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We show that, if graphene is subjected to the potential from an external superlattice, a band gap develops at
the Dirac point provided the superlattice potential has broken inversion symmetry. As numerical example, we
calculate the band structure of graphene in the presence of an external potential due to periodically patterned
gates arranged in a triangular graphene superlattice �TGS� or a square graphene superlattice with broken
inversion symmetry, and find that a band gap is created at the original and, in the case of a TGS, the “second
generation” Dirac point. This gap, which extends throughout the superlattice Brillouin zone, can be controlled,
in principle, by changing the external potential and the lattice constant of the superlattice. For a square
superlattice of lattice-constant 10 nm, we have obtained a gap as large as 65 meV, for gate voltages no larger
than 1.5 V.
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I. INTRODUCTION

Ever since the synthesis of high-quality graphene,1 there
has been tremendous interest in the properties of this single-
layer form of carbon. Graphene has a honeycomb lattice
structure, with two atoms per primitive cell and a hexagonal
Brillouin zone �BZ�. The Fermi-energy EF of homogeneous,
neutral graphene lies at the so-called Dirac point, which oc-
curs at high-symmetry points K in the BZ. In fact, there are
two inequivalent Dirac-points K0 and K0� with two distinct
valleys of excitations. Near the Dirac point, the density of
states is linear in �E−EF� and the spectrum of quasiparticle
states is well described by the Dirac equation for massless
fermions. Partly as a result of this electronic structure,1–4

graphene has many unusual electronic properties, such as a
unique type of quantum Hall effect,1,5 ballistic conduction by
massless Dirac fermions,1,5 size-dependent band gap,6 large
magnetoresistance,4,7,8 and gate-tuneable optical transitions.9

A number of workers have investigated the possibility of
building graphene electronic circuits without physically cut-
ting or etching the graphene monolayer. A natural way to
accomplish this is by subjecting graphene to an external po-
tential with a suitable superlattice periodicity, e.g., by apply-
ing appropriate gate voltages. Such superlattices have proven
to be extremely successful in controlling the electronic struc-
ture of more conventional semiconducting materials �see,
e.g., Ref. 10�. In these materials, the presence of the addi-
tional periodic potential gives rise to superlattice electronic-
band structure, which has extra band gaps at high-symmetry
points in the superlattice Brillouin zone �SBZ�.

There have been several predictions of electronic effects
in graphene due to an external superlattice potential. For ex-
ample, with one-dimensional �1D� and two-dimensional �2D�
superlattices, the group velocity of the low-energy charge
carriers is anisotropically renormalized,11 while a corrugated
graphene sheet is expected to show charge inhomogeneity
and localized states.12 Superlattices in graphene can be real-
ized experimentally by using periodically patterned gates.
Using an electron beam, adatoms with superlattice patterns
of periodicity as small as 5 nm have been achieved on free-
standing graphene membranes.13 Superlattice patterns have

also been observed for graphene on metal surfaces.14–16 In a
recent theoretical study, a triangular graphene superlattice
�TGS� was considered, and a new class of massless Dirac
fermions was predicted to occur at the M point in the SBZ.17

In the studies so far, the external periodic potential giving
rise to the superlattice has had spatial-inversion symmetry.
As a result of this symmetry, the degeneracy of the conduc-
tion and valence band at the original Dirac point �ODP� is
preserved. In the present work, by contrast, we consider the
potentials of an external TGS and a square graphene super-
lattice �SGS� without inversion symmetry. We show that be-
cause of the absence of inversion symmetry, an energy gap
opens up at both the original and the new Dirac points in the
TGS and at the Dirac point in the SGS. The magnitude of
these gaps can, in principle, be controlled by modifying the
externally applied voltages. Thus far, we have been able to
achieve a band gap as large as 65 meV extending throughout
the SBZ. Because of the controllability of the band gap, this
type of graphene superlattice represents a system in which
the band gap can be chosen with considerable freedom by
modifying the applied external potential. Such a system, and
particularly the control at the ODP, might be quite useful in
realizing future graphene electronic circuits.

II. FORMALISM

We first describe the formalism we use to calculate the
superlattice band structure for a noncentrosymmetric super-
lattice potential, mostly following the approach of Ref. 17. If
the periodicity of the superlattice is much larger than the
intercarbon distance a�1.42 Å, which is the case consid-
ered here, the intervalley scattering �between K0 and K0�� can
be neglected.18 We limit our discussion to the spectrum near
one of the two inequivalent Dirac points, which we denote
K0, in the presence of a periodic external potential V�x ,y�. In
pure graphene, we use a pseudospin basis � 1

0 �eik·r and
� 0

1 �eik·r, where � 1
0 � and � 0

1 � are Bloch sums of � orbitals with
wave-vector K0 on sublattices A and B, respectively, and k is
the wave vector relative to the K0 point. The single valley
Hamiltonian for the quasiparticles of pure graphene is19
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H0 = �v0�− i�x�x − i�y�y� , �1�

where v0 is the �isotropic� group velocity at the Dirac point
and the �’s are Pauli matrices. The eigenstates and energy
eigenvalues are

�s,k
0 �r� =

1
�2

� 1

sei�k
� �2�

and

Es
0�k� = s�v0k , �3�

where s= �1 is the band index and �k is the polar angle of
the wave vector k. Eq. �2� indicates that the pseudospin vec-
tor is parallel and antiparallel to k in the upper �s=1� and
lower �s=−1� bands, respectively.

We wish to consider the spectrum of elementary excita-
tions near one of the Dirac points in the presence of V�x ,y�.
The total Hamiltonian then takes the form H=H0+H�, where

H� = IV�x,y� , �4�

with I being the 2�2 identity matrix. We consider a periodic
external potential having either a triangular Bravais lattice
with basis vectors b1=bx̂ and b2=b� 1

2 x̂+
�3
2 ŷ� or a square

Bravais lattice with b1=bx̂ and b2=bŷ. We also assume that
V�x ,y� varies slowly on the scale of lattice-constant �b	a�.
Then the band structure of the elementary excitations near
the K0 point can readily be obtained by diagonalizing H0
+H� in a plane-wave spinor basis.17 The basis states are of
the form 
�s�exp�i�k+G� ·r	, where 
�s�= 1

�2
� 1

ei�k+G � or
1
�2

� 1
−ei�k+G � and G are reciprocal-lattice vectors corresponding

to the periodic external potential V�x ,y�. If we include N
plane waves, we must thus diagonalize a 2N�2N matrix to
obtain the band structure of elementary excitations nonper-
turbatively near the K0 point in the presence of the external
periodic potential. We use N=625 for both the triangular and
the square graphene superlattice. In our actual calculations,
we have considered an external potential produced by a pe-
riodic array of circular regions, within each of which the
potential is a constant. These are easy to treat by the above
approach, because the Fourier transform of the constant po-
tential is available analytically. To break the inversion sym-
metry, we have added a second, smaller circular region
within each primitive cell, as illustrated in Figs. 1 and 2. If
the second region is not equidistant from the two adjacent
larger circular regions, inversion symmetry is broken.

III. RESULTS

We first review the case of a triangular array of large
circles, with a constant external potential within each circle.
Elsewhere in the superlattice, the external potential is zero.
The resulting band structure has been computed in Ref. 17.
In the presence of the superlattice, there are several Dirac
points: the ODP, which is at � of the SBZ, and “next gen-
eration” Dirac points, at M and K of the SBZ. Of these new
Dirac points, only the ODP �with energy set to 0 eV� and the
new Dirac point �NDP� at M with energy 0.196 eV� have
vanishing density of states.17 Near both of these points, the

density of states goes linearly to zero with energy. However,
the group velocity near the NDP is highly anisotropic.

We now consider the superlattice band structure �SBS� for
graphene subject to the noncentrosymmetric potential shown
in Fig. 1. We choose the lattice constant of the external po-
tential to be b=10 nm, and the radius r1 of the large circles
to be 2.5 nm, so that the filling fraction of large circles is
0.226 725. We take the smaller circular gates to have radius
r2=1 nm, and to be centered at R+0.4bx̂, where R is a
Bravais vector of the superlattice. The resulting band struc-
ture is shown in Fig. 3 for the case V1=0.5 V and V2
=−1.65 V, where V1 and V2 are the voltages on the larger
and smaller circles. Once again V=0 in the rest of the lattice.
A substantial direct gap opens up at the ODP of magnitude
��=58.2 meV for these parameters �between the bands
above and below the ODP�. Although not obvious from Fig.
3, there is also a gap �M which opens up at the NDP, of
magnitude �1 meV. For these parameters, we have checked
that there is, in fact, a full band gap at ODP extending
through the entire SBZ. The small gap also at M does not
extend throughout the SBZ, as is evident from the figure �the
gap at M does extend throughout the SBZ for V2 positive�.
The inset of Fig. 3 shows the SBZ, with the symmetry-points
�, K, and M indicated.

Y

X2r 1 2r 2 b

FIG. 1. �Color online� Schematic of graphene plane subjected to
a periodic external potential V�x ,y� consisting of a periodic ar-
rangement of circular contacts, within each of which V is a con-
stant. The large circles are arranged on a triangular lattice of edge b.
The small circles are not midway between the large circles; for the
case shown, they are centered at 0.4bx̂ relative to the centers of the
large circles.

Y

X2r 1 2r 2 b

FIG. 2. �Color online� Same as Fig. 1, except that the large and
small circular contacts are arranged on a square lattice. Each small
circle is now centered at 0.375bx̂ relative to the center of the nearest
large circle.
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In Fig. 4, we show the corresponding SBS for graphene
subjected to the periodic potential with square symmetry
shown in Fig. 2. Once again, we choose the superlattice-
constant b=10 nm, r1=2.5 nm, and r2=1 nm so that the
filling fraction of circles in this case is 0.227 765. We choose
V1=0.5 V and V2=−1.4 V, and each small circle is located
at 0.375x̂ relative to the center of each large circle. There is
a gap of magnitude 64.4 mV, at the ODP at � which extends
throughout the SBZ.

In Fig. 5, we show how the direct gaps at the Dirac point
depend on the voltage V2 on the smaller circles in the trian-
gular and square superlattices. For the square superlattice, we

take b=10 nm, r1 /b=0.25r2 /b=0.125, and V1 at 0.5 V, and
the small circles are located at 0.375x̂. For the triangular
superlattice, b=10 nm, r1 /b=0.25, r2 /b=0.1, V1=0.5 V,
and the small circles are located at 0.4x̂. In both cases, these
gaps show clear maxima as functions of V2. We have carried
out similar calculations using positive values of V2 in both
cases and also obtain nonzero gaps extending throughout the
SBZ. In the case of positive V2, they are generally smaller
than for negative voltages.

In Fig. 6, we show the dependence of the gaps at the
Dirac point on the radius r2 in both the triangular and square
superlattices. For the square superlattice, we take b=10 nm,
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FIG. 3. �Color online� SBS for graphene subjected to an external
potential produced by a triangular superlattice of contacts, as shown
in Fig. 1. The calculation is carried out using b=10 nm, V1

=0.5 V, V2=−1.65 V, r1 /b=0.25, r2 /b=0.1, and the small circles
are located at 0.4x̂. The � point of the superlattice corresponds to
one of the K points of the original graphene lattice. If only the large
circular contacts were present, the SBS would have Dirac points at
both � and M of the SBS Brillouin zone, at both of which the
density of states would go linearly to zero. Inset: first Brillouin zone
of a triangular lattice showing the three high-symmetry points �, M,
and K.
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FIG. 4. �Color online� SBS for graphene subjected to an external
potential produced by a square superlattice of contacts, as in Fig. 2.
The � point of the superlattice corresponds to one of the K points of
the original graphene lattice. In this case, we use b=10 nm, V1

=0.5 V, V2=−1.4 V, and r1 /b=0.25, r2 /b=0.125, and the small
circles are located at 0.375x̂. Inset: first Brillouin zone of a square
lattice showing the three high-symmetry points �, X, and M.
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FIG. 5. �Color online� Plot of the gap at the Dirac point � as a
function of the voltage V2 �in V� on the smaller circles. Full curve:
square lattice; dashed curve: triangular lattice. For the square lat-
tice, we use b=10 nm, V1=0.5 V, r1 /b=0.25, and r2 /b=0.125,
and small circles are located at 0.375x̂. For the triangular lattice,
b=10 nm, V1=0.5 V, r1 /b=0.25, and r2 /b=0.1, and the small
circles are located at 0.4x̂.
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FIG. 6. �Color online� Plot of the gap at the Dirac point as
function of r2 /b. Full curve: square lattice; dashed curve: triangular
lattice. For the square lattice, b=10 nm, V1=0.5 V, V2=−1.4 V,
and r1 /b=0.25, and small circles are located at 0.375x̂. For the
triangular lattice, b=10 nm, V1=0.5 V, and V2=−1.65 V, r1 /b
=0.25, and small circles are located at 0.4x̂.
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V1=0.5 V, V2=−1.4 V, r1 /b=0.25 and the small circles are
located at 0.375x̂. For the triangular case, b=10 nm, V1
=0.5 V, V2=−1.65 V, r1 /b=0.25, and we locate the small
circular contacts at 0.4x̂. The direct band gaps can reach as
large as �65 meV for the square superlattice.

Because of the special form of the Hamiltonian of Eqs.
�1� and �4�, the superlattice band structure, and, hence, the
band gap at the ODP, exhibit a simple scaling relation: under
the transformation b→b and V�x ,y�→V�x ,y� /, where
 is a dimensionless scaling factor, the eigenvalues of H
satisfy E�kx ,ky�→E�kx / ,ky /� /. Thus, in particular, �� is
multiplied by 1 /. For example, if b is halved �and all other
lengths are also halved�, and the potentials on all the contacts
are doubled, then the band gap is also doubled. We have
confirmed numerically that this scaling relation is satisfied
for our bands.

Besides these calculations, we have tried some other ge-
ometries in an effort to obtain the largest possible band gap.
For example, we have calculated the SBS for triangular and
square superlattices with two off-center circular contacts, one
along each edge of the primitive cell. This geometry does not
lead to band gaps larger than we have obtained with one
off-center circle.

IV. DISCUSSION

The present results show that the band gap of graphene at
the Dirac point can be manipulated by subjecting it to a
superlattice potential which lacks inversion symmetry. The
magnitude of the band gap can be controlled by modifying
the contact potentials. Thus, if such an arrangement of con-
tacts can be created, the resulting material has a band gap
which can be controlled via the applied voltages without
modifying the structure.

There are several obvious challenges before this scheme
could be used in practice. First, the band gaps are rather
small �of order 65 meV�. These can be made larger by re-
ducing b while simultaneously increasing V1 and V2 as im-
plied by the above scaling relation, but this could be chal-
lenging experimentally. The gaps can also be increased by
increasing the voltages at fixed geometry. Perhaps the most
promising scheme might be to increase b while simulta-
neously increasing the bias voltages. The larger b would be
easier to achieve experimentally, while the large voltage off-
sets would increase the gap. These ideas certainly do not
exhaust the possibilities offered by periodic arrangements of

contacts. Any 2D superlattice of gates lacking inversion sym-
metry would lead to a band gap at the ODP, and some which
we have not tried may lead to a larger band gap than those
we have found to date. A 1D superlattice potential lacking
inversion symmetry will not suffice to produce a complete
band gap. But such a 1D potential, when combined with a
suitable nontime-reversal-invariant perturbation such as a
magnetic field, might also lead to a complete band gap.

There are, of course, many other ways to create a band
gap in graphene besides the method described here. For ex-
ample, one could create a noncentrosymmetric lattice of
nanoscale holes in graphene. It would be difficult to use this
method, however, to create a tunable band gap. In graphene
nanoribbons with armchair edges, the band structure be-
comes insulating if the width of the sample, in units of the
lattice-constant a, is not of the form 3M +1, with M as an
integer.20–24 But creating such a ribbon requires cutting
graphene samples with very high precision, and again, once
the ribbon has been created, the band gap cannot be easily
tuned. Other possibilities are to induce a gap by using a
substrate which lacks inversion symmetry,25 or to use
graphene antidot lattices.26 Again in this case, the gap cannot
easily be controlled because the atomic spacing of the sub-
strate is fixed. Our proposal of a TGS �or other 2D superlat-
tice� with a noncentrosymmetric superlattice potential is
more efficient in opening up a gap at the ODP. In principle,
moreover, this gap can easily be larger than the thermal en-
ergy at room temperature for modest values of potential.
Thus, this method may be a viable approach to creating
graphene with a readily tunable band gap.

In summary, we have calculated the superlattice band
structure for graphene subjected to a noncentrosymmetric su-
perlattice of contacts, on each of which the voltage is held
constant. We find that the superlattice band structure exhibits
a band gap extending throughout the SBZ, which can thus be
tuned by external voltages. For some choices of the voltages
and superlattice constant, the band gap can be as large as 65
meV, significantly larger than the room-temperature thermal
energy. Thus, this arrangement might possibly be of use in
future electronic or electromagnetic devices.
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