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Oscillator strengths, line strengths, and transition probabilities for fine-structure levels in silicon-like iron, Fe 
XIII, are reported. The data obtained are for 1223 LS bound terms, 64,456 LS multiplets, and 307,863 fine-structure 
transitions. Calculations are carried out in LS coupling using the close coupling R-matrix approximation with a 
14-term eigenfunction expansion. The fine-structure components are obtained through algebraic transformations. 
Present data considerably exceed the observed and the previously calculated data available, including those from the 
Opacity Project. Comparisons with previously measured and calculated values are made.     

 
 
 

 
INTRODUCTION 

 
Iron is an important element as it exists in astrophysical spectra through all ionization 

stages. Fe XIII, a silicon-like ion, is abundant in many astronomical sources radiating primarily in 
the extreme ultraviolet. Complete analysis of astrophysical spectra requires a large number of 
transitions in the radiative–collisional models. Comparatively few studies have been carried out 
for this ion. The complexities involved are due to the electron–electron correlation effects and the 
relatively high ion charge, which result in closely spaced bands of energy levels. There are 36 
measured bound levels, corresponding to 24 LS terms, below the ionization threshold [1]. Among 
the previous theoretical studies are multi-configuration Dirac–Fock calculations by Huang [2], 
Hartree–Fock calculations by Fawcett et al. [3], Hartree–Fock calculations including relativistic 
effects by Bromage et al. [4] and by Fawcett [5], and multi-configuration Thomas–Fermi 
calculations by Kastner et al. [6]. The lifetime of one single level, 3s3p3 3S1

o, has been measured by 
Träbert et al. [7]. Previous works have been compiled in several National Institute of Standards 
and Technology (NIST) publications [8, 9, 10]. Under two international collaborations, the 
Opacity Project (OP) [11] and the Iron Project (IP) [12], efforts are being made to study the 
radiative and collisional processes of astrophysically abundant ions in detail. The first extensive 
calculations for Fe XIII were carried out by Butler et al. [13] under the OP [11] using a nine-term 
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wave function expansion in the close coupling (CC) approximation using the R-matrix method. 
Their results have not yet been published, but the oscillator strengths ( f-values) obtained in LS 
coupling are available through the OP database TOPbase [14]. 

For applications in astrophysical spectral analysis, and for comparison with laboratory 
plasma experiments, fine-structure data rather than LS multiplet data as obtained under the OP are 
needed. The aim of the present work is to provide a reasonably complete set of transition 
probabilities for fine-structure transitions through large scale ab initio calculations using the CC 
R-matrix method. Similar results for atomic transition probabilities have been obtained for other 
silicon-like ions, Si I, S III, Ar V, and Ca VII [15], and for iron ions, Fe II [16], Fe III [17], and Fe 
XXIV and Fe XXV [18]. A complementary set of data for the collision strengths for Fe XIII is 
being computed under the IP [12]. 
 
 
 
Theory and Computations 
 

For a bound–bound transition from an initial state i to a final state j, the line strength, S, is 
defined (for example, in Ref. [11]) as 

 

 
 
in atomic units (a.u.), where the dipole operator D is 

 
in the length form summed over the total number of electrons in the ion, and Ψi and Ψj are the 
initial and the final wave functions, respectively. The line strength S in atomic units is related to 
the oscillator strength fij (f-value) as 
 

 
 
where Eij is the transition energy in rydberg and gi is the statistical weight factor of the initial state, 
with gi = (2Si + 1)(2Li + 1) for an LS multiplet, and (2Ji + 1) for a fine-structure transition. The 
transition probability, Aji (Einstein A -coefficient), can be obtained from the oscillator strength as 
 

 
 
where α is the fine-structure constant and T0 = 2.4191 X 10−17 s is the atomic unit of time. 

In the present work, oscillator strengths in LS coupling are obtained in the CC R -matrix 
method similar to the OP work [11]. The fine-structure components of the transitions are obtained 
from LS multiplets through algebraic transformations. The transformations can be carried out via 
the line strength or directly from the oscillator strength [16]. The line strength, which is 



independent of the transition energy Eij, is a better choice. As the observed transition energies are 
determined more accurately than the calculated ones, use of the former with the line strengths can 
provide more accurate fij and Aji. Hence, in the present calculations, the fine-structure transition 
probabilities are obtained from S-values whenever observed energies are available and from 
f-values when calculated Eij are used. 

The fine-structure line strengths, SJJ, are obtained as 
 

 
 
for the allowed transitions (ΔJ = 0, ±1); Si is the spin which is the same as Sj. The values of the 
coefficients C(Ji , Jj) can be found in Allen [19]. The SJJ values satisfy the condition 

 
The fine-structure f-values, fJJ , can be obtained directly from fLS as [20] 
 

 
 
where W(Lj LiJjJi; 1Si ) is a Racah coefficient. The above values also satisfy the sum rule 
 

 
The above form is used when one or both LS terms of the transition are unobserved or when not all 
the fine structure levels of an LS term are observed, and for transitions between high angular 
momentum states (transitions involving terms higher than H ↔ I where Allen’s coefficients are 
not available). 

The lifetime, τj, of a state or level j can be obtained from the transition probabilities to the 
lower levels, that is, from the A -values, as 

 

 
 
where Aj is the total radiative transition probability for the state or level j, that is, 
 

 
In the CC approximation the total wave function of the ion, Ψ(E), is an expansion of core 

states, Χi. The core is termed the “target” of N electrons. For any symmetry 
SLπ, 



 
where χi is a specific target state SiLiπi; θi is the wave function of the (N +1)th electron in a channel 
labeled SiLiπiki 

2
li(SLπ) where ki 

2
 is the electron energy, which for ki 

2
 < 0 may represent a bound state 

of the electron-ion system; and A is the antisymmetrization operator. The Φj ’s are correlation 
functions of the (N + 1)th electron system that compensate for the orthogonality condition of the 
total wave function as well as account for short-range correlation effects, and the cj ’s are the 
variational coefficients. 

The present wave function expansion of Fe XIII is a 14-term expansion consisting of the 14 
lowest terms of the core Fe XIV. The terms and the energies are given in Table A. The term 
energies and the orbital wave functions of the core or the target ion are obtained from atomic 
structure calculations using the program SUPERSTRUCTURE [21]. However, the calculated 
energies of observed terms have been replaced by the measured values listed in the NIST 
compilation [1] where available. Not all the terms in Table A have been observed; the unobserved 
term energies are marked by asterisks. The sets of spectroscopic and correlation configurations, 
and the values of the scaling parameter λ for each orbital in the Thomas-Fermi-Dirac potential 
used in the atomic structure calculations are given in the note to Table A. The second sum in the 
wave function expansion, Eq. (11), includes all possible (N + 1)-electron configurations of Fe XIII 
up to 3p4, 3d2, 4s, and 4p. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

TABLE A  
Fe XIV States and Excitation Energies Used in the Wave Function Expansion of Fe XIII 

 

 
 

Note. The energies marked with an asterisk are calculated energies, given here for unobserved terms. Following are 
the sets of spectroscopic and correlation configurations, and the scaling parameters, A, for each orbital in the 
Thomas-Fermi-Dirac potential used in the atomic structure calculations.  



Spectroscopic configurations: 3s23p, 3s3p2, 3p3, 3s23d, 3s3p3d, 3p23d. 
Correlation configurations: 3s24s, 3s24p, 3s3p4s, 3s3p4p, 3s3d4s, 3s3d4p, 3p24s, 3p24p, 3p24p, 3p3d4s, 
3p3d4p. 
λ (Scaling parameters): 1.1(1s), 1.08576(2s), 1.03329(2p), 0.947(3s), 0.90957(3p), 1.00689(3d), 
4.85982(4s), 2.19876(4p). 

 
 

The computations of the oscillator strengths for bound-bound transitions are carried out 
using the R-matrix package of codes developed for the OP [22] and extended for the IP [12]. 
Computations include all SLπ of Fe XIII formed from the target states in combination with the 
outer electron with l ≤ 9. The fine-structure components of the f-values are obtained using the code 
JJTOLS [16]. Due to the large volume, computations and processing of data are carried out 
separately for each spin symmetry (2S + 1) = 5, 3, and 1. 

All bound states of the Hamiltonian matrix are scanned for up to n = 10 and l = 9 with an 
effective quantum number mesh Δv = 0.01. Identification of the large number of LS bound states 
obtained has been a major task for this ion. A term is designated as a possible combination of the 
configuration of the core and the outer electron, corresponding to an appropriate value of v for the 
outer electron quantum numbers n, l and a larger channel percentage contribution. One way to 
identify the states is to sort out the series of v for the terms of same configuration but with 
increasing n of the valence electron. However, small differences in v for various terms of the same 
symmetry have caused difficulties in assignments of proper configurations. The quantum defects 
for these states are almost the same. Hence, some uncertainties may have been introduced in the 
identification of some of the states; that is, the exact identification could also be the immediate 
upper or lower term for such cases. Almost all the bound terms of Fe XIII are formed from the 14 
Fe XIV target states included in combination with the outer electron quantum numbers. However, 
some additional bound states are found to have formed from the bound channel configurations 
included (second sum of Eq. (11)) in the calculations. These terms are assigned with possible 
configurations with core of the forms 3s3d2, 3p3d2, and 3d24s. 
 
Results and Discussion 
 

The 14 CC R-matrix calculations have resulted in a total of 1223 bound LS terms of Fe XIII 
lying below the first ionization threshold. Of these, 24 states have been observed [1] and identified. 
The calculated term energies are compared with the observed ones in Table B. The earlier 
calculations [13] under the OP correspond to a 9-term eigenfunction expansion leading to 797 
bound terms. In Table B, a comparison of present calculated energies with those of Ref. [13], and 
with observed energies, shows good agreement among the different values, generally to within 
1%. 

Table I lists the complete set of bound LS terms and energies among which the 
dipole-allowed fine-structure transitions are considered. In the Table, the calculated energies of the 
24 observed terms have been replaced by the measured values, as these are used in the calculation 
of transition probabilities. Each LS term is prefixed by a degeneracy symbol, a letter of the 
alphabet, for convenience of identification. Ascending order of the alphabet is chosen for the 
even-parity states of a symmetry. The odd-parity states are designated in the same way but with the 
alphabet in descending order. No degeneracy is assigned for terms in a position 27th or higher 
within the symmetry. 

The dipole-allowed bound–bound transitions in Fe XIII result in 64,456 transitions among 



LS terms. The present number of transitions is over 71% more than the number of transitions, 
37,598, obtained by Butler et al. [13]. Fine-structure transitions have been derived for all LS 
multiplets in the present work, yielding an extensive set of 307,863 transitions. Observed energies 
have been used wherever available for improved accuracy. 

Present f-values, both for LS multiplets and for fine-structure transitions, are compared 
with those in the previous calculations in Table C. With the exception of the calculation by Butler 
et al. [13], who carried out CC 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

TABLE B 
Comparison of Calculated Fe XIII Binding Energies, Ec (in rydberg) 
with the Observed Values, Eo [1], and with Calculated Values 
Ec(OP) from [13] 
 



 
 

Note. An asterisk indicates incomplete set of observed fine-structure levels. N is the total number of bound 
states. 
 
R-matrix calculations, other previous works correspond to atomic structure calculations requiring 
optimization of individual levels. A relatively smaller number of transitions, including both dipole 
allowed and intercombination, were considered in these calculations. All calculations agree better 
for the singlet transitions than for the triplet ones. Present LS oscillator strengths are consistently in 
good agreement with those given by Butler et al. [13] for most of the transitions. However, 
significant differences also exist for a few cases, such as for the transition 3s23p2(3P) →  
3s23p4s(3Po). The term energies for this transition from both calculations are in good agreement 
(Table B); the reason for the large difference in the f-value is not obvious but could be related to 
correlation effects in the present work. Agreement is quite good for the present fine-structure 
f-values with those obtained using multiconfiguration Dirac–Fock calculations by Huang [2] for 
the dipole-allowed transitions, 3s23p2(1S, 1D) → 3p3d(1Po, 1Fo), and for 3s23p2(3P) → 3p3d(3Po, 
3Do), but the differences are considerable for the transitions 3s23p2(3P) → 3s3p3(3Po, 3Do). The 
disagreement with [2] shown for the 3s23p2(3P) → 3s3p3(3So) transition may be spurious; 
rather good agreement is actually seen if the 3s3p3(3So) and 3s3p3(1Po) state labels are switched in 
[2]. Varying degrees of agreement with the oscillator strengths are found by Fawcett and 
collaborators (Fawcett et al. [3], Bromage et al. [4], and Fawcett [5]). While present values agree 
very well with those given by Fawcett et al. [3] for transitions such as 3s23p2(1D) → 3p4s(1Po), 
3p3d(3Fo) → 3p4p(3D), the agreement is quite poor for some other transitions such as for 
3s23p2(3P) → 3p4s(3Po). The Dirac–Fock calculations by Huang [2] and the Hartree–Fock 
calculations including relativistic effects by Fawcett and collaborators often are in good agreement 
with each other. The results from these atomic structure calculations can be very accurate for some 
transitions but they can be considerably poorer without suitable optimization. In contrast, in the 



CC approximation, such as that used in the present case, the results are of consistent accuracy 
throughout except for very weak transitions. However, for transitions where relativistic effects are 
more important, the atomic structure calculations including these effects are probably more 
accurate. This is especially the case for transitions affected by relativistic mixing between different 
multiplicities, such as between the singlets and triplets. In recent developments under the IP [12] it 
is now possible to carry out CC calculations including the relativistic effects using the Breit–Pauli 
approximation; this method has been used for the transition probabilities for two simple systems, 
Fe XXIV and Fe XXV [18]. Carrying out of such calculations for Fe XIII is planned. 

As the lifetime of the 3s3p3(3S1
o
) level of Fe XIII has been measured experimentally by 

Träbert et al. [7], it is of considerable interest to study the decay rate from this level, namely the 
transition 3s23p2(3P) ← 3s3p3(3So). The f-values from the three calculations, Refs. [13], and [4] 
and the present, agree in general for the LS transition (Table C), indicating similar predictions for 
the lifetime (Table D). However, the slight variation in the calculated energies will introduce some 
differences. The lifetime values from previous calculations are 16.4 ps [13], 16.4 ps [4] (from the 
LS A-value), and 16.7 ps [4] (from fine-structure components), and the value from the present 
calculation is 15.8 ps (as shown in Table D). The measured value is 21(4) ps with uncertainty 
ranging from 17 to 25 ps [7]. The calculated values agree with one another within the expected 
uncertainty of the various theoretical treatments, and they agree with the lower limit of the 
measured value, 17 ps, to within a few percent. However, it may be that all theoretical values 
somewhat underestimate the lifetime of the 3So level. 

Based on the accuracy of the calculated term energies in comparison with the measured 
values, of the present f-values with previous calculations and of the lifetime with the measured 
value, and on the general uncertainty of the CC method, it is estimated that the accuracy of the 
present f-, S-, and A-values is approximately 10–30% for most transitions. The uncertainty can be 
higher for weak transitions. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

TABLE C 
Comparison of Fe XIII ƒ-Values 

 



 
 
 

TABLE D Lifetime (in 10-12 s) of the 3s3p3(3So
1     

) Level in Fe XIII 



 
 
However, more measured values and more accurate calculations are required for better estimation 
of the accuracy of the present values. The present method does not include any relativistic effects 
for the fine-structure transitions. For highly excited states, the relativistic effects and LSJ-mixing 
can be significant. These may result in stronger intercombination transitions and somewhat 
different strengths among the corresponding allowed fine-structure components. As discussed in 
the previous section, there are also uncertainties in configuration assignments for some of the 
states due to fact that the quantum defects are nearly the same. Hence, the identification of some of 
these transitions may not be exact. 

The volume of results obtained for the oscillator strengths ( f ), line strength (S), and 
transition probabilities (A-values) for Fe XIII is quite large. It is impractical to publish such a large 
number of transitions. Hence, the table containing the complete set of f-, S-, and A-values for both 
LS multiplets and fine-structure transitions along with 1223 energy terms will be made available 
electronically. A FORTRAN code will be provided to read the file and obtain the relevant 
quantities, such as A-values for lifetime calculations. Table II represents a partial table presenting 
only those transitions for which observed energies have been used. The format corresponds to that 
of the complete table. 
 
Summary and Conclusion 
 

An extensive set of f-, S-, and A-values for 64,456 LS-multiplet transitions and 307,863 
dipole-allowed fine-structure transitions in Fe XIII is obtained. This work presents the first 
extensive data set for fine-structure transitions for this ion. The number of bound states obtained is 
considerably larger than for previously measured and calculated data. Calculations are carried out 
in the CC R-matrix method for the LS transitions, and the fine-structure components are obtained 
through algebraic transformations. The observed energies are used, wherever available, for 
improved accuracy. The uncertainty is estimated to be 10% for strong transitions and about 
10–30% for most other transitions. Inclusion of relativistic effects, which have not been 
considered in the present work, could lead to further improvements. Present results should be 
applicable to various laboratory and astronomical plasma diagnostics, such as in the detailed 
analysis of UV spectra. 

The full table of transition probabilities and energies is available in electronic form from 
the author at nahar@astronomy.ohio-state.edu. A FORTRAN77 code is attached to the table to 
read the A-values and calculate the lifetime for any LS term or fine-structure level. 
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EXPLANATION OF TABLES 



 
TABLE I.      Bound States of Fe XIII 

 This Table presents the bound states of Fe XIII among which the 
dipole-allowed transitions are considered. 
 
Term           Electronic configuration and LS term. The lower LS terms are 

prefixed by a degeneracy symbol in alphabetically ascending 
order for successive even-parity states and descending order for 
successive odd-parity states of the same symmetry. No 
degeneracy is assigned for terms in a position 27th or higher 
within the symmetry. 

 
E(Ry)         LS binding energy (in rydberg) used in the present calculation. 

(Negative sign is omitted for convenience.) 
 
TABLE II.    Oscillator Strengths, Line Strengths, and Transition Probabilities for 

Allowed Transitions in Fe XIII 
Data are given in subsets, with the first line corresponding to the LS 

transition and subsequent lines to its fine-structure components. In the complete 
electronic file the subsets are ordered by observed states, as given here, followed 
by the calculated states. 
 
Transition   The transition I → j, with states i and j in the notation of Table I. 
Ei, Ej         Binding energies of the initial and final LS terms given in rydberg 

on the first line, and the excitation energies of the initial and 
final fine-structure levels given in cm-1 on the subsequent 
lines. (The negative sign for the LS term binding energy is 
omitted for convenience.) Asterisks in place of the 
fine-structure energies mean one or both levels are not 
observed. 

Eji        Transition energy (in rydberg). The transition energy for the case of 
unobserved levels is obtained from the f- and S-values as  
Eji =3gi(fij/S). 

gi, gj          The statistical weight factors of the initial and final states (levels). 
fij             Absorption oscillator strength (dimensionless). 
S              Line strength (in a.u). 
A ji           Transition probability from upper state j to lower state i (in s-1). 
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