.  
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Figure 9: Bike Frame
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Chapter 9: Approach and Results 
 

Kinematics 
 

The first step to analyzing the bike is to look at the kinematics.  The bike is modeled as 

two rigid triangles connected by a revolute joint.  In this bicycle design, it is a joint made from 

fiberglass rods which act as a torsional spring.  The orientation of these rods can be seen in 

Figure 10.  Figure 11 shows the model of the bike, and Figure 12 shows geometrical definitions 

of the bicycle.  The outside revolute joints connect to the tires.  The front tire is held fixed while 

the back tire is allowed to float along the X direction and is fixed in the Y direction.  This allows 

the analysis in the reference frame of the front tire.  The input to the system is θ1.  A cable 

connects the two outside points on the triangles and is the output of the kinematics.  The 

differences between this picture and the real model are the cable is fixed to the crank position 

and the front section is modeled as a rigid triangle.  The geometry of the bicycle is taken from 

CAD drawings of the bike.  All angles are measured counter-clockwise positive with 0 being 

horizontal to the right, except if specifically mentioned otherwise.  These bike dimensions are in 

Table 1 and 2. 
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Figure 10: Fiberglass rods/Torsional spring 
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Figure 12:Bike Dimensions (Inches) 
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Table 1: Front Bike Dimensions (inches) 
Bike Size 15 17 19 21
length 1 19 19 19 19
theta 1 116.716 116.716 116.716 116.716
length 2 28.59 28.59 29.29 29.74
theta 2 43.39 44.608 45.241 45.69
Theta Free (Torsion Spring) 2.2154 2.27474 2.2912 2.3044
Free Length (Coil Spring) 23.20958 24.048 24.6947 25.155

 
 

Table 2: Rear Triangle 
Length 3 (inches) 17.78
Length 4 (inches) 16.75
Theta 4 (degrees) 31 
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Spring Energy 
 

In this system, there are two springs.  There is a compression spring connecting the crank 

to the top of the front triangle (Figure 11) and a spring made from fiberglass rods at the joint 

between the two triangles (Figure 10).  Two fiberglass rods are used to prevent rotation into and 

out of the page, while allowing rotation in the plane of the bike.  To better determine the 

dominate spring, the spring energy is found, starting from the neutral position, as the bike flexes 

downward.  Since the coil spring deflection is not a linear function of the torsional spring 

deflection, the energy ratio between the two springs is plotted as a function of θ1.  This can be 

seen in Figure 13.  This figure is created by sweeping θ1 and calculating the spring energies 

from the kinematics of the bicycle.  The different bicycles have different curves due to the 

change in geometry in the bicycle.  The energies are similar across the different bicycles.  Due to 

the nonlineariaty and multiple variables changing at the same time, it is difficult to tell how the 

energies depend on the input variables. Theta Free and Free Length are calculated from length 1, 

theta 1, length 2, theta 2, length 3, theta 3, length 4, and theta 4.  The spring energies are 

dependent on all these variables. 
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Figure 13: Spring Energy Ratios 

 
Since the energy in the coil spring is 40 times greater than the energy in the torsional 

spring, the coil spring dominates the system.  This difference in energies is due to the small 

change in theta 1 creates a small change in theta spring and a large change in the coil spring 

length.  A small change in the spring rate of the coil spring will lead to a large change in system 

operation. 

 
Force Analysis 

 
The next step to solving this problem analytically is to look at the forces in the bike and 

how they relate to each other.  The first step is to look at the bike as a whole. The free body 

diagram is found in Figure 14. The weight of the rider and the amount the rider pushes are 

assumed to act in the same Y direction.  The equations for the entire bicycle are found in (1.1). 
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  (1.1) 
Weight_x_length=length2*cos(theta1(n)+theta2)
Ft1=(Weight_x_length*Weight(m))/(x3)
Ft2=Weight(m)-Ft1;

  The actual pushing will affect the weight distribution on the tires and the reaction forces inside 

the bicycle.  This weight is countered by vertical reaction forces in both of the tires.  Once these 

reaction forces are found, the next piece to analyze is the crank. 
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Figure 14: Free Body Diagram of the Entire bicycle 

The crank angle is initially set, and the X and Y components of the pedal force input are 

found using a lookup table.  This table has been populated by experimental results by 

Neptune[6].  When combined with the crank angle, these forces produce a torque about the crank 

bearing that is countered by the chain force.  Since the rider can apply force on both pedals at the 
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same time, the lookup function will sum the forces and torques of two pedals.  In this analysis, 

the chain force in the slack side is assumed to be zero.  The front and rear sprockets can be input 

to the software.  From the front and rear sprocket selections, the diameter of the sprockets and 

the chain angle, γ1, can be computed(1.2). 

  (1.2) 
front_sprocket_diameter=teeth_front*0.1597;
rear_sprocket_diameter=teeth_rear*0.1597;
gamma1=asin((front_sprocket_diameter-rear_sprocket_diameter)/(2*length4));

 

From this γ2 is computed based angle between the horizontal, counterclockwise positive and 

measured from the –X direction.  This is used to obtain the chain force(1.3).  A 1 is used to 

denote the pedal between 90 and -90 degrees (theta_crank) while a 2 is used to represent the 

pedal between -90 and -270 degrees. 

 (1.3) 

torque1=crank_length.*(force_x1.*sin(theta_crank)+force_y1.*cos(theta_crank))
torque2=crank_length.*(force_x2.*sin(theta_crank+pi)+force_y2.*cos(theta_crank+pi))
force_x=force_x1+force_x2
force_y=force_y1+force_y2
torque=torque1+torque2
gamma2=theta3-theta4
gamma=gamma1+gamma2
Fchain(n)=-torque(n)/(front_sprocket_diameter/2)

 
 
The crank bearing provides X and Y reactions needed later to complete the static analysis. 

  (1.4) 
R1x=Fchain(n)*cos(gamma)-force_x
R1y=Fchain(n)*sin(gamma)-force_y

 
   
A diagram of the forces on the crank can be seen in Figure 15. 
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Figure 15:  Free body Diagram of the Crank 

The back tire is the next part to be analyzed.  The torque produced by the chain is 

countered by a reaction in the x direction of the ground(1.5). 

  (1.5) Reaction_rear=Fchain(n)*rear_sprocket_diameter/2/(tire_d/2)
 

The known forces are summed, and the rear wheel bearing provides the reaction to these forces. 

  (1.6) 
R2x=-Reaction_rear-Fchain(n)*cos(gamma)
R2y=-Ft1-Fchain(n)*sin(gamma)

 
This diagram can be seen in Figure 16. 
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Figure 16: Free body Diagram of the Back Tire 

The last component to analyze is the rear triangle.  In this frame, the bearing forces at the 

crank and the back tire are known.  The torsional spring produces a moment determined by the 

angle of deflection and also provides the necessary reaction forces in the X and Y direction(1.7). 

  (1.7) 
Theta_Spring(n)=pi-theta3-(pi-theta1(n)-theta2)
SpringMoment=-kSpring.*(Theta_Spring(n)-Theta_Free)

 

The coil spring can only produce a force along the line of action.  This line of action can be 

computed from the kinematics of the bicycle.  This problem only has three unknowns, allowing 

the coil spring force to be calculated.  The spring force is computed using a matrix and solving 

the system of equations(1.8). 
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 (1.8) 

OtherMoments=-R1y*(x3+length4*cos(theta3-theta4))+R1x*(tire_d/2+length4*sin(theta3-theta4))
              +R2y*x3+R2x*tire_d/2+SpringMoment
Theta_Spring=pi-theta3-(pi-theta1(n)-theta2)
SpringMoment=-kSpring*(Theta_Spring(n)-Theta_Free)
CableCosine=(length1*cos(theta1(n))-(x3+length4*cos(theta3-theta4)))/cable_length(n)
CableSine=(tire_d/2+length1*sin(theta1(n))-(tire_d/2+length4*sin(theta3-theta4)))/cable_length(n)

3 3
1                                                            0                                               CableCosine      (-R1x-R2x)
0     

R x R y Fcable−−−−−−−−−−−−−−−−−− −−−−−−−−−−−−−−−

                                                       1                                               CableSine          (-R1y-R2y)
tire_d/2+length2*sin(theta1(n)+theta2) length2*cos(theta1(n)+theta2) CableMoment    -OtherMoments

The rear triangle can be seen in Figure 17. 
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Figure 17: Free Body Diagram of Rear Triangle 
 

Geometry Resolution 
 

The goal of geometry resolution is to determine the bicycle position from the given force 

inputs.  The input to the system is θ1, and the outputs of the system are both the torsional spring 

force and the coil spring force.  If there is no load on the bicycle, the springs do not exert forces 

or torques.  The calculation should not be affected as the internal forces would increase without a 
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noticeable effect on the external geometry and forces.  Another assumption is that the torsional 

spring is a function of θ1 and the moment can be determined by the angular deflection of this 

spring.  Because of the unusual material, the spring may not be linear.  Linearity is assumed in 

the calculations.  This allows the bike’s force analysis to be solved. 

For a given geometry, the force analysis can be solved to determine the force in the coil 

spring, and the coil spring force can be separately calculated based on deflection.  θ1 is then 

iterated so that these two numbers match within 0.0001 lb. 

If the crank center is observed relative to the reference frame, the bicycle crank moves 

along the path as seen in Figure 18.  The crank center moves downward from 90 to 0 degrees, 

then back up from 0 to -90 degrees.  At the end of 180 degrees of crank rotation, the bicycle is in 

the same position as it began.  The greater the torque provided by the rider and the smaller the 

front chain ring, the greater the force in the chain.  The greater force in the chain causes the bike 

to deflect more while riding. Through this calculation, the position of the bicycle at a point can 

be estimated by looking at the torque input to the pedals. 
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Figure 18: Crank Path 
 

Work Computation 
 

To compute work done by the rider on the bicycle, a pedaling input is necessary.  

Neptune [6] measured this data from 11 competitive cyclists using a load cell placed on the pedal 

to be of the profiles found in Figures 19 and 20. Neptune also found the torque created by this 

pedaling profile, but this torque can be computed by using the X and Y profiles.  This data is 

displayed as a figure is his paper.  The data for this experiment was read from these figures. 

Once the profile is established, the work is computed by using the approach.  For 

every position of the bicycle crank, the force in the X direction is multiplied by the displacement 

to the next point in the X direction.  This is then added to the force in the Y direction multiplied 

by the distance traveled in the Y direction.  This value is then summed across the torque profile 

F dr•∫
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and added for the effect of both the left and right pedal.  Then this method is also used assuming 

the crank center does not move to produce the equivalent work done by a rigid frame bicycle.  

The real difference between this frame and a rigid frame is the movement of the crank center.  

The lookup table used to create these graphs is located in the crank_force function in the 

appendix. 
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Figures 19 and 20: Pedaling Input 

If the step size between calculated crank positions is large (about 10 degrees), the 

calculation produces a 0.06% efficiency gain.  This is due to the movement of the crank center 

and the force input to the system(1.9). 
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  (1.9) 

    Crank_center_x(n)=x3+length4*cos(theta3-theta4);
    Crank_center_y(n)=length4*sin(theta3-theta4);

    Crank_x1(n)=x3+length4*cos(theta3-theta4);
    Crank_y1(n)=length4*sin(theta3-theta4);

    Crank_x2(n)=x3+length4*cos(theta3-theta4);
    Crank_y2(n)=length4*sin(theta3-theta4);

    Crank_xr1(n)=crank_length*cos(theta_crank(n));
    Crank_yr1(n)=crank_length*sin(theta_crank(n));

    Crank_xr2(n)=crank_length*cos(theta_crank(n)+pi);
    Crank_yr2(n)=crank_length*sin(theta_crank(n)+pi);

 
These equations are then used to find the change in position(1.10). 

  (1.10) 

d_Crank_x1(n)=Crank_x1(n+1)-Crank_x1(n);
d_Crank_y1(n)=Crank_y1(n+1)-Crank_y1(n);

d_Crank_x2(n)=Crank_x2(n+1)-Crank_x2(n);
d_Crank_y2(n)=Crank_y2(n+1)-Crank_y2(n);

 
This is multiplied by the force at each point to find the increase work at each point, then the 

increased work across the profile.  For a 22 tooth front sprocket, the equation is as follows(1.11). 

  (1.11) 
11

n=1

Increased_Work(n)=(force_x1)*d_Crank_x1+force_y1)*d_Crank_y1
     +force_x2*d_Crank_x2+force_y2*d_Crank_y2)  

Work= Increased_Work(n)∑
 
 
The increased work is the work done by the movement of the crank center.  This is then divided 

by the rigid work to produce the efficiency gains(1.12). 
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  (1.12) 

11

n=1

Rigid_Work= force_x1*d_Crank_xr1+force_y1.*d_Crank_yr1

     +force_x2*d_Crank_xr2+force_y2*d_Crank_yr2;
Increased_Efficiency=Work/Rigid_Work;

∑

 
As more positions are calculated, the bicycle’s efficiency approaches zero. If the chain ring is 

assumed to be a polygon, the points can be calculated correlating to the number of teeth on the 

front sprocket.  The cordial action of the chain as it interacts with the chain ring causes the 

torque to fluctuate as the front sprocket turns.  This variation can be neglected if the bike position 

is calculated once per chain pitch.  This software computes the bike pose at each of the stars in 

Figure 21.  The force in the larger angle is multiplied by the distance between the points, along 

the line, to determine the force output by the crank.  If this assumption is correct, the bicycle will 

have a theoretical efficiency gain.  With this model, energy is stored in the spring in the 

downward stroke and is returned to create useful work in the upward stroke.  This profile can be 

seen in Figure 22, and the results are given per degree of rotation.  Since work is a differential 

unit, looking at it in the finest case would yield an added benefit of 0.  In this figure, this 

differential unit is summed over the degree of interest and then plotted.  The unusual shape of the 

plot comes from the unusual function that generates the figure.  This function is the X torque 

profile multiplied by the differential movement of the crank center in the X direction and the 

same is done for the other pedal in the X direction and both pedals in the Y direction.  These four 

quantities are then summed to produce this profile.    
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Figure 21: Crank Angle Calculation Positions 
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Figure 22: Increased Work Provided by Pedaling (per degree of rotation) 

 

For all the subsequent figures, the following conditions are the standard conditions.  All 

the plots are variations on this profile.  The rider weight is 200 lb.  The pedaling profile is the 

same as mentioned above.  The front sprocket has 22 teeth.  The rear sprocket has 34 teeth.  The 

coil spring has a stiffness of 2250 lb/in. 

The portion of the design that has the most effect on the increased efficiency is the 

pedaling profile.  For this plot, Figure 23, the standard profile is scaled and the increased 

efficiency is analyzed.  A linear relationship is formed between the amount of force the rider 

pedals with and the efficiency of the bicycle.  This increased efficiency is partially due to the 

increased flexing of the bicycle.  The added benefit comes directly from the movement of the 
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crank center multiplied by the force input.  As the same force is applied over a longer distance, 

more work is input to the bicycle and output by the wheel. 
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Figure 23: Output vs. Pedaling Input 

The next most important selections are the sprocket size and the coil spring stiffness.  As 

the number of teeth in the front sprocket decreases, the efficiency of the bicycle increases.  As 

the spring becomes softer, the bicycle deflects more and becomes more efficient.  This can be 

seen in Figure 24.  In proper coil spring selection, the natural frequency of the bicycle must also 

be considered.  If the bike is too soft, the rider will constantly move up and down, decreasing the 

appeal of the bicycle.  For lighter riders and riders who want the most efficiency out of their 

bicycle, a softer spring would be a better option.  If the bounce of the bicycle is too much for a 

rider, a quick and easy solution would be to use a stiffer coil spring.  When the bicycle is near the 
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natural frequency, the bicycle is no longer in a steady state condition, and the transient state will 

become important and beyond what this software can calculate.   

In looking at the rear sprocket size, the efficiency is not nearly as dependant.  There is a 

very slight trend toward smaller sprockets being more efficient, but the effect is negligible.  This 

effect is caused by the change in the chain angle between the front and rear sprockets, the 

increased chain force, and how the forces flow through the bicycle..  Figure 24 shows this effect. 
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Figure 24:  Variations in the Front Sprocket 

36 



 

500 1000 1500 2000 2500 3000 3500 4000 4500
0 

0.2

0.4

0.6

0.8

1 

1.2

1.4

1.6

1.8

2 
x 10 -3 

Coil Spring Rate (lb/in)

In
cr

ea
se

d 
E

ffi
ci

en
cy

  

  
11 Tooth Rear Sprocket
15 Tooth Rear Sprocket
23 Tooth Rear Sprocket
34 Tooth Rear Sprocket

 

Figure 25: Variations in the Rear Sprocket 

The larger bikes also tend to be more efficient than the smaller ones, but the difference is 

again very small.  This is due to the slight change in chain angle, the change in the reaction force 

on the tire, and how these forces flow through the bike.  Figure 26 shows this effect. 
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Figure 26: Variation in Bike Sizes 

The weight of the rider has little effect on the system.  There is a slight trend to lighter 

riders being more efficient, but the trend is minimal.  This is produced using the standard pedal 

force profile as measured by Neptune [6].  The pedal forces are not adjusted based on rider 

weight in this analysis.  This result can be seen in Figure 27.  This effect is caused by the small 

change in geometry of the bicycle.  With a heavier rider, the bike sits lower and more force is 

applied to the springs. 
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Figure 27: Rider Weight 

If the rider pedal profile is scaled with the rider weight, the result would be similar to 

Figure 23.  Because the pedaling force input has a much larger effect on the system, the results 

would look extremely similar to when only the pedal profile is varied. 

 
Natural Frequency 

 
To test the validity of using a steady-state analysis, the natural frequency of the bike was 

determined.  The pedaling rate of a cyclist will vary from 1 to 2 hertz [6].  Since the rider’s left 

and right feet are about the same, only 180 degrees out of phase, the bicycle will oscillate twice 

for every pedal revolution.  The input frequency the the system will then vary from 2 to 4 hertz. 

The natural frequency of the bike should be found to see if any resonance will occur.  The 

natural frequency can be estimated by equation (1.13). 
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 n
k
m

ω =  (1.13) 

  
From the Matlab script, x, the deflection in the vertical direction, is determined to be 

0.0517 inches for a 200 lb load.  This yields an effective vertical spring rate of 3.8685 x 103 

lb/inch using equation (1.14). 

 Fk
x

=  (1.14) 

 
  The mass of the 200 lb rider is 6.211 slugs assuming gravity of 32.2 ft/s2.  The natural 

frequency of the bike is then 24.95 rad/s or 3.972 Hz.  By decreasing the weight of the rider, the 

natural frequency increases.  The bicycle will resonate if the rider is pedaling above 100 RPM.  

Since the natural frequency of the bike is very close to the pedaling frequency, the bicycle will 

tend to move a much greater amount than the calculations show.  This added movement of the 

crank center will further increase efficiency up to the natural frequency, but it is unknown how 

much oscillation occurs.  Once the pedaling rate is larger than the natural frequency, it is 

undetermined as to what will happen with the efficiency of the bicycle. 

   

40 



Chapter 6: Conclusions and Future Work 
 
If the assumptions are correct, a minimum performance benefit can be calculated.  The 

cordial action of the chain must be taken into account.  The operation of the bicycle must allow 

the rider, to input the same force profile on the pedal.  The bicycle is assumed not to flex under 

the rider and the parts that make up the bike can be modeled as rigid components.  The spring 

rate of the fiberglass rods is linear and can be approximated by the modulus of elasticity.  The 

numbers themselves are only valid for slow operation of the bicycle, which is not the case for 

normal riding.  If these assumptions are correct, a small, positive gain in input torque can be 

obtained through using this bicycle.  As the rider produces the same pedal force profile, the 

bicycle flexes to increase the distance over which this force acts.  The increased movement in the 

crank center during normal operation should increase the power output by a much greater, but 

undetermined value.   

The natural frequency of the bicycle is extremely important.  Because the natural 

frequency of the bicycle is so close to the input frequency, the bike may move a far greater 

amount than these calculations show.  The amount of extra movement is dependant on the 

damping ratio of the two springs.  The geometry of the triangles of the bicycle is also very 

important.  By changing the geometry of the bicycle frame, the force flow through the bicycle is 

also altered.  This force flow then has a differing effect on the springs in the system.  Most of the 

energy in this bicycle is stored in the coil spring.  If one of the two springs would be varied, the 

changing the coil spring would have a greater effect on the system.  The greatest way to increase 

the efficiency of the bicycle is to change the input pedal force profile.  This leads to more 

movement in the bicycle and more work output to the rear tire. 
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This bike is better suited for a mountain bike application.  As compared to road biking, 

the riders for mountain biking would travel up hills and sprint over short distances.  During these 

times, the rider would more naturally ride using a smaller front chain ring, increasing efficiency.  

These times would also call for an increased power input to maintain acceleration, increasing 

efficiency again.  In an open road race, the high, constant speed of the bicycle would encourage 

the rider to use the largest chain ring and pedal with more of a constant torque profile.  This 

lowers the added benefit of the bicycle. 

Modeling the front chain ring as a polygon might show the validity of this effect.  

Another interesting study would be to look at the position of the torsion spring.  Since this spring 

position is not defined as part of the usual bike geometry, changing the position of this spring 

might lead to an increase in efficiency.  The same could be said for the forward position of the 

compression spring.   

A true dynamic study of the bicycle might uncover some added benefit that the static 

analysis does not uncover.  One of these ideas is the proximity of the standard pedaling rate to 

the natural frequency of the bicycle.  Since more movement in the crank center leads to an 

increased efficiency, being close to the natural frequency would allow the bicycle to produce a 

greater benefit through a dynamic analysis than a static analysis alone.  Changing the material in 

the torsion spring could be very beneficial.  If this spring would return a greater amount of 

energy, the bicycle could become more efficient.  Titanium or spring steel look to return more 

energy, but the joint design would have to change to accommodate this new material.  If the 

efficiency benefit is in the biomechanical side, the best way to determine this benefit is to 

perform time trials with the bicycle.  This would be done by having riders ride both this version 

of the bicycle and a standard rigid frame bicycle. 
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Appendix 
 
Code 
 

Bike.m 
 

clc; 
clear; 
tire_d=26; 
  
for m=1  %for sweeping a parameter  goes from 90% to 110% of a variable 
spider1(m)=1; 
  
  
front_sprocket1=3; 
if front_sprocket1==1 
    p=22+1; 
    front_sprocket=1; 
elseif front_sprocket1==2 
    p=16+1; 
    front_sprocket=2; 
elseif front_sprocket1==3 
    p=11+1; 
    front_sprocket=3; 
elseif front_sprocket1==4 
    p=181; 
    front_sprocket=1; 
end 
  
for n=1:(p)  %Number of crank angles examined  44,32,22 are the number of teeth on the front 
sprocket 
  
    theta_crank(n)=90-(n-1)*180/(p-1);  %Sets crank angle 
    crank_length=175; %length in mm 
    crank_length=crank_length*0.039370079; %converts length to inches 
  
  
    bike_size=17; %enter bike size, 15, 17, 19, 21 
    if bike_size == 15 
  
        length1=19; %front hub to top of cable 
        theta1(1:p)=116.716;%angle from horisontal to top of cable 
  
        length2=28.59; %front hub to pivot 
        theta2=43.390;  %angle between theta1 and length 2 
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        Theta_Free=2.215400524687595;  %Default angle of the torsional spring 
        Free_Length=23.209582752260083;  %Free length of spring segment 
  
    end 
  
    if bike_size == 17 
  
        length1=19; %front hub to top of cable 
        theta1(1:p)=116.716;%angle from horisontal to top of cable 
  
        length2=28.59; %front hub to pivot 
        theta2=44.608;  %angle between theta1 and length 2 
  
        Theta_Free=2.274740095684052; 
        Free_Length=24.048002239614398;  %Free Length of Cable 
  
    end 
  
    if bike_size == 19 
  
        length1=19; %front hub to top of cable 
        theta1(1:p)=116.716;%angle from horisontal to top of cable 
  
        length2=29.29; %front hub to pivot 
        theta2=45.241;  %angle between theta1 and length 2 
        Theta_Free=2.291222729553368; 
        Free_Length=24.69474953342698; 
  
    end 
  
    if bike_size == 21 
  
        length1=19; %front hub to top of cable 
        theta1(1:p)=116.716;%angle from horisontal to top of cable 
  
        length2=29.74; %front hub to pivot 
        theta2=45.690;  %angle between theta1 and length 2 
        Theta_Free=2.304445821150466; 
        Free_Length=25.155572299687165; 
  
    end 
  
    length3=17.78; %length between rear hub and piviot 
  
    length4=16.75;  %Length between the rear hub and the crank 
    theta4=31;  %Angle between length 3 and length 4 
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    %Convert angles to radians 
    theta1(1:p)=theta1*pi/180; 
    theta2=theta2*pi/180; 
    theta4=theta4*pi/180; 
    theta_crank(n)=theta_crank(n)*pi/180; 
  
    Cable_Force_Error=1E6; 
    Iteriation_distance=.5*pi/180; 
    Limit(n)=1; 
  
    theta3=asin(length2*sin(theta1(n)+theta2)/length3); 
    Crank_center_relaxed=length4*sin(theta3-theta4); 
    while abs(Cable_Force_Error) > .00001  && Limit(n)<1000 
  
  
        %Calculation Definition 
        theta3=asin(length2*sin(theta1(n)+theta2)/length3); 
        x3=length2*cos(theta2+theta1(n))-length3*cos(theta3);  %hub to hub length of the bike 
  
  
        %Step 1, Definition 
  
        Weight(m)=200; 
  
        %Step 2, find vertical force on tires 
  
        %Sum moments about front tire 
  
        [force_x, force_y, torque(n), force_x1(n), force_x2(n), force_y1(n), force_y2(n), 
torque1(n), torque2(n)]=crank_force(theta_crank(n),crank_length); %Lookup for crank forces 
  
        force_x=spider1(m)*force_x; 
        force_y=spider1(m)*force_y; 
        torque(n)=spider1(m)*torque(n); 
        force_x1(n)=spider1(m)*force_x1(n); 
        force_x2(n)=spider1(m)*force_x2(n); 
        force_y1(n)=spider1(m)*force_y1(n); 
        force_y2(n)=spider1(m)*force_y2(n); 
        torque1(n)=spider1(m)*torque1(n); 
        torque2(n)=spider1(m)*torque2(n); 
         
         
        Weight_x_length=length2*cos(theta1(n)+theta2); 
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        Ft1=(Weight_x_length*Weight(m))/(x3);   %Back tire 
        Ft2=Weight(m)-Ft1;                                  %Front Tire 
  
        %Step 2, Crank 
  
        %Step 2.1 Geometry 
        rear_sprocket=1; 
  
        [gamma1, front_sprocket_diameter, rear_sprocket_diameter]=crank(length4, 
front_sprocket, rear_sprocket); 
  
        gamma2=theta3-theta4;  %Angle of the line between centers 
        gamma=gamma1+gamma2; 
  
  
        %Step 2.2 Moment about center of crank 
  
        Fchain(n)=-torque(n)/(front_sprocket_diameter/2); %Torque is Force * Distance * cos 
(angle between force and normal) 
  
        %Step 2.3 Sum Forces 
        R1x=Fchain(n)*cos(gamma)-force_x;  %Reactions at crank bearing 
        R1y=Fchain(n)*sin(gamma)-force_y; %Reactions at crank bearing 
  
        %Step 3 Back Tire 
        Reaction_rear=Fchain(n)*rear_sprocket_diameter/2/(tire_d/2);  %Forward force the bike 
exerts on the ground 
        R2x=-Reaction_rear-Fchain(n)*cos(gamma); 
        R2y=-Ft1-Fchain(n)*sin(gamma); 
        Fdrag=Reaction_rear; 
  
        %Step 4 Solve front frame 
        %Unknowns R3x R3y Fc  %R3 is the torsional spring 
        x6=[length1*cos(theta1(n)), x3+length4*cos(theta3-theta4)];  %Pulled from kinematics, 
describing the cable 
        y6=[tire_d/2+length1*sin(theta1(n)),tire_d/2+length4*sin(theta3-theta4)]; 
        cable_length(n)=sqrt((x6(1)-x6(2))^2+(y6(1)-y6(2))^2); 
        CableCosine=(length1*cos(theta1(n))-(x3+length4*cos(theta3-theta4)))/cable_length(n); 
        CableSine=(tire_d/2+length1*sin(theta1(n))-(tire_d/2+length4*sin(theta3-
theta4)))/cable_length(n); 
         
        %Solve Rear Frame 
        %Unknowns R3x R3y Fc 
        %Sum Forces in x Direction 
        A=[1 0 CableCosine (-R1x-R2x)]; 
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        %Sum Forces in y Direction 
        B=[0 1 CableSine (-R1y-R2y)]; 
  
        %Sum Moments 
        CableMoment=CableSine.*(x3+length4.*cos(theta3-theta4))-
CableCosine.*(tire_d/2+length4.*sin(theta3-theta4)); 
        ISpring=.25*pi*(.75/2)^4; 
        Espring=1E5; 
        Lspring=1; 
        %k=2*EI/L  2 is for the two springs 
        kSpring=2*Espring*ISpring/Lspring; 
        Theta_Spring(n)=pi-theta3-(pi-theta1(n)-theta2); 
        SpringMoment=-kSpring.*(Theta_Spring(n)-Theta_Free); 
        SpringEnergy(n)=.5.*kSpring.*(Theta_Spring(n)-Theta_Free).^2; 
        OtherMoments=-R1y*(x3+length4*cos(theta3-theta4))+R1x*(tire_d/2+length4*sin(theta3-
theta4))+R2y*x3+R2x*tire_d/2+SpringMoment; 
  
        C=[tire_d/2+length2*sin(theta1(n)+theta2) length2*cos(theta1(n)+theta2) CableMoment -
OtherMoments]; 
        D=[A;B;C]; 
        E=rref(D); 
        Cable_Force_Force=E(3,4); 
  
        k=2250;  %Spring constant  %%%%Reset to 2250 
        Cable_Force_Geometry(n)=-k*(cable_length(n)-Free_Length); 
        Cable_Energy(n)=0.5*k*(Free_Length-cable_length(n))^2; 
        Cable_Force_Error_Old=Cable_Force_Error; 
        Cable_Force_Error=Cable_Force_Force-Cable_Force_Geometry(n); 
  
        if abs(Cable_Force_Error)>abs(Cable_Force_Error_Old) 
            Iteriation_distance=Iteriation_distance*.5; 
  
        end 
        Error(Limit(n))=Cable_Force_Error; 
        theta1(n)=-Iteriation_distance*sign(Cable_Force_Error(1))+theta1(n); 
        if n<p 
            theta1(n+1)=theta1(n); 
        end 
        Limit(n)=Limit(n)+1; 
    end 
  
    Crank_center_x(n)=x3+length4*cos(theta3-theta4); 
    Crank_center_y(n)=length4*sin(theta3-theta4); 
  
    Crank_x1(n)=x3+length4*cos(theta3-theta4); 
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    Crank_y1(n)=length4*sin(theta3-theta4); 
  
    Crank_x2(n)=x3+length4*cos(theta3-theta4); 
    Crank_y2(n)=length4*sin(theta3-theta4); 
  
    Crank_xr1(n)=crank_length*cos(theta_crank(n)); 
    Crank_yr1(n)=crank_length*sin(theta_crank(n)); 
  
    Crank_xr2(n)=crank_length*cos(theta_crank(n)+pi); 
    Crank_yr2(n)=crank_length*sin(theta_crank(n)+pi); 
  
    Theta3(n)=theta3; 
  
end 
%drawbike(tire_d,length1,theta1(n),length2, theta2, length3, theta3, length4, theta4, 
crank_length, theta_crank(n)) 
  
for n=1:(length(Limit)-1) 
    d_Crank_x1(n)=Crank_x1(n+1)-Crank_x1(n); 
    d_Crank_y1(n)=Crank_y1(n+1)-Crank_y1(n); 
  
    d_Crank_x2(n)=Crank_x2(n+1)-Crank_x2(n); 
    d_Crank_y2(n)=Crank_y2(n+1)-Crank_y2(n); 
end 
Increased_Work=(force_x1(1:(length(Limit)-1)).*d_Crank_x1+force_y1(1:(length(Limit)-
1)).*d_Crank_y1+force_x2(1:(length(Limit)-1)).*d_Crank_x2+force_y2(1:(length(Limit)-
1)).*d_Crank_y2) 
Work=sum(Increased_Work); 
  
for n=1:(length(Limit)-1) 
    d_Crank_xr1(n)=Crank_xr1(n+1)-Crank_xr1(n); 
    d_Crank_yr1(n)=Crank_yr1(n+1)-Crank_yr1(n); 
  
    d_Crank_xr2(n)=Crank_xr2(n+1)-Crank_xr2(n); 
    d_Crank_yr2(n)=Crank_yr2(n+1)-Crank_yr2(n); 
end 
  
Rigid_Work=sum(force_x1(1:(length(Limit)-1)).*d_Crank_xr1+force_y1(1:(length(Limit)-
1)).*d_Crank_yr1+force_x2(1:(length(Limit)-1)).*d_Crank_xr2+force_y2(1:(length(Limit)-
1)).*d_Crank_yr2); 
Increased_Efficiency(m)=(Work)/Rigid_Work; 
  
end 
  
figure(1) 
plot(Limit) 
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figure(2) 
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Crank.m 
 

function [gamma1, front_sprocket_diameter, rear_sprocket_diameter]=crank(length4, 
front_sprocket, rear_sprocket) 

  
%Front sprocket sizing 
switch front_sprocket 
    case 1 
        teeth_front=44; 
    case 2 
        teeth_front=32; 
    case 3 
        teeth_front=22; 
end 
  
switch rear_sprocket 
    case 1 
        teeth_rear=34; 
    case 2 
        teeth_rear=30; 
    case 3 
        teeth_rear=26; 
    case 4 
        teeth_rear=23; 
    case 5 
        teeth_rear=20; 
    case 6 
        teeth_rear=17; 
    case 7 
        teeth_rear=15; 
    case 8 
        teeth_rear=13; 
    case 9 
        teeth_rear=11; 
end 
  
front_sprocket_diameter=teeth_front*0.1597; 
rear_sprocket_diameter=teeth_rear*0.1597; 
  
gamma1=asin((front_sprocket_diameter-rear_sprocket_diameter)/(2*length4)); 
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Crank_force.m 
 

function [force_x, force_y, torque, force_x1, force_x2, force_y1, force_y2, torque1, 
torque2]=crank_force(theta_crank, crank_length) 

  
theta_cranki=-theta_crank*180/pi+90; 
while theta_cranki<0 
    theta_cranki=theta_cranki+360; 
end 
while theta_cranki >= 360 
    theta_cranki=theta_cranki-360; 
end 
  
crank_angle=(0:15:360); 
  
Xforce_N=[15 25 48 65 85 105 108 90 65 25 5 -20 -40 -50 -50 -50 -50 -45 -40 -35 -20 -8 

0 5 15]; 
%Xforce_N=[0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0]; 
Xforce_lb=Xforce_N*0.224808; 
force_x1=interp1(crank_angle, Xforce_lb, theta_cranki, 'spline'); 
  
  
Yforce_N=[-20 -80 -120 -190 -250 -290 -310 -330 -325 -300 -270 -240 -200 -140 -100 -

80 -80 -80 -60 -40 -30 -15 0 -5 -20]; 
%Yforce_N=[0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  0]; 
Yforce_lb=Yforce_N*0.224808; 
force_y1=interp1(crank_angle, Yforce_lb, theta_cranki, 'spline'); 
  
torque1=crank_length.*(force_x1.*sin(theta_crank)+force_y1.*cos(theta_crank)); 
  
%other foot 
  
theta_crankj=theta_cranki-180; 
while theta_crankj<0 
    theta_crankj=theta_crankj+360; 
end 
  
force_x2=interp1(crank_angle, Xforce_lb, theta_crankj, 'spline'); 
force_y2=interp1(crank_angle, Yforce_lb, theta_crankj, 'spline'); 
torque2=crank_length.*(force_x2.*sin(theta_crank+pi)+force_y2.*cos(theta_crank+pi)); 
  
force_x=force_x1+force_x2; 
force_y=force_y1+force_y2; 
torque=torque1+torque2; 
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Drawbike.m 
 
function drawbike(tire_d, length1,theta1,length2, theta2, length3, theta3, length4, theta4, 

crank_length, theta_crank) 
  
figure1=figure(1); 
  
%draw front tire 
circle(0,tire_d/2,tire_d/2) 
circle(0,tire_d/2,1) 
  
%draw rear tire 
x3=length2*cos(theta2+theta1)-length3*cos(theta3); 
circle(x3,tire_d/2,tire_d/2) 
circle(x3,tire_d/2,1) 
  
%draw front frame 
drawline(length1,theta1,0, tire_d/2); 
drawline(length2,theta1+theta2,0,tire_d/2); 
x=[length1*cos(theta1) length2*cos(theta1+theta2)]; 
y=[tire_d/2+length1*sin(theta1) tire_d/2+length2*sin(theta1+theta2)]; 
plot(x,y); 
circle(length1*cos(theta1),tire_d/2+length1*sin(theta1),1); 
circle(length2*cos(theta1+theta2), tire_d/2+length2*sin(theta1+theta2),1); 
  
%draw rear frame 
  
drawline(length3,theta3,x3,tire_d/2) 
drawline(length4,theta3-theta4,x3,tire_d/2) 
circle(x3+length4*cos(theta3-theta4),tire_d/2+length4*sin(theta3-theta4),1) 
x5=[x3+length4*cos(theta3-theta4), length2*cos(theta1+theta2)]; 
y5=[tire_d/2+length4*sin(theta3-theta4), tire_d/2+length2*sin(theta1+theta2)]; 
plot(x5,y5) 
  
%draw cable 
  
x6=[length1*cos(theta1), x3+length4*cos(theta3-theta4)]; 
y6=[tire_d/2+length1*sin(theta1),tire_d/2+length4*sin(theta3-theta4)]; 
plot(x6,y6,'r') 
cable_length=sqrt((x6(1)-x6(2))^2+(y6(1)-y6(2))^2) 
  
%draw crank 
theta4),tire_d/2+length4*sin(theta3-theta4)) 
  
axis equal 
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